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Abstract: Interval capacity consistency tests consider the resmapacities available
and required within certain time intervals. The goal of thst$ is to draw conclusions
that allow to rule out inadmissible activity start times a@qgaences. The tests can be
effectively used to reduce the search space of difficult tiemel resource-constrained
scheduling problems. They have successfully been applieltjorithms for solving ide-
alised problems such as the classical job shop schedulatdgon (JSP) or the resource-
constrained project scheduling problem (RCPSP) as weliraofving industrial schedul-
ing problems. For instance, it seems fair to say that theraxsin modern branch and
bound algorithms for the JSP that have been made in the leatldean to a large extent
be attributed to the effect of interval consistency testsnes of which are also known
under the names of immediate selection, edge finding, andetiereasoning. The tests
can also serve to derive tight lower bounds for makespanmisation problems.

This chapter presents interval consistency tests for mtitize and general resource-
constrained (cumulative) scheduling within a unified framek, using numerous
examples for illustration. We review the state of the art dadve some new results
for disjunctive scheduling.

* Appeared as chapter 10Bfoject Scheduling — Recent Models, Algorithms, and Aalplins J. Weglarz,
ed., vol. 14 ofinternational Series in Operations Research and Managér8erence.Kluwer Academic
Publishers, Boston, 1998.
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1 Introduction

Time and resource constrained scheduling is concerned with the task of kchedu
ing a number of activities subject to temporal constraints between actj\stieh as
precedence or synchronisation, and constraints on the availabilityefaseshared
resources. An activity is characterised by its processing timeand resource re-
quirementsr;;: It requiresr;;, units of a renewable resouréefor each ofp; time
units, and it releases the resource units again upon completion. Onag be@ctiv-

ity must be processed in an uninterrupted fashion. A resduisavailable in constant
amountR,,.

By imposing an upper bound on the latest completion time and a lowardbou
on the earliest start of all activities, activity start time windows can &eévdd in
a straightforward way. The start time window of activitys the interval between
the earliest start timest¢; and the latest start timkt; of i. Thedomaind; is the
set of all possible start time assignmeats of i. It is bounded by the start time
window; because some values in the start time window may be excludedbwg.g
temporal constraints of the type; # t,, for some time,, we can state in general
that5z - [esti,lsti].

The purpose of this chapter is to present a class of logical tests aaikedal ca-
pacity consistenciests which are based on resource constraints. These tests allow
to reduce activity domains by ruling out infeasible start time ass@nm They can
be applied in scheduling algorithms such as list scheduling or branchcamdl ipro-
cedures, or in constraint propagation based scheduling systems. Thedighefiests
is that they can reduce the search space and direct an algorithm towards giotsol
Here, we are only interested in the tests themselves and do not addressiagreddul
gorithms in which they can be embedded. Since the tests only eliminatess in-
compatible with the capacity constraints, they are independent of thalloogjective
function to be optimised. The assumptions that we have made so fatlaee general
and cover\VP-hard models such as the classical job shop problem (JSP) (Btazewicz
et al. 1996a,b) and the resource-constrained project scheduling problersimvle
(RCPSP) or generalised precedence constraints (RCPSP/max) (Brucker &8al. 19
Domschke and Drexl 1991). In models with generalised precedence corsstimiat
varying resource supply can easily be reflected by introducing dummy eedi(ar-
tusch et al. 1988).

In the following sections we assume that all activity domains have begie won-
sistent with the temporal constraints. Efficient algorithms for #neswell known; a
detailed description of this process in a constraint propagation basedifinyesys-
tem is for instance given by Nuijten (1994). We are interested in furitkrcing the
domains by applying interval consistency tests.

In the literature, activity domains are often approximated by start tiinelaws,
and this approximation is then referred to as activity release times and dese dat
heads and tails. The domain reduction process may then be called adjustresad®f h
and tails or time bound adjustment. Specific interval consistency tesesliecome
known under the names immediate selection, edge finding, and energetidmgason

The remainder of this chapter is organised as follows. Section 2 introdooss
additional formal notation and a graphical representation used for thepéesm
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throughout the chapter. Section 3 discusses the concept of intervalteongisind
shows the general idea how to deduce domain reductions. Section 4 themigoes i
more detail and takes a bottom up approach to derive the tests for the caseref
source capacities and requirememlisjlinctivescheduling). Section 5 generalises the
results for arbitrary resource capacities and requiremeanta(flativescheduling).

2 Notation

Let us first briefly introduce some additional notation. We denotes¢hef all activ-
ities as) and the subset of all activities to be processed by rescuas);, C V,
with V, = {i € V|rix > 0}. We will often consider subsetd C V. of activities.
To deduce domain reductions for an activitgnd activities in a setl we often try
to show that must start before or finish after all activities .1 This is denoted by
i — Aif i must start first, andd — i if 4 must finish last. We also use the notation
A — A, with A, A" C V}, to express that all activities in sgt must start before all
activities in setd’. Table 1 summarises the notation used throughout this chapter.
For illustration and motivation of the tests, we use examples isttfie of Figure 1,
which shows two activities that must be processed by the same resouncapécity
R, = 1. The style is similar to the one used by Nuijten (1994). Considevipct

Figure 1 Two activities 7 € Vi and j € V}, with p; =3 and p; = 4

1 where several points on the time scale have been annotated for illustrathe
figure shows the time between the earliest start, @kt;, and its latest completion,
let;, as a horizontal line segment. For convenience, the processing time,ofis
depicted as a hollow bar beginningeat; with rounded right end atct; = est; + p;;

the length of this bar is, of course, equallte; - Ist;. Admissible start times, i.e.
the values iny;, are shown as black circles. Times in the interfvad; + 1, lct;) at
which i may be in process, but at which it cannot start, are marked with tick marks.
You can think of scheduling an activity as positioning the processing bar at one

of the admissible start times. Activiyin Figure 1 appears in the usual style without
annotations. Initially, possible start timesjadre in the interva]2, 8]. Thex appearing
under;j’s scale at time 2 indicates that we have — by applying a test described below
— deduced thaf cannot start at time 2.
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Symbol Description

d; domain of activityi: the set of possible start timesof

est; earliest start time of activity

ect; earliest completion time of activity

Ist; latest start time of activity

let; latest completion time of activity

Di processing time of activity

pi(t1,t2) smallest amount of time during which activitymust be processed in
time intervalty, t2)

Tik amount of resourck required by activityi

st; actual start time of activity

t time period

wik (t1,t2) smallest amount of work of activitythat must fall into the time interval
[t1,t2): rarpi(t1, t2)

A set of activities to be processed by resoukcel C Vy

Ect(A) preemptive bound for the earliest completion time of activity.$et

H set of hypothetical constraints

Lst(A) preemptive bound for the latest start time of activity.det

P(A) total processing time of activities in sdt >, 4 p;

P(A,t1,t2) interval processing time ofl: >, 4 pi(t1,12)

Ry, constant capacity of resourge

1% set of all activities

Vi set of activities requiring resourée {i € V|r;;, > 0}

Vi (t1,t2) set of activities requiring resouréethat must be completely or partially
processed withifty, ¢2): {7 € Vi|pi(t1,t2) > 0}

W(A) total work of activities in se: >, 4 w;

W (A, t1,t2) interval work time of activities in setl: >, , wix (t1,12)

Table 1 Summary of notation

3 Interval consistency

Before looking at the individual consistency tests, this sectiomdhtces a general
framework for the tests.

An activity i requires an amount of wotk; = r;;,p; from resourcé. We say atime
interval is capacity consistent if the amount of work available from resduwithin
the interval is greater than the interval work required by all activities.ulsatonsider
the work of an activity that must fall into a time interva, ¢>). Figure 2 shows the
four possible relations between an activity and a given time interval viheractivity
must be completely or partially processed within the interval. The &ctoan be
(1) completely contained within the interval, (2) completely overlap titerival when



A SURVEY OF INTERVAL CAPACITY CONSISTENCY TESTS 5

started as early (left-shifted) or as late (right-shifted) as possjéiave a minimum
processing time within the interval that is realised when started as earbsaibfe, or
(4) have a minimum processing within the interval that is realised gteated as late
as possible. The smallest amount of timejnderval processing timeduring which
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Figure 2 Types of intersections between activities and a time interval

an activity: must be executed iy, ¢5) is
pi(t1,t2) = max {0, min {p;, t2 — t1,ect; — t1,t2 —Ist;}}, 1)

and the correspondirigterval workis w;y (t1,t2) = ripi(t1,t2). The interval pro-
cessing time for a setl C Vi is P(A,t1,t2) = >, 4 pi(t1,t2); the corresponding
work within the interval isW (A, t1,t2) = > .. 4 wir(t1,t2). Inversely, we denote
the set of all activities that must be processed completely or partiallyniith ¢») as
Vk(tl,tz) = {Z € Vk|pi(t1,t2) > 0}

Using the interval work definition we can now state an interval consigtean-
straint in its general form:

Rk : (tl - t2) Z W(VkatlatQ)' (2)

Clearly, a scheduling problem can only have a feasible solution ittimistraint holds
for all resource¢ and time interval§t;, t2). However, this is only a necessary condi-
tion and does not guarantee that a feasible schedule exists.

The basic idea behind all interval consistency tests described in thisechsyats
follows: We consider a set of additional, hypothetical constreihisnd try to show
that if # is satisfied then Constraint 2 is violated for some resource and tierat
in this case we can conclude?. This leads to two main questions which we will try
to answer in the following sections:

1. How should we choos# so that the conclusior? leads to useful domain
reductions?

2. For which interval$t, , t2) should we test Constraint 2?
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Tests are usually applied in an iterative fashion for as long as some dearaine
reduced.

The notion of interval capacity consistency as defined here has to the bast of o
knowledge first been suggested by Lopez (1991) (see also Lopez et al.urifit)
the nameenergetic reasoningSchwindt (1997) has independently developed a con-
cept of interval work. He and, independently, Baptiste et al. (1998) virerdirst to
answer Question 2. The area of the rectangles defined by activity processeng ti
and resource requirements can be interpreted as work or energy, and we esmthe t
interchangeably.

Although our focus is primarily on the use of interval consistermsjs for deduc-
ing domain reductions, we remark that Constraint 2 can, of course, alsoteaterive
lower bounds for makespan minimisation problems in the followimywmpose a
hypothetical upper bountf B on the makespan; if this leads to a violation of Con-
straint 2 therlU B + 1 is a lower bound. This approach is for example used by Nuijten
(1994), Pesch and Tetzlaff (1996), Klein and Scholl (1997), Schwir@gR{}, Heil-
mann and Schwindt (1997), and has been called destructive improvementtthee to
principle of refuting hypothetical constraints. Test valueslfd@ are usually chosen
through a dichotomising search. This type of bound argument can adepily, be ap-
plied whenever any of the tests described in the following sections causesivity
domain to become empty.

Finally, let us point out that resource capacity constraints in the fdri@om-
straint 2, but mostly limited to intervals defined by earliest start am$tatompletion
times of activities, have often been used in constraint logic based sahgdde e.g.
the description of solving a famous bridge scheduling problem (aRFmax in-
stance) in Van Hentenryck (1989) or the implementation of the cumulativetizont
in CHIP (Aggoun and Beldiceanu 1993).

4 Consistency tests for disjunctive scheduling

The idea behind all tests described in the following subsections isisider subsets
A C V), of activities to be processed by the same resokrdithin these subsets, all
possible activity sequences with a particular property are examinedhe.grdperty
that the sequence does not start with an activityA. If all such sequences are infea-
sible, then we can draw the conclusion that the sequencenmtisave this property
and deduce thatmust be first inA.

The consistency tests are presented in order from strongest to weakesiboond
While a stronger condition allows a stronger conclusion, it is astimae time more
likely to be inapplicable. After developing the individual tests weegafise the results
and show how they relate to the concept of interval consistency.

All tests in this section are derived for disjunctive scheduling potd where all
activitiesi € A C V,, are mutually exclusive in the sense that they exclusively occupy
resourcet throughout their processing time. This is of course always the case if al
activity sizes and resource capacities are equal to one, as in many machine scheduling
problems, for example in the JSP. However, everyif > 1 for somei € Vy, and
consequenthyR; > 1 the tests may still be used for subsets of “disjunctive” activi-
ties. For instance, it is likely that difficult RCPSP instances contain disjanctive
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scheduling elements (Kolisch et al. 1995). Hence, disjunctive consistesisyhave
been suggested for the makespan minimisation RCPSP (Brucker et al. X38igb,
and Scholl 1997, Baptiste et al. 1998) and RCPSP/max (Schwindt 1997).

4.1 Input/output test

Figure 3 shows an example with a sét= {4, j, k} of three activities to be processed

by the same resource. We can deduce timtst be scheduled first in the following
way: Supposeé does not start first. Then all three operations must be processed in
the interval[2, 9). This means that a total processing time3ct 3 + 2 + 3 must be
scheduled irff = 9 — 2 available time units, which is a contradiction. Thus we can
conclude thai must start first; we can then deduce that start timesgygater than

1 can be removed fro;. Note that this conclusion cannot be drawn by separately
considering any two of the three activities. Carlier and Pinson (1988) formalised

Figure 3 An example for the input test

the observation made in the example and have derived conditions uhigéritcan be
concluded that an operatiore A must be scheduled first or lastif If ¢ is scheduled
before or aftetd \ {i} we may also think of as the input or output oft \ {i}, hence
the name of the conditions. We use the shorthand notdtioh) = 3, 4 p; for the
total processing time ofl.

Theorem 1 (Input/output). Leti € A C V. If

l t” - tu P 3
“eA\{g{%}E{Am;&v(C esty) < P(A) 3

theni must precede all activities id \ {:} (input condition). Likewise, if

! by — ty) < P A 4
“€A7vgﬂ}{(z’}7u¢v(6 esty) (A) (4)

theni must succeed all operations i\ {:} (output condition).

Proof. If  does not precedd \ {:}, then all activities inA must be scheduled within
MaX,c A\ {i},ve A uzv (ICty —est,) time units. If Condition 3 holds this is not possible.
The second part can be shown symmetrically. O
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If the input or output condition holds we face the question how fosidactivity
domains. Assume we have concluded tdt {i} — i. Clearly,: can only start after
the minimum completion time* of all activities in.A \ {:}. Unfortunately, finding*
is anANP-hard problem: It is equivalent to solving the one-machine makespan min-
imisation problem with release time and due dates (Carlier 1982). Thengéoresort
to approximating*. A simple and obvious approximation is the maximal earliest
completion time in4 \ {i}. However, we can do better by considering the preemp-
tive relaxation of the one-machine problem (preemptive bound). Hkemptioblem,
an optimal solution known as Jackson’s Preemptive Schedule (JPS) cditcizmiy
obtained by scheduling the activities.it\ {i} “from left to right” according to the
“earliest due date” priority dispatching rule (Jackson 1956): When&eatsource is
free, schedule the activitywith minimalict;; if an activity j with lct; < Ict; becomes
available whilei is in process then interruptand startj. We denote the completion
time of JPS ford \ {:} by Ect(A\ {i}). Clearly, Ect(A \ {i}) is a lower bound on
the earliest start of, and the same holds true for all subsdtsC A\ {:}. However,
Carlier (1982) has shown that

Ect(A\ {i}) = A'Ignjic{z’}{z?el% est, + P(A")}. (5)

This implies thatEct(A') < Ect(A\ {i}), if A’ C A\ {i}. We can now state a
domain reduction rule to be applied if the output condition holds:

5; i=0; \ {t|t < Ect(A\ {i})} (6)

A symmetric rule applies if the input condition holds. Usihgt(A \ {i}) as the pre-
emptive bound for the latest start time.4f, {7}, obtained by preemptively scheduling
the activities ind \ {i} “from right to left” as late as possible according to the “maxi-
mum latest start” priority dispatching rule, the domain reductioe istl

;:= 8 \ {tlt > Lst(A\ {i}) - pi} @)

In addition to these domain reductions we can adjeistto be less than or equal to
Ist; (output) orest; to be greater than or equal ¢ot; (input) for allj € A\ {i}.
Alternatively, we can wait until a subsequent application of this tesafeet4 =
{1, j} automatically yields this reduction.

Before returning to the initial example, let us point out that — likecahsistency
tests — the input/output test consists of (a) conditions and (bgsponding domain
reduction rules.

For the example in Figure 3 the maximum of the expression on theitef of the
input condition is9 — 2, and P(.A) = 8; since9 — 2 < 8, we can deducé—{j, k}.
With Lst({j, k}) = 4 the domain of become$; := [0,6] \ {¢]t > 4 — 3} =[0,1].
Note the effect of using the preemptive bound: By udisg({7, k}) we have obtained
a stronger domain reduction forthan we would have by consideririgt; andist;
separately, which would have left the value 2jn Finally, the domain ok becomes
8, = [2,5] \ {t|t < ect;} = [3,5]. As pointed out above, this reductiondp could
also be achieved through a further application of the input testifer {i, k}.
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The input condition also applies in the example in Figure 1. For ia¢tivand
A = {i,j}, we obtain8 — 2 < 7 and deducé — j. The domain ofi remains
unmodified, and the domain gfreduces t@; := ¢, \ {¢|t < 3} = [3,8].

In branch and bound procedures that branch over disjunctive edges, theatest m
be employed to immediately select the orientation of edges, a process ofteth call
immediate selection, as first suggested by Carlier and Pinson (1989y®firding,

a term introduced by Applegate and Cook (1991). The input/ougsitwas first
described by Carlier and Pinson in the context of a branch and boundthaigddr

the JSP; the tests that they actually implemented in their initial dhgonivere limited

to two-element setsl and one additional heuristically determingddand: € A for
each resource. Using these tests, they were for the first time able toadiptsolve a
notoriously difficult10 x 10 JSP instance (Fisher and Thompson 1963) that — despite
many attempts — had defied solution for over 25 years.

Efficient algorithms that have later been developed for testing the/iaptgut con-
ditions for all 4 and: and performing the corresponding domain reductions based on
the preemptive bounds usually use an ordering of activities accordiearliest start
and latest completion times. The challenging part is to test the ingpt/beonditions
and calculate preemptive bounds at the same time. Carlier and Pinson, (4290
and Shmoys (1996), and Nuijten (1994) have desighgtiy |?) algorithms for testing
all subsets4 C V. The algorithm of Nuijten has the interesting property that it can
be generalised for cumulative schedulir@(|V| log |V |) algorithms for testing all
subsets have been described by Brucker et al. (1996a) and Carlier and P@&én (1
Caseau and Laburthe (1994, 1995, 1996) describe an algorithm basedoomdtlept
of “task intervals” for checking all setd with effort O(|V;|?). The advantage of their
approach is that the consistency conditions can be evaluated incrementhlly avi
search procedure. When used within a branch-and-bound algorithm this the&ns
the effective time complexity for performing the tests at each nodeeo$dlarch tree
is usually lower tharO(|V;|?) because it is not necessary to testilalthough the
worst case complexity for performing the tests at a node is@tilVy |2), the average
complexity is lower. This contrasts with the usual approach of apglyiae full test at
each node of a branch-and-bound tree.

Finally, we would like to mention that to our knowledge all alganmith discussed
above do not test the input/output conditions in the form of Taeofd, where we
have required in the maximum expressions thgt v, but rather allow foru = v,
thus actually testing a weaker condition. Although the extension may sagah it
does lead to additional deductions in certain cases. However, it is not allvaigais
how to include it in existing algorithms without increasing theire complexity.

4.2 Input-or-output test

From the input/output condition it can be deduced that an operatiod C V;, must
be scheduled first or last id. The weaker input-or-output condition can be used to
show that a precedence relatibr> j must exist between a pair of activitieandj
from setA.

Figure 4 shows an example with a sét= {i, j, k, 1} of four activities to be pro-
cessed by the same resource. The input/output condition does not altrawt any
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conclusions about the order in which the activities must be schedulede\éo, we
can deduce thatmust precedg: Suppose is not scheduled firsndj is not sched-
uled last. Then all four activities with a total processing tim&of 3+ 2+ 1+ 1
must be scheduled within the intenjal 8], which is a contradiction. Hence we can
conclude that it is impossible that at the same tinie not firstand j is not last. If
eitheri must be first o must be last, thenmust precedg, and we can remove the
start time 3 fromd;. This observation leads to the following theorem.

Figure 4 An example for the input-or-output test

Theorem 2 (Input-or-output). Leti,j € A C V. If

max lcty —esty) < P(A 8
“eA\{i},veA\{j},u#v( v u) (A) (8)

theni must be scheduled first grmust be scheduled last id. If i # j theni must
precedej.

Proof. Suppose neitheris scheduled first ngj is scheduled last. All activities inl
must then be scheduled withinax, e 4\ {i},ve4\ {;},uv (Icty, — est,,) time units. If
Condition 8 holds, this is impossible and we can conclude that gitineist be first or
j must be last in4. In both cases must precedé if 7 # j. O

Comparison to the very similar input/output conditions showstiat sense the input-
or-output condition is weaker. If this condition holds ahdg j which means that
i—7, we can reduce the domainsicdndy in the following way:

0; = 6 \ {t|t > lst]‘ —p,’} (9)
(Sj = (Sj \ {t‘t < ecti} (10)

If the condition holds foi = j, the new domain of after reduction is:

§; 1= 6 \ {t|Lst(A\ {i}) — p; < t < Ect(A\ {i})} (11)
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While the domain reduction rules 9 and 10 always lead to a domain reductiba at
domain bounds if any, Rule 11 may remove values within the domairebues the
bounds untouched.

For the example in Figure 4 we obtan- 2 < 7 and deduceé— ;. By applying
domain reduction rule 10 we can remove the value 3 ffpnirigure 5 shows another
example where the input-or-output condition can deduce that a saogjiéty must
either start first or last; in terms of Theorem 2 this is the case wher¢. We obtain
5 — 3 < 4 and conclude that must start before or aftefk,!}. Domain reduction
rule 11 allows to remove the valué 4] from §;. As a final example, note that the
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Figure 5 Input-or-output condition example: ¢ must be first or last

resulti—{j, k} that we have obtained with the input/output condition for the gplam
in Figure 3 can also be deduced in two steps with the input-or-outmaiton, re-
sulting in the conclusions— j andi — k. However, the corresponding reduction in
d; is weaker, leaving the value 2 &.

To our knowledge, the input-or-output test in its general form haseen dis-
cussed in the literature. A similar condition for the special case whete; has
been described by Carlier and Pinson (1990); see also Btazewicz et al, (B%68).
Stronger conditions based on considering all gets cardinalityr, hence called-set
conditions, have been discussed by Brucker et al. (1996a). They desctil{@ai)
3-set algorithm that checks all activity sets of cardinality three and detegigiadlise
ordering relations derivable from triples. The algorithm thus enpnts the input-or-
output test for.4| = 3. Judging from the implementation within their branch-and-
bound procedure for the JSP, the efficiency of the 3-set tests is congtrdbat of
the input/output tests. It is unclear whether a low polynomial timeygexity r-set
algorithm could be developed for> 3.

The development of an algorithm with low polynomial time complekir testing
the input-or-output conditions is an open issue. Based on experidticetiver con-
sistency tests, we conjecture that in order to be of practical value suchaittaiy
must at most have time complexi®y(|Vy|?). There is an obviou®(|V,|*) algorithm
using task or activity intervals, and we have designe@§w;|?) algorithm.
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4.3 Input/output negation test

By further relaxing the condition to be tested, we can still draw aoloéti conclu-
sions in situations where the input-or-output condition andsthenger input/output
conditions do not hold. Figure 6 shows an example with afet {i, j, k} of three
activities to be processed by the same resource. Although we cannot coti@tide
activity s must be last or must preceger &, we can deduce thatmustnot be first
and therefore remove the value 2 frém By generalising the observations made in

Figure 6 An example for the input negation test

the example, we arrive at the following theorem.
Theorem 3 (Input/output negation). Let: € A C V. If

max (lct, — est;) < P(A 12
max ( ) < P(A (12

theni must not start first ind \ {¢} (input negation). If

max (lct; — est,) < P(A 13
max ( ) < P(A 19

theni must not end last it \ {} (output negation).

Proof. If ¢ precedesA \ {:}, all activities in.4 must be scheduled in the interval
[est;, max, ¢ 4\ {41 lcty). If Condition 12 holds, this is not possible. The second part
can be shown symmetrically. O

Again, it is easy to see in which sense these conditions are weaker thapreteding
tests. Domain reduction rules can be based on the observatiohniat succeed
(input negation) or precede (output negation) at least one other pativit:

0; 6; \ {t|t < min ect, 14
\{le < min_ect.} a4

0; = 6 tlt > max lIst, — p; 15
\{tlt > max Ist, - pi) (15)

For the example in Figure 6 the input negation condition yi®lds2 < 8 and we
conclude 4 {j, k}. According to domain reduction rule 14 we can therefore remove
all values less than 3 froi).



A SURVEY OF INTERVAL CAPACITY CONSISTENCY TESTS 13

Conclusions similar to those obtained in the examples for the /oyptput and
input-or-output test could also have been produced through succegsilteation of
the input/output negation test. Since the condition to be testethéinput/output
negation conclusion is weaker than the preceding conditions, it will ofssohold
whenever the stronger conditions apply. Consider again the exanffigire 3. Here,
the input/output negation conditions allows to conclydé {i,k} < i — jVk — j
andk 4 {i,j} & i — kV j — k, which impliesi — {j,k}. However, this im-
plication is not automatically deduced by the input/output negatiodition. This
demonstrates that input/output negation conditions alone do natded interesting
domain reductions. A similar effect can be seen in the example in Figurer¢, the
input/output negation conditions can be used to dedyick, [} /4i andjA{i, k, [},
but this does not allow to remove the vairom d; as in the input-or-output test.

The input/output negation test has first been suggested by CarlierrssahR1989).
Most authors working on consistency tests have considered the testria form.
However, an algorithm that tests all interestidgnd: with effort O(|Vy|*) has only
recently been developed by Baptiste and Le Pape (1996). Other researchearfdrave
applied the tests in an incomplete way, testing only sehand: (Carlier and Pinson
1989, 1990, Nuijten 1994, Baptiste and Le Pape 1995). Caseau andheafil984,
1995) have integrated the tests in their task interval algorithm vkt input/output
conditions and the negation conditions with effor{V |*).

4.4 Summary and generalisation

All disjunctive interval consistency conditions that we have disedscan be regarded
as special cases of the following theorem.

Theorem 4 (Sequence consistency). LetA', A" € A C V. If

max (Icty — esty,) < P(A) (16)
u€ A\ A ,ve A\ A" u#v

then an activity ind’ must start first or an activity ipd” must end last ir4.

Proof. If none of the activities ind” succeedsd \ A" andnone of the activities itd’
precedes4 \ A', then.A must be processed withinax,c 4\ 4',ve A\ 47 uzto (Icty —
est,,) units of time. If Condition 16 holds this is a contradiction. O

The results of the preceding sections are summarised in Table 2. For eaitoocond
the table shows the valuesdfi 4’ and A\ .A" that, when used in Theorem 4, yield the
condition. The conclusions of Theorem 4 have been reformulated to mat¢adts
presented above. Note that the conclusion is always the negation ofghthbgisH
falsified by the test.

4.5 Relation to general interval consistency

We will now relate the Sequence Consistency Theorem to the general interval
sistency constraint 2. For disjunctive scheduling, Constraint aesitots — ¢, >
P(Vg, t1,t2). The following theorem shows how we can efficiently test violations of
this constraint.
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Test A\ A" A\ A Conclusion (H)

input A AN\ {i} i—A\{i}

output AN\ {i} A AN {i}—i
input-or-output AN\ {7} AN {i} i—=A\{i} VvV A\ {j}—=J
input negation AN {i} {i} iAAN{i}

output negation {i} AN\ {i} AN {i}Ai

Table 2 Summary of disjunctive interval consistency tests, A', A" C A C V),

Theorem 5. If, for some time interva , t2),
ta —t1 < P(Vi, t1,t2), 17)

then

max let; —est;) < P(Vi(t1,t 18
i’jevk(thtz)’i#( j ) < P(Vi(t1,t2)) (18)

Proof. From Equation 1 we know that < to — t; < P(Vi,t1,t2) implies that
[Vi(t1,t2)| > 2. We consider two activities,j € Vi(t1,t2),i # j, and start to
transform Condition 17 into Condition 18 by rewriting the lb&nd side of 17:

Ist; +ty — Ist; — t1 < P(Vg,t1,t2),

By observing that, — Ist; > p;(t1,t2) > 0, according to Equation 1, we can ap-
proximate the left side. We rewrite the right side and obtain:

Istj +pj(t1,t2) — t1 < pi(ti,t2) + pj(ts,t2) + Z pi(t1,t2)
1eVi\{i.j}

Again, we know from Equation 1 thatt; — ¢1 > p;(t1,t2) > 0. This approximation
leads to:
Istj—t; <ecti—t1+ > pits,ta)
1eVi\{i,j}
Next, we approximate the sum on the right hand side, once again ugunafign 1
which tells us thapy, > px(¢1,t2) > 0, and obtain:

Ist; —ect; < Z |21
LeVi (t1,t2)\{i.5}
By addingp; + p; on both sides we arrive at:

let; — est; < P(V(t1,t2))

As it is always possible to choos@nd; in such a way that the maximum difference
lct; — est; is realised, Condition 18 must hold. O
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The theorem tells us two interesting things. First, it states that ifienval capacity
constraint is violated for some arbitrary time inter{al ¢>), then there will also be
a violation for an interval defined by the earliest start and latest complgtienof
two activities inV; (1, t2). When checking for violations this allows us to restrict our
attention to intervals defined by earliest start and latest completion timesled tadk
or activity intervals (Caseau and Laburthe 1994) — instead of considetipgssible
time intervals. Inconsistencies can thus be detected by te3ting |?) intervals. This
answers the initial question (posed in Section 3) what intervals wddtesi. Second,
the theorem states that, as long as we test all activity intervals, theréhiagnto be
gained from considerinigterval processing time instead simpleprocessing time. If
interval processing time has an effect on the test for a gived sben we can obtain
the same effect by considering a different g€t In summary, this means that an
algorithm which tests Condition 18 for all activity intervals will det all violations
according to the more general concept of Condition 17 which is the negattithe
disjunctive version of the general interval consistency constraint 2.

It is worth emphasising that this statement is independent of the partiset of
hypothetical constraintd{ to be tested. This can be seen as follows: For any set
of constraints, it is always possible to first add and propagate thdraonts, and
then test the interval consistency constraints. The particular forheoséquence
consistency tests is simply an accelerated version of this “add and propagsie, th
test” process. For illustration, consider again the example showigurd-3, where
the conclusiori—{j, k} could also have been obtained in the following way: (1) Add
H = {iA{j, k}}, (2) update the domain ebased orH, which yieldss; := §;\{¢]t <
min,c(; 13 ecty} = [5,6], and (3) test the interval consistency constraint 2 for the
activity interval defined by{z, j, £} which has the left time bound 2 and the right time
bound 9. Because — 2 # 8 this test fails and we concludel{ < i—{j, k}.

For disjunctive scheduling, Theorem 5 improves the results obtayn&thwindt
(1997) and Baptiste et al. (1998) for the cumulative case discussed inrsgct

4.6 2-consistency and 2-bound-consistency

This section relates the consistency tests to the general concept of 2teonssnd
2-bound-consistency that is commonly used in the constraint saitisfeantd con-
straint propagation literature (Kumar 1992, Tsang 1993, Nuijter198n Henten-
ryck 1989). We derive a 2-consistency test and show that the sequeesisgan be
used to achieve 2-bound-consistency.

We use the following informal consistency definitions: Activityrdains are called
2-consistent if, for any paii,j € V, and for any value: € §; there is some value
y € §; such thaist, = = andst; = y is permitted by the constraints of the scheduling
problem. The weaker definition of bound consistency looks at domaindsolActiv-
ity domains are called 2-bound-consistent, or 2-b-consistent fat, shdor any pair
i,j € V, and for every value € {mind;, maxJ;} there is a valug € ¢; such that
st; = ¢ andst; = y is permitted. Clearly, 2-consistency implies 2-b-consistency.

The concept of bound consistency is of interest because, as we have seen, many
consistency tests are based on domain bound considerations. In gdth&qrop-
agation of temporal constraints depends on domain bounds. Any changenaird
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bounds is therefore likely to trigger further domain reductionsaliymif domains are
approximated by start time windows — and this is often done for reasfomgplemen-
tation efficiency — bound-consistency is the only reasonable concept sistemcy.
Figure 7 shows an example, taken from Nuijten (1994), with a pair ofites
i,j € Vi where any 2-inconsistent value is marked. For exampbtgnnot start at

Figure 7 2-consistency

time 2 since this does neither leave enough room forbe processed befogenor
afterj. In general; cannot start in the open intervékt; — p;, ect;). Note that the
interval can be empty iéct; < Ilst; — p;. The observation is summarised in the
following theorem due to Nuijten (1994).

Theorem 6 (2-consistency). Leti,j € Vi,i # j. 6; andd; are 2-consistent if and
only if
51' N (lst]' — Di, ectj) = @ (19)

Proof. If j is started at time¢ € §; then: is blocked during the open interval —
piyt + p;). The left bound of the interval is maximal foer= [s¢;, and the right
bound is minimal for = est;. Thus the minimal interval during whichcannot start
is (Ist; — pi,ect;). All other possible start times gf leave possible start times for
i. O

An O(|Vy,|?) algorithm for achieving 2-consistency is described by Nuijten (1994)
The following result shows that the sequence consistency tests baségorem 4
can be used to ensure 2-b-consistency.

Theorem 7. The input/output, input-or-output, and input/output nitga tests all
achieve 2-b-consistency.

Proof. For A = {3, j} all the tests simplify to:
6; = 0 \ {t|t < ectj}
(Sj (Sj \ {t‘t > Ist; —pj}

To achieve 2-b-consistency any 2-inconsistent value must be remawvettfe domain
bounds. According to Equation 19, the left domain bound can only ine@sistent
if

letj —est; < pi + pj ﬁj—m’ﬁ{

Ist; — p; < est; & lctj — est; < p; + pj.
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In this case, the condition of the tests is satisfied and any inconsistiergsvare re-
moved by the first domain reduction rule above. The proof for theé dghmain bound
is symmetrical. O

4.7 Sequence consistency does not imply k-consistency

Trivial though it may be, it is worth emphasising that the consistéasts only check
necessary, but not sufficient conditions for the existence of a feasibédale and
that the domain reduction rules employed are heuristic. While we coold ghat
the sequence consistency tests always achieve 2-b-consistency, thiginaé&mesy in
general do not achieveb-consistency fok > 2. The example in Figure 8 illustrates
these two points.

Figure 8 When sequence consistency tests fail

In the example,A = {i,j,k,l,m}. The output condition allows to conclude
{4, k,1,m}—1, sincel0 — 0 < 11. The preemptive boundct(.A \ {:}) for the
earliest completion time ofj, k,l,m} is 9. According to domain reduction rule 6
this leaves the value 9 as the left bound pofHowever, manual inspection shows that
the earliest completion time dfj, k, [, m} is actually 10. Thus, the input/output test
leaves an inconsistent value at the left bound;ofrhis demonstrates that the domain
reduction rule based on the preemptive bound is heuristic.

Now modify the example by reducirigt; to 11. The input/output test still yields
the same result, and none of the other sequence consistency tests leatstmsis-
tency (by producing an empty domain). Again, manual inspection shat¢htbre is
no feasible schedule fod.
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4.8 Shaving

In the tests based on the Sequence Consistency Theorem 4 we have teéat¢o r
hypothetical constraints on the sequence in which activities in d setV;, execute.
Now, we take a purely time-oriented approach and consider hypotheticataiotst
on individual activity start times. If we can falsify such a constraihent we can
reduce the corresponding activity domain in an obvious way. The protesduzing
activity domains based on this kind of reasoning has been csti@ding(Martin and
Shmoys 1996, Caseau and Laburthe 1996).

For example, we can test a hypothetical constraint of the type- ¢, for some
t, € 6;. If this leads to a contradiction, then we can conclude thatmust be less
than or equal t@, and remove all values greatgrfrom §;. A contradiction may be
caused by a direct violation of the interval capacity constraint 2 or afteragatpg
the hypothetical constraint by repeatedly applying other consistensy téslues of
t, can for example be chosen by a dichotomising searchd&ver

A shaving approach for disjunctive scheduling has been proposed b Canti
Pinson (1994) for solving the JSP. Martin and Shmoys (1996 hiamependently,
applied the technique within a time-oriented branch-and-bound aigofir the JSP.
Using a shaving technique, Caseau and Laburthe (1996) were able toaptaiof of
optimality for the famoug0 x 10 JSP due to Fisher and Thompson (1963) with only
7 backtracks.

5 Consistency tests for cumulative scheduling

While disjunctive scheduling or sequencing is concerned with unit resaqequire-
ments and capacities, cumulative scheduling considers the general case afyarbitr
requirements and capacities.

5.1 Activity interval consistency

The disjunctive sequence consistency tests developed in the precediong saatbe
generalised for cumulative scheduling in a straightforward way by cerieglinter-

val work instead of processing times. This relation was first pointedpWMNuijten

(1994) (see also Nuijten and Aarts 1996). The following rule ex¢értteorem 4 for
cumulative scheduling. As the time intervals considered are activitgsirintervals
defined by activity sets, we have chosen the name activity interval corggisten

Theorem 8 (Activity interval consistency). Let A, A" Cc A C V. If

. let, — esty, 20
g ueA\.flI’lg}e{A\A”( ety — estu) <W(A) (20)

then an activity ind’ must start first or an activity imd"” must end last.
Proof. Similar to proof of Theorem 4. O

In contrast to sequencing, we can no longer assume thgtbecause an activity that
starts first may now also end last. Comparison of Condition 20 to¢hemgl interval
capacity constraint 2 shows that the condition only considers activiysrintervals
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and has a weaker right hand side. In the disjunctive case we were able tdrstiow
it was sufficient to consider activity intervals and that there was notloifge tgained
from using interval work instead of set based work on the right sideweder, it
turns out that this is not the case for cumulative scheduling, sotteatdndition can
actually be strengthened. The reason for presenting the condition abthve form

is that this extension of the disjunctive case allows to generaliseitlgrs originally
designed for sequencing. We will discuss a sharper form in Section 5.2.

The theorem can be used to derive tests in analogy to the sequencing tesitsgoy u
suitable values ford’ and A", as shown in Table 2. Note that the meaning of con-
clusions such ast \ {i}—i ori—A\ {i} is that: must end after (start before) all
activities in.A \ {i}; in contrast to the disjunctive case this, however, does not imply
that it must also start after (end beforé)\ {:}.

Useful domain reductions can be deduced for the cumulative version affghé i
or-output test with = j. For A" = A" = {i}, i.e. for testing the hypothetical
constraint$i = { iA~A\ {i}, A\ {i}4i}, Theorem 8 yields:

X ueA\{IiI}l,E:;}éA\{i}(ZCtv esty) < W(A) = i— A\ {i}vA\{i}>i (21)
Clearly, the excess amount of work that cannot be processed in the intefiveddiby
min, ¢ 4\ 7} €st, andmax, ¢ 4\ (5} lcty is the difference of the total work required by
A and the capacity available within the interval. Since only actiitgn move par-
tially or completely out of the interval, we can conclude that the amouptarfessing
time of to be moved outside to the left and/or right, denoted by( s, is:

res{A,i) = [(W(A) — Ry, (Icty — esty))/rir]- (22)

. max

ue A\{i},veA\{i}
This observation allows to deduce domain reductions if the minimunuataf pro-
cessing time that is always outside of the interval, regardless of theeolstart time,
is less than the required amount:

max let, — est,) < res(A,i). 23
ueA\{i},veA\{i}( ) (A) (23)

If Condition 23 holds, then the part 6that must be outside of the interval must either
be completely on the left or be completely on the right side of thevateT his leads

to the following domain reduction rule that can be applied if Condgi@1 and 23
hold:

0; := 6; \ {t| min est, —res{A, i) <t< max lct, +res{A,i)—p;} (24
\{|u6A\{z’} (A, i) S (A1) —pi} (24)

This rule can actually be sharpened as follows: If the left or right beaddction may
be applied forA \ {i} then it can also be applied for all subsets C A \ {i}; this
is not shown here. Note that the sharpened form of the rule is equitaleiomain
reduction rule 11. We refer to the conditions and this domain reductilenas the
cumulative input-or-output test.

Figure 9 illustrates the test. It shows an example, taken from Nuijt@84), with
four activities to be processed by the same resokinegh capacityRy, = 2.
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8 9 10 11 12 13 14

~
X OO0+

Figure 9 Four activities requiring 1 unit of a resource with capacity 2

Inspection shows that if activityis started before time 4, then it is impossible to
schedule all of the other activitigsk, [ within their time window. This is detected by
the input-or-output test in the following way: Becaise(9 — 1) < 18 we conclude
thati—{j,k,1} V {4, k,1}—i. The amount of processing time ofthat must take
place outside of the intervél, 9) is rest{s, j,k,1},i) = [(18 = 2. (9 —1))/1] = 2.
Becaus& — 8 < 2, Condition 23 is satisfied and we apply the domain reduction rule
Si=6\{tll -2<t<9+2—-T7}=14,7], as shown in Figure 9.

It is interesting to consider a slight modification of the example: #;0= 6 the
reduction rule yields; := ¢; \ {¢|0 < t < 4} = {0,4,...,7}; the value 0 is thus left
in §; and the domain bounds remain untouched.

The test presented here is similar to the three cumulative tests descyibedjten
(1994). Nuijten uses the tests to extend the disjunctive sequendstenicy algorithm
for the cumulative case. The time complexity of the resulting algoris O (|{rix }| -
Vi|®), where|{r;;}| is the number of distinct resource capacity requirements. As
mentioned before, the tests could be strengthened by using intervalinebelad of
simple work and by considering additional time intervals other thamigcintervals.
This is explained in the following section.

5.2 General interval consistency (energetic reasoning)

Figure 10 shows an example, similar to an example used by Baptiste¥328)( with

five activities that require one unit of a resource with capacity 2. We canudathat
activity s must start after time 6. This can be deduced by testing the hypothetical
constraintd = {lct; < 10} against the general interval consistency constraint 2 for
the intervall, 9). If ; is constrained to finish at time 10 or before, then the total amount
of interval work to be processed withji, 9) is2 - 4 4+ 3 - 3 = 17 units, whereas only
2-(9 — 1) = 16 units are available. We can thus conclugH and remove values
less than or equal to 6 frod). We emphasise th&{ can only be refuted by testing
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Figure 10 Five activities requiring one unit of a resource with capacity 2

the interval[1, 9), while the interval consistency constraint is satisfied for all other
intervals, including all activity or task intervals.

The example leads us back to the initial questions (1) how we shoulusehtbe
hypothesisi and (2) for what time intervals the capacity constraint should be tested.
Let us first address the second question.

The question has recently been answered by Schwindt (1997) and, indepgndentl
by Baptiste et al. (1998). They consider the difference between availabtequired
resource capacity for a given time interval, i.e. the difference between thenief
right side of the interval consistency constraint 2, as defined by flenviag slack
function:

slack Vi, t1,t2) = R - (t2 — t1) — W(Vg, t1, ta). (25)

By studying the possible extrema of the slack function for a givgnthe set of in-
tervals[t;,t2) can be characterised for which the slack function can take a local or
global minimum and may thus violate an interval consistency constr&ictwindt

and Baptiste et al. have shown that the number of such minimum-slamiaig is

of order of magnitud®(|V|?) and have given a characterisation of the intervals (the
one in Schwindt (1997) is slightly tighter). Thus, as we knovwnfithe initial example,

the set of minimum-slack intervals is larger than the set of activitywatetbut still of
orderO(|Vx|?). Since an intuitive description of the minimum-slack intervals isihar
to give, and because the proof is lengthy, we do not describe the satiofium-slack
intervals in more detail.

Baptiste et al. have developed@i|Vy.|?) algorithm for testing the interval consis-
tency constraint for all minimum-slack intervals, and@(jVy,|* log | Vx|) algorithm
has been described by Schwindt, who has used the interval consistencyorofuit
deriving lower bounds for RCPSP/max instances.
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In order to reduce activity domains, Baptiste et al. suggest to use Htpuzt!
constraints of the typet; < t,, similar to the initial example. The time complexity
of an algorithm that computes all domain reductions which can be obtaineueon t
minimum-slack intervals follows from the fact that there @¢g| activities to be tested
andO(|Vx|?) minimal-slack intervals. The development of a quadratic algorithm to
compute all domain reductions is an open issue.

5.3 Unit-interval consistency

An important special case of the general interval consistency constraiot2amed
when we consider time intervals of width one. The following theorencriless a test
for checking unit-intervals, based on the slack function defined in Equago

Theorem 9 (Unit-width interval test). Leti € V. If, for some time,
slack Vi \ {i}, t,t + 1) < ri (26)
then the domain aof can be reduced in the following way:
Si =6\ {t'lt—pi <t <t+1}. (27)
Proof. Obvious. O

The test is interesting because it is easy to design efficient algorithrits Tdrere
is an obvious)(T'|Vy|) algorithm for performing all reductions deducible by the test,
whereT is the time horizon of the problem. The test can also be efficiently imple-
mented through tables reflecting remaining or used capacity over time, udieg eit
vector or support point representations of the capacity profile; wheneger ts a
change in the table for time— caused by an update of some activity domain — the
domain bounds of all activities € Vy, for whicht € §;, can be tested and updated
with effort of at mosiO(|Vy]).

Tests equivalent or similar to the unit-interval consistency test favastance
been described in Le Pape (1994, 1995), Nuijten (1994), Caseau and lea(i996),
Klein and Scholl (1997).

For disjunctive scheduling, the unit-interval test is subsumetién?tconsistency
test.

5.4 Fully and partially elastic relaxations

This section describes two relaxations of the scheduling problem thatideen sug-
gested by Baptiste et al. (1998). The relaxations describe necessaryamnfiitithe
existence of a feasible schedule. They are based upon the idea of tryamguwer
the question whether there exists an integer functigrit, i), for elastic schedule,
that describes the number of work units assigned to all activities thouigheir time
windows so that for every activity the total number of units assignetilscthe re-
quired work. The capacity assignment definedky(¢, ¢) is elastic in the sense that it
does not necessarily take the strict rectangular shape required in threabpigiblem.
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The fully elastic relaxation is the decision problem of deciding whettfanation
esy(t, 1) exists such that the following constraints hold:

esk(t,1) = 0, forall:ze V,andt¢d; (28)
> es(t,i) = pira, foralli eV (29)
t
> esi(t,i) < Ry, forallt. (30)
1€ Vi

A tighter relaxation can be obtained by adding the two following congsai

> esi(t';i) < Ry (t—ming;), foralliandt e s (31)
t'<t
> esi(t',i) < Ry (maxd; —t), foralliandt e s (32)

t<t!

The resulting decision problem is called partially elastic relaxationywaein which
assigned work may float within the activity time window is more regtd than in the
fully elastic case.

The partially and fully elastic relaxations can be used to deduce activityaitiom
reductions in the usual way. If, after adding hypothetical const#jiitt can be shown
that no functioresy(¢, ) exists that satisfies Constraints 28—-32, théf must hold.
Baptiste et al. describe a(|V|?) domain reduction algorithm based upon the fully
elastic relaxation and a@(log |{r;;}| - |Vx|?) algorithm using the partially elastic
relaxation, wheré{r;; }| is the number of distinct resource capacity requirements.

The partially elastic relaxation is strictly weaker than the general intervadiso
tency constraint (Baptiste et al. 1998).

6 Summary

We have presented a general, unifying framework for understandiexyaicapacity
consistency tests. Within this framework, we have surveyed arehéat previous
results that have been obtained in the areas of Operations Research and Artificial
telligence. We have related the concept of energetic reasoning to sequenctenopsis
tests known under the names of immediate selection or edge finding.

The interval consistency tests described in this chapter have been apgdjedritly
and with great success for solving disjunctive scheduling problenvgerrand so far
less conclusive results have been reported for the application of tisefeestumu-
lative scheduling. Many of the tests that we have described are avaitabneral
purpose scheduling software libraries such as ILOG Scheduler (Le P8de 11995,
Nuijten and Le Pape 1998), CHIP (Aggoun and Beldiceanu 1993), or CEA&hed-
ule (Le Pape and Baptiste 1996).
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