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Abstract. For the fast numerical solution of a fully discrete variant
of the trigonometric Galerkin equations associated with periodic in-
tegral equations, in this paper we consider approximations with small
residuals and provide order-optimal estimates for the associated error.
The CGNR method is considered as a method with a simple itera-

tion scheme where those approximations can be obtained by a total

This research has been started during a visit of the first author at the Helsinki
University of Technology (HUT) which has been supported by the HUT as well

as by the DFG (Deutsche Forschungsgemeinschaft).



2 R. Plato, G. Vainikko

number of (’)(N log N ) arithmetical operations, with N denoting the
dimension of the space of trigonometric trial polynomials associated
with the Galerkin method. Noise in the model of the problem as well

as in the right-hand side are admitted.

1. Introduction
1.1. A class of operators
In this paper we consider equations of the following form,
Au = f, (1)

where f : R — C is a 1-periodic function, and the operator A has the

form

1
A=1D + ZAP’ (Du)(t) = /0 Ko(t — s)u(s) ds, (2)

tE[O,l}, p = 0,1,...,q,

where ¢ > —1, and a,, : R? — C are 1-biperiodic C*-smooth func-
tions, and k, are l-periodic functions or distributions with known

Fourier coefficients

1
Rp(n) = /0 Fop(t) e 2 gt n € Z.
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It is supposed that
ao(t,t) = 0 (teR), (4)

and moreover for certain parameters a € R and integers 0 < 7 <

B2 < ... < fBy, the following estimates are supposed to hold,

|Aj/%0(n)‘ < cj@,a*j <n €Z, j = 0,1,...), (5)
cooln|” < lro(m)| (0 #n € Z), (6)

| A iy(n)| < cjn,®Prd <n €Z, j=01,...,p= 1,...,q). (7)
Here ¢; and cpp are some positive constants,

In|, ifn#0
n, = (neZ)
1, ifn=0

and A denotes the forward difference operator, i.e.,
Ad(n) =0v(n+1) — v(n), n € Z.

Equations of the form (1) with operators A satisfying (2)—(7) arise,
e.g., if the boundary integral method is applied to a boundary value
problem on a two-dimensional bounded and simply connected domain
with a smooth boundary. Two associated examples will be presented
in section 1.2 but first the basic mapping properties of the operator
(2), (3) are stated, cf. [8] or [18] for a similar situation. As a prepa-

ration we consider for any A € R the Sobolev space H* of those



4 R. Plato, G. Vainikko

functions or distributions u which satisfy

ful = (3w ?)” < oo,

nez

1
where a(n) = / u(t) e 2 dt, n € 7,
0

and L'(H MOH ’\2) denotes the space of linear bounded operators from
HM into HM ()\1, Ay € R). If we decompose A into its main part

and the corresponding remainder,

A=1D + B, B =Y 4,

q
p=0
then the properties (5)—(7) yield that D € L'(H)‘,H)‘*a) is a Fred-

holm operator of index 0 and that B € L'(H A HAoth ), where

ﬁl, if ag = 0,
B = (8)
min { 061, 1 }, otherwise,

and this means that B € E(H)‘,H)‘_O‘) is a compact operator. We

thus have:

Proposition 1. Suppose that an operator of the form (2)-(3) sat-
isfies the conditions (4)-(7). Then A € L(H» H*=?) is a Fredholm

operator of index 0 for each \ € R.

We recall that a linear bounded operator T : H* — H» % is a
Fredholm operator of index 0 if the range R(T") of T is closed in

H*~ and moreover codim R(T") = dim NV (T') < oo is satisfied, where
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N(T) ¢ H”* denotes the nullspace of T'. It follows from conditions

(4)—(7) that N'(A) C C*. Thus, if the condition
v 1-periodic C*—function, Av=0 — v=0 9)

is satisfied, then Proposition 1 yields that A € E(H AH )‘*a) is an

isomorphism for each A € R.

Let us characterize the class of integral operators (2)—(3) in terms of
periodic pseudodifferential and classical pseudodifferential operators
(see e.g. [20] for these notions and relations to periodic integral oper-
ators). A periodic classical pseudodifferential operator of order « has

the Agranovich representation
A = (e ()Py + a_(H)P_)A* + K,
where a4 (t) are C*°-smooth 1-periodic functions,

Pou= Z ﬂ(n)ein%rt’ Pou— Z a(n)ein%rt,

n>0 n<0

A%y = 2 :\E,Oé,&(n)BIHQTFt’
neN

and K is a periodic classical pseudodifferential operator of order a—1.
Further A is elliptic if ay(t) # 0 for ¢ € R. Our class of operators
defined by (2)—(7) covers the class of classical elliptic pseudodifferen-
tial operators (a4 Py + a_P_)A% with constant coefficients ay # 0.

This corresponds to the case io(n) = (ay + a—signn)n®. On the
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other hand, our conditions on &g(n) are more general, and condi-
tions (2)—(7) define a class of integral operators which are periodic

pseudodifferential operators but need not to be classical ones.

1.2. Exzamples

In the sequel we consider two prominent examples, cf. [18].

Ezample 1. Symm’s integral equation for closed C*°—smooth bound-

aries in parametrized form looks as follows,

1
(.Au)(t) = —/0 log |z(t) — x(s)|u(s) ds = f(¢t), tE[O,l],

where z : R — R? is a C®-smooth 1-periodic parametrization of the
corresponding boundary with 2/(t) # 0 for t € R. In order to apply

Proposition 1 we consider the following decomposition,

1 1
(.Au)(t) :/0 ko(t — s)u(s) ds + /0 ay(t,s)u(s) ds, te[0,1],

with ko(t) = —log |sin 7t| and

t) —
g 2Oz
a(t,s) = | sin Wl(t —s)]
t
—log M, if t=s.
T
Here | - | also denotes the Euclidian norm in R?. Note that a; is a

1-biperiodic C'*°-function, and the Fourier coefficients of kg have the
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following form,

1

if 0#ne€Z,

log 2, if n=0.

Thus conditions (5)—(7) are satisfied (with k1 = 1) for & = —1 and
any 31 > 0, and it follows from Proposition 1 that A € E(H)‘, H)‘“)

is a Fredholm operator of index 0 for each A € R. A

Ezxample 2. One of the boundary integral equations for the homo-
geneous two-dimensional biharmonic equation in a bounded region
with a C*°—smooth boundary, in parametrized and normalized form,

looks as follows,

7T2 1
(Au)(t) = W/o |2 (t) — 2(s)|* log |z (t) — a(s)|u(s) ds = f(t),

te[0,1],

where z : R — R? is a C®-smooth 1-periodic parametrization of the
boundary with 2/(t) # 0 for ¢ € R. In order to apply Proposition 1

we consider the following decomposition,

1 1
(Au)(t) = /0 ko(t — s)u(s) ds + /0 ko(t — s) ao(t, s)u(s) ds

1
_|_/0a1(t,s)u(s) ds, te[0,1],
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with ko (t) = (sin mﬁ)z log | sin 7rt| and

m? |x(t) —2(s) .
POP sutat—s) 0 7
ao(t, s) = sin“7w(t —s
0, if t=s,
(_ |z(t) — 2(s)|
T a(t) — a(s)log LZLEE e
alts) = POP [sin(t— o)
0, if t=s.

Here ag and a; are 1-biperiodic C'*°-functions, and the Fourier coef-

ficients of kg have the following form,

(1—2log2)/4, if n =0,

Ro(n) = ¢ (log2—3/4)/4, if n = +1,
1

—_— if > 2.

Thus, the conditions (5)—(7) are satisfied (with k1 = 1) for a =
—3 and any (5 > 0, and it follows from Proposition 1 that A €

E(H)‘, H)‘+3) is a Fredholm operator of index 0 for each A € R. A

Further examples are, e.g., the Cauchy integral operator, the Hilbert
integral operator and the hypersingular integral operator, cf. [18]. We
mention also Hackbusch [7], Kress [10], Prossdorf and Silbermann [12]
and Sloan [16] as general references that contain material on periodic

integral equations and their numerical treatment.
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1.8. The trigonometric Galerkin method

As a preparation for the subsequent considerations we recall some
basic facts on spaces of trigonometric trial polynomials which are

defined as follows,

TN ;:{ Z bnei"%t : b, € C for HGZN},

neELN

N N
where ZN::{ nez: —5<n§5}, N e N,
and the associated Fourier projectors are given by

Pyu = Z ti(n)em?t (u € H* for some )€ R).

neELN

Two basic and elementary estimates associated with 75 and Py are

the approximation property and the inverse property,
AR
|7 =Pu)uly < (5)" “lube wer"  (A<p) (0)
N\ A1
lunla < (5) lunl uveZv (A2 p). (11)

The trigonometric Galerkin method for equation (1) is to determine

an element uy € 7 that satisfies
PyAuy = Py f. (12)

It is easy to show that if an operator A of the form (2)—(3) satisfies
the conditions (4)—(7) and (9), then there exists an integer Ny such

that for each N > Ny and each f € H*~® with some u € R, the
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Galerkin equations (12) have a unique solution uy € 7y, and the

following error estimate is satisfied
A—
lun — ul[, < ex N ul, (A <n), (13)

where u € H* denotes the solution of the equation Au = f. Note
that the estimate (13) has the optimal order of accuracy with respect

to T, cf. (10).

We shall need also the interpolation projector Q) onto the space Ty

which is defined as follows,

Qnu € Ty, (QNU)(%) = u(%), j=1,....N

(u € H* for some \ > %)

The following error estimate is satisfied, cf. [18], section 7.5, or Sara-

nen and Vainikko [14]:

[-avul, < w(5) lle  wenmr  qa

(0<x<p, p>3),

1/2
where 7, = (1—{—22;’;1 J%u) .

1.4. Outline of the paper

In this paper for the approximate solution of (1) we consider conju-

gate gradient-type methods since simple iteration schemes exist for
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them. In order to obtain fully discrete iteration schemes we apply
those iteration methods to a fully discrete Galerkin scheme which is
obtained if in (12) the right-hand side f is replaced by its trigonomet-
ric interpolant Qy f, and A is replaced by an approximation that is a
specification of that considered in [19] and [18], section 7.5; the basic
facts on this specific approximation for the operator A are considered
in section 2. Since matrix compression is involved, the entries of the
stiffness matrix for the discrete Galerkin equations can be computed
by O(N log N ) arithmetical operations, and matrix-vector multipli-
cations can be carried out by O(N ) arithmetical operations in our

situation.

For the discrete Galerkin equations, in section 3 approximate solu-
tions with small residuals are considered in a general setting, and
associated error estimates are provided that have an optimal order
of accuracy. In section 4 we then recall some well-known facts on
the CGNR method, this is the classical conjugate gradient method
of Hestenes and Stiefel applied to the normal equations which in our
situation originates from the discrete Galerkin equations. A residual-
based stopping rule is considered that yields approximate solutions
so that the results from section 3 are applicable. We shall see also

that this stopping rule leads to a termination of the iteration after
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(’)( log N ) steps so that the approximations can be obtained by a to-
tal number of (’)(N log N ) arithmetical operations, i.e., a fast solver

is obtained.

In section 5, we examine the influence of noise in the model of the
problem as well in the right-hand side, and in the final section 6

numerical illustrations are presented.

1.5. Bibliographical remarks

On the basis of fully discrete Galerkin schemes and collocation meth-
ods, fast solvers, i.e., algorithms where approximations can be com-
puted by (’)(N log N ) arithmetical operations, can be generated also
by two-grid iteration schemes, see [18], [19] or Saranen and Vainikko
([13], [14]). Compared with those, the CGNR method has essentially a
simpler computational algorithm — only matrix-vector computations
are involved. For other fast solvers for periodic integral equations
see e.g., Amosov [1], Berthold, Hoppe and Silbermann [2] or Schnei-
der [15], and for other results concerning fully discrete schemes we
refer, e.g., to Elschner and Stephan [5], McLean, Prossdorf and Wend-

land [11] or Kieser, Kleemann and Rathsfeld [9].
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2. A specific approximation of A

We again suppose that A is an operator of the form (2)—(3) that
satisfies the conditions (4)—(7). Following the lines mentioned in sub-
section 1.4, in the sequel we recall the basic features of [19] and [18],
section 7.5, on a specific approximation to A. Note that in our situa-
tion the main part D is simple and needs no further approximation,

thus in the sequel the considerations are restricted to the remainder

B=Y1 (A,

2.1. A specific approximation of a, for p >0

In the sequel we keep p € { 0,...,q } fixed, and for L € N we consider

the function

ap,. = Pp,Qr,Lap, (15)
where it is supposed that the set Dy, C Z? satisfies

DY ¢ Dy c Di,
D) = { (r.d) € 2% ¢ v o, < L/2 lial + 12l S L/2}, (16)

Dp ={(r.j2) €Z% : |ja] + lial < L/2}.



14 R. Plato, G. Vainikko

Furthermore, @11, and Pp, denote the two-dimensional interpolation

and Fourier projection operators, respectively, i.e.,

QL,Lw € TL ®7-L7 (QL,L¢)(%7%) = w(]fla %)7 j17j2 = 17 7L7

PDLU — § : f)(kla k2)61k127rt61k227rs’
(kl,kg)EDL

where v, 1 are 1-biperiodic, and v is C*°-smooth; moreover,

T, QT = { Z bkl,heikﬂmeikﬂﬂs : bkh/€2 eC (k‘l, ko € ZL) },
ki,ko€Z7,

1 1
o(ky, k) = / / v(t,s) e kit g=ikoms gg gy ki, ko € Z.
0 0

Note that for the computation of a, 1., only the values of the function

ap at the grid points (%, %), Jj1, jo=1,..., L, are needed.

In the sequel specific approximations of A, are considered; through-

out it is supposed that
L~ N°? with 0 <o <1, (17)

holds, i.e., c;N? < L < aN? as L, N — oo. Later, cf. section 2.4.2
below, the restriction o < 1/2 is introduced to keep the number of

arithmetical operations sufficiently small.
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2.2. Approximation of A, on Ty,

On 77, an approximation of the operator A, is obtained replacing

the kernel a, by a, 1, as defined in (15),
1
(Ap7Lu)(t) = / kp(t — s) ap,1(t,s)u(s) ds, te[o0,1].
0
One has A, 1, € E(HA,HA_O‘+51’) for each A € R, with Gy := 0, and
e = Allegprpey < ouNT  (A€R)  ¥rzo

This estimate is a straightforward consequence of (17) and the follow-
ing two estimates. First, for an integral operator (Au)(t) = fol K(t —
s)a(t, s)u(s)ds with a 1—periodic £(t) satistying |&k(n)| < ¢n® (n € Z)
and an 1—periodic C* smooth a(t, s) we have A € L(H*, H*~®) for

all A € R, and

”AHL(HX’HX—Q) S CA7V”aH)\7CV|+V,|>\‘+V With a‘ny v > %

(this estimate can be improved, see [8]; we presented just the simplest

result from [19]). Here

. 1/2
lalyire = (D o mafa(ny, no)?)

ni,n2€”Z

Secondly, the following two-dimensional counterpart of (14) holds

true (see [18]):

L r
I(I = Pp,Qr.)ally, \, < (Wrtr + Vratr) (5) lalxi+raz+rs

LZL07
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with any \; > 0, Ao > 0 and r > 0,Lg > 0 such that A\; +r >

1/2, Xo+7>1/2, (Yag4r + Vrgsr) (Lo/2) 7" < 1.

2.3. Approzimation of A, on Tn © 11,

In order to obtain an approximation of the operator A, that allows
to keep the number of arithmetical operations sufficiently small, on
the subspace Ty © 71, = span {e"*™ : n € Zy\Z.} the following

asymptotic approximation A, 1, 4 to A, is considered,

d—|Bp]—1
Ap7L7d = Z prLyj’
7=0

(Bpju)t) = bprj(t)y. [Aj/%p(n)]ﬂ(n) gin2mt

nez

1 .
bp,L,j(t) = i Va1 (t,s)

, telo,1],

s=t
j=0,....d— (5] —1,
where d > (3 is an integer, and |z | denotes the biggest integer smaller

or equal to a real number z € R. Moreover,

1 0
0 _ 1 1 _ Y
05 ’ 9 2mi s’
» 1 0 1 0 1 0
i — 2 _ —
0 <27Ti Os I 1) T\ 271 0s > 2mi Os’ J 2,3,

The Fourier coefficients of the functions b, 1, ; can be obtained recur-
sively for j = 0,...,d— |8, — 1, cf. [19] or [18] for the details. One

has A, 1.4 € ﬁ(HA, HA’O‘JFBP); the difference A, 1, 4 — A, is not small,



Fast and fully discretized solution of integral equations 17

but nevertheless due to (10) and (17) the following estimate holds,

H (AP,L,d - Ap) (I - PL)HE(H)\’H)WQ) < CAN_Od ()\ S R),

cf. [19] or [18], section 7.5, for the details. In the following remark

two special situations are considered which are of practical relevance.

Remark 1. 1.In the situation d < |38, one has A, 1, ¢ = 0; this arises,
e.g., if kK, =1 holds.
2. If the function a,(t, s) does not depend on s (e.g., a,(t, s) = const)

and d > |Bp] + 1, then we obtain 4,14 = Ap 1. A

2.4. Putting together the approximations

2.4.1. Error estimates We define the following approximation for

the remainder B = Y1_, A,

BLJ = <ZAP,L>PL + (ZA ,L,d> (I—PL). (18)
p=0

p=0
Then By 4 € ﬁ(HA,HA’O‘) for A € R, and

HBL,d - BH[:(H#,HA*Q) < C/\,uN_J(dJFM_A) ()‘ < M)7 (19)
where the constants can be chosen boundedly in A on any bounded

interval [)\O,M],)\o < .

In the sequel on 7yx we consider D+ Py By, 4Py as approximation to
A, with some appropriate M < N; the corresponding approximation

properties are presented in section 3.
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2.4.2. On the complexity This section is concluded by recalling from
[19] or [18], section 7.6, the considerations on the complexity, with
the notation adapted to our situation where the main part D of A is
supposed to be simple and the remainder By, 4 is compressed to the

subspace 7.

In fact, if L ~ N7 holds for some 0 < 0 < 1/2 as well as M ~ N7
for some 0 < 7 < 1, then the stiffness matrix associated with D +
Py Br.qPar : Ty — Ty has fully discrete entries that can be computed
by O(N log N ) arithmetical operations. Moreover, for each vy € Ty
with known Fourier coefficients, the computation of the vector Dvy
requires IV arithmetical operations, and the vector Py/Br, 4Ppvn can
be computed by a fully discrete scheme that requires (’)(M log M ) =
(’)(N ) arithmetical operations, if the FFT is applied. One can show
that a similar statement holds for the vector (D + PyB L7dPM)*v N
where (D—l—PMBL,dPM)* S E(HA*O‘, H)‘) denotes the Hilbert adjoint

operator of D + PyBr, aPuy € E(H)‘, H)‘*a).

3. Approximate solution of the discrete Galerkin equations

We suppose again that A is an operator of the form (2)-(3) that

satisfies the conditions (4)—(7). The following lemma presents the
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approximating and stability properties of the operator D+ Py Br, 4Py

considered in section 2.

Lemma 1. Suppose that an operator A satisfies (2)-(7), and more-

over suppose that
L ~ N°, M ~ N7, o,7 € (0,1),

and let the operator By, 4 be as considered in (18). Then the following

estimate is satisfied,

|D+ PyBraPyv — -AHg(HmHA*“)

< c)\#(Nfo(dJruf)\) + N*T(B‘HJ*)\)) ()\SM) (20)

If additionally (9) holds, then there exists an Ny such that for each
N > Ny the operator D + Py Br, Py € E(H)‘,H)‘_O‘) 18 an isomor-

phism for any A € R, and

H(D + PMBL,dPM)_lHL(HA—%HA) < ¢y ()\ € R), (21)
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Proof. The estimate (20) follows from (19) and the following calcu-
lations,
|PrvBPyu — Bul,
= H([“Iﬁf)BIHJUHA—a + HB(I“Iﬁ4)uHA—a

M

<(3)"" 18P, s+ - Pl

p—a+B
< C}\MNT()\—M—/?) Hqu’ u e H*,
The inverse stability (21) then follows from estimate (20) for u = A
and from Proposition 1. d
In the sequel we suppose that the right-hand side f in equation (1)
satisfies
f e H ¢ for some u>a+1/2, (22)

and consider approximate solutions of the discrete Galerkin equations
(D + PuBraPu)un = Qn f (23)

in a general setting: for n > 0 let u%] Ld € Ty satisfy
[P+ PuBLaPi)uly g = @ur| < al@nfly (@20

The following proposition provides a basic error estimate. As a prepa-

ration we specify the conditions on L, M and d:

L~N°, 0<o<l, M~NT, =0 <7 <1, (2)

d> 12— a). (26)
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Proposition 2. Suppose that an operator A satisfies (2)-(7), (9),

and let (22), (25), (26) be satisfied. Then there exists an Ny such that

for each integer N with N > Ny and for any u%}L 4 € In satisfying

(24) the following error estimate holds,
W . )| P CES )
where u € H" denotes the solution of equation (1).

Proof. We estimate as follows,

Hu%},L,d - “HA < CAH (D + PMBL,dPM) (u%],L,d - u) HA—a

=7 (”(%)AO‘HQM lo + 1D+ PruBraPu)u - Auf,_,

. @N>fHH)

< enpu (N0 + N9

where the first estimate follows from the inverse stability (21), and the
second estimate follows from (24) as well as from the inverse property
(11) applied to (D + PyBraPu)ull, , — Qnf € Ty. Finally, the

third estimate is obtained from (20) and the following calculations,

1QNFllo < 1QNFlu—a < (14 Yu—a) [ Flu—a < cu(1 +Ypma) el

1= flsn < % e < AN Hul,,

cf. estimate (14) for the approximation properties of the interpolation

projector Q. This completes the proof. d
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As an immediate consequence of Proposition 2 we obtain the following

result.

Corollary 1. In the situation of Proposition 2 with n = ¢cN“™*, one

has the optimal estimate

[ pa—uly < eV #lul, (a<r<p).

4. The CGNR method

In the sequel we suppose that the assumptions of Proposition 2 are
satisfied and that the values of N > Ny, L, M and d are fixed. For

notational convenience we introduce
M = D+ PyBr Py : Iy — Ty, y:=Qn/f,
and the discrete Galerkin method (23) then takes the following form,
Mz = y. (27)

We next recall the basic facts about the CGNR method for solv-
ing (27) with M being conceived as a linear bounded mapping with

respect to the weakest possible Sobolev norms,

M Ty, o) = (Zw. ] o) (28)
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4.1. The CGNR method for (27), (28)

As a preparation we denote by M* : (’TN, | - ”0) — (TN, [ - ”a) the
adjoint operator of M and consider Krylov subspaces with respect

to M*M and a vector r € Ty,

IC,,(M*M,?") = span{r,/\/(*./\/lr,...,(./\/l*./\/l)”*lr} C T,

v=20,1,... .

We are now in a position to consider the CGNR method for (27),
(28): let the (terminating) sequence =, € Ty, v = 0,1,..., be given

by

2, € Ky, (M*M, M*y), (29-a)

Mz, =y, = min [ Ma =y, (29-b)
weky (MM M)

The sequence formally terminates when the residual
r, = M*(Mﬂvy—y) € Ty, v=0,1,..., (30)
vanishes for some v.

Remark 2. 1. For notational convenience in the definition of the CGNR
method we take zg = 0 as initial vector.

2. The CGNR method applied to our setting coincides with the clas-
sical conjugate gradient method applied to the normal equations

M*Mx = M*y. As general references for conjugate gradient-type
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methods we refer to Elman [4], Freund, Golub and Nachtigal [6] as
well as to Trefethen and Bau [17] for matrix formulations, and see
Daniel [3], chapter 5, for a Hilbert space setting.

3. We note that in Remark 3 below a stopping criterion is considered
that provides a stopping index which typically is much smaller then

the formal termination index considered above. A

The iteration scheme for the computation of x,, is as follows, cf. Daniel

[3], chapter 5.4:

Algorithm 1 Step 0: Let xg =0, rg = —M*y.
Forv=0,1,...:
(1) If r, = 0 then terminate;

(2) If otherwise r, # 0, then proceed with step v + 1, and compute:

2
r .
-1y + O,_1dy_1, 0,1 = ” H VHa2’ if v>1,
dzx — TV*1”04
—To, if I/:O,
2
r
Ty4+1l = Ty + wl/dV7 Wy = ”./H\/lid”au27
vio

7nl/<|>1 - TI/ + wyM*Mdy.

We note that at each iteration step two matrix-vector multiplications,

Md, and M*Md, in fact, have to be employed.
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4.2. The basic properties of the CGNR method

The following result on the decay of the residuals associated with the

CGNR method is well-known, cf. Daniel [3], Proposition 5.4.2.

Theorem 2. Let x, € Ty, v =0,1,..., be generated by the CGNR

method. Then

Mo, ol <20yl v =01

g = 121 _ SWPlele=t | Mo
infy,),=1 [Mz]o

Remark 3. (a) The constant v in Theorem 2 is bounded in N which

is a consequence of Lemma 1. Moreover, it follows from Theorem
2 and from Corollary 1 that the following a priori error estimate

is satisfied,

lzw —uly < e NYHul, for v > Zlog (2N*~/c)
(a<Ax<p),

where ¢ has the same meaning as in Corollary 1.

In practical implementations the following a posteriori stopping

criterion is considered: terminate the iteration at step v =: v,

when

Mz, —yll, < eN“Flylo (31)
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is satisfied for the first time, where ¢ denotes some positive con-

stant. It follows from Corollary 1 and Theorem 2 that
. = ulx < ex N Jul,
vi < 3log (2N*A/e) +1 = O(logN) (a <A< ,u),

and the total number of matrix-vector multiplications in the

course of iteration finally is (’)( log N ) A

5. Noise in the parameters a, and in the right-hand side
5.1. Introductory remarks

Throughout this section we again suppose that A is an operator of
the form (2)—(3) that satisfies the conditions (4)—(7). Following the
lines mentioned in subsection 1.4, similar to [18], section 7.10, in the
sequel we admit perturbations of the parameters a,, p =0,...,q, as

well as in the right-hand side.

5.2. A specific approzimation of A with perturbed parameters

We start with the consideration of the perturbation of the parameters
ap, p=20,...,q: it is supposed that instead of the functions a, only

1-biperiodic C*°-smooth functions a, . : R? — C are available with
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where L = L(N) € N satisfies (17); since ag(t,t) = 0 (t € R) we

assume that ap.(t,t) =0 (t € R).

5.2.1. The specific approximation of a, for p > 0 In the sequel we

keep p € { 0,1,...,¢q } fixed and consider the function

ap,Le — PDOLQL,L%@

for the definition of the set DY C Z? see (16). Recall that in the case
of non-perturbed parameters one has more possibilities for the choice
of a1, = Pp,Qr,rap. In the sequel for perturbed parameters the

specific approximations to A, are considered.

5.2.2. Perturbed approximation of A, on 7, Similar to section 2.2

we consider the following perturbed approximation to the operator
Ap,
1
(Ap7L7€u)(t) = /0 Kp(t — s) ap.1£(t, s)u(s) ds, te [0, 1].
One has 4, 1. € E(H)‘,HA*O‘JFBP) for each \ € R, with 3y := 0, and
for L satisfying (17) the following estimate holds,

HAI%L#? _Avauﬁ(HA,HA*a) < c}\WNOmax{)\—aJ)\‘,y}g

()\Za, 1/>%),

cf. [18], section 7.10 for details. This approximation A, . in fact is

used only on 77,.
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5.2.3. Perturbed approzimation of A, on Tn©7Tr,  Similar to section
2.3 we next consider the following perturbed asymptotic approxima-

tion to the operator A,
d—|Bp] -1
Ap7L7d7€ = Z Bp7L7j7€’
j=0

(Bp,L,j,eU) (t) = bp,LJ',g(t) Z {Ajl%p(n)] (n) ein27rt,

nez

, te[0,1],

s=t

1 ..
bP7L7j75(t) = ﬁagj}ap7L76(t7 s)

j = Oa"'ad_ LBPJ _1?
where d > (3 is an integer. Here one has A, 1 4. € E(H)‘, H)‘_a+ﬁp),

and with L satisfying (17) the following estimate holds,

— _ o max{\—a,v}
H(Avavdva Apra)l PL)H ey = 3

()\204, 1/>%),

cf. again [18], section 7.10 for more details.

5.2.4. Putting together the perturbed approrimations Finally we ob-

tain the following perturbed approximation for B = ZZ:O Ap,

Bra. = (ZA ,L,z—:)PL + (ZAp,L,d,a> (I-Py) (32

p=0 p=0
with the following properties, By, 4. € E(H)‘, H)‘_O‘) for A > «, and

HBL,d,g - BL,dHL(HA7H>\7a) < CA7VN0'maX{)\—a7|)\‘,y}€ (33)

).

()\Za, v >

N[
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where the constant c) , can be chosen boundedly in A on any bounded
interval [a, )\0], a < Xg. The considerations in section 2.4.2 on the
complexity remain valid, with the notation adapted to the present

situation with perturbed data.

5.8. Approzimate solution of noisy discrete Galerkin equations

Lemma 2. Suppose that an operator A satisfies (2)—(7), and more-

over suppose that
L ~ N°¢, M ~ N7, o7 € (0,1).
Then the following estimate is satisfied,

HD + PuBracPu — AHL(HH,HA—a)
< C}\’M(N—a(d—i—u—)\) +N—T(ﬁ+u—>\)) + C)\WNUmaX{)\_a’I)\"V}& (34)
(a<A<p v>3)
cf. (32) for the definition of Br q.. If additionally (9) holds, then

there exists an Ng and an €9 > 0 such that for each integer N with
N > Ny, Nomax{A-aAlr}o < eo foranya<A<u, (35)

the operator D+ PyBr, q.Pu € E(HA, HA*O‘) s an isomorphism for

any a < A < u, and

(O P |y = 02z
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Proof. Estimate (34) follows both from (33) and Lemma 1. The in-
verse stability (36) then immediately follows from (34) for = X\ and

from Proposition 1. d

In the sequel we suppose that the right-hand side f in equation (1)
satisfies (22), and instead of Qx f only an approximation f]‘i, is avail-

able:

f% e v, Hff{f—QNfHO < 4| f|u—a for some 0 < 6 < dp. (37)

Remark 4. The estimate in (37) is equivalent to

1/2
<NZUN %) = ()] ) S (38)

thus condition (37) practically means that noisy grid values f]‘i,(%),

j=1,...,N, as well as an estimate (38) for the noise are given. A

Similar to (24) we next consider in a general setting approximate

solutions of the discrete Galerkin equations (D + PMBL7d75PM)uN =

Qi for > 0 let ugv’fjl € Ty satisty

[1,0,€]
H(D‘FPMBL,d,aPM)u]@LEd - fNH < 77Hf1{7H0' (39)
The following proposition provides a basic error estimate.

Proposition 3. Suppose that an operator A satisfies (2)-(7), (9),

and let (22), (25), (26) be satisfied. Then there exists an Ny and
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an g9 > 0 such that for each integer N satisfying (35) and for any

ug:’,ii]j € Ty satisfying (39) the following error estimate holds,

Huggf;fjl —a, < enu(NATH 4 NA2( 4 §) 4 NomaxA-aRXlvd )y,

(a<Ax<p),
where u € H" denotes the solution of equation (1).

Proof. We estimate as follows,

v = ully < ex

‘(D + PaBra-Par) (w5 — ) H .
<a(n(E) WAl + 10+ PuBracPu)u— Auf,_,
+ [ = fla)

Scﬂ<(%)k_a(n+5) L NME 4 Nomax{kfa,\)\h/}e) Jul,,

where the first estimate follows from the inverse stability (36) for
A = 0, and the second estimate follows from the inverse property
(11) and (39). Finally, the third estimate is obtained from (34) and

the following calculations,

5 N o2y N [0 Ay To ¥ N
< (5718 - @xfly + mea(E) Wl
< (7 + mal®) ) e

Scu<(%))\_a5 + 'Yufa(%)A_M> ”u”ﬂa
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and

I3]0 < 1% —Qufly + 1@xfly < olflu-a + [@xfl,y
< (50 T Yp—a F 1) Hleu,fa < Cl‘Hqu'

This completes the proof. a

As an immediate consequence of Proposition 3 we obtain the following

result.
Corollary 2. In the situation of Proposition 8 with n = ¢cN*™*, one
has

i = ul, < eru(N2# 4+ NA2G 4 NomsaNA )y,

(ag)\g,u).

5.4. The CGNR method for perturbed data

To the perturbed situation M = D + PyBr q.Py : Tnv — Ty and
Y= f]‘i, considered here, the statements of section 4 can be applied.
Only the concluding error estimates in Remark 3 for the iterates have
to be modified; for example, the a posteriori stopping criterion (31)

in the current situation leads to the following error estimate,
ny* - U’H)\ < c)\,,u,u(N)\_M + N)\—a5 + Namax{A—oz,\M,u}g)”uHM

(<A <p).
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Especially,

v, = ula < €uu(NO# 45+ NOme ) Jul, (v > 3). (40)

6. Numerical Experiments
6.1. Introductory remarks

In each of the following two sections 6.2 and 6.3 a specific equation
of the form Au = f is considered where the operator A fulfills the
conditions (2)—(7) for &« = —1 and some (3 > 1, and where the solution

u : R — R is the 1-periodic extension of the following function,

1, if 0.25 <t <0.75,
u(t) = (41)

0, if 0<t<025 or 0.75<t<1,

and then
we H*, fe H* for each pu < 1, butu ¢ HV2 fg H32. (42)

For each specific equation, different choices of N are considered, and
for each choice of N perturbed right-hand sides f]‘if € Ty are consid-

ered that satisfy the following condition,

(&) = F(E)] < N*21Qnflajes 4 = L...,N,

ie., (37)—(38) is valid for each p = 1/2 — n for n > 0 arbitrarily

small, with corresponding noise level § = ¢, N —1=#_The values of the
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function f = Au at the grid points in fact are computed numerically
with a high precision, and the values of the function f]‘if are chosen
such that fﬁ,(%) — f(%), j=1,...,N, are uniformly and randomly
distributed in the interval [ —ni,m |, m = N*3/2HQNf”3/2. We set

€ = 0, i.e., no noise in the model is considered.

We consider the following specific choices of N, M and L,
N =2k M o= oUkAI L = olk/2] (43)

for k = 5,6,7,8, where [z]| denotes the smallest integer bigger or
equal to a real number z. The relations (43) mean L ~ N2 and
M ~ N*%as N — oo so that M in fact satisfies (25), and in our

situation we may choose d = 2 for the asymptotical approximation.

The first iteration scheme under consideration is the CGNR method
(cf. section 3) applied to the equation Muy = f, with M =
D + PyBraPu : Ty — Ty as in section 4. According to the gen-
eral analysis presented in section 3, it is reasonable to terminate the

iteration at step v =: v, when
[Ma, = iy < N1

is satisfied for the first time, where z,,, denotes the v,-th iterate of the
CGNR method. The estimate (40) yields |x,, —u|_1 = O(N~!17#) for

any u < 1/2. Note that due to the second property in (42) one cannot
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conclude from (40) that the quotient |z, —u|_; /N %/ stays bounded
for experiments with different and increasingly ordered values of N.
On the other hand, however, due to the first properties in (42) it is

no surprise that these quotients stay bounded in our experiments.

For comparison we consider also GMRES which in our situation is
applied to the equation Mvy = f]‘i,, and the associated norm is
| - o, i-e., the corresponding iterates xg, z1,... have the following

properties,

Ty, € ICI/(M?f](i/)?

HM:Ul,—yHO :meK?(lfi\Ell,f;i,) H/\/lﬂ:—yHO, v=0,1,....

For an introduction to GMRES see, e.g., [4], [6] or [17].

Remark 5. We recall only two basic facts on GMRES: for each step
v — v+ 1, GMRES requires only one matrix-vector multiplication
(while CGNR method needs two matrix-vector multiplications in each
iteration step), and secondly, in general no estimates for the speed
of convergence of GMRES are available. The latter means also that
no a priori estimates for the stopping criterion considered next are

available. A

For the approximations associated with GMRES the same stopping

criterion as for the CGNR method is applied, thus according to Corol-
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lary 1 we may expect similar error estimates as above which is con-
firmed by the numerical results to be presented in the sequel. As it
turns out, for each experiment with fixed period integral equation
and fixed N, GMRES practically needs approximately twice as much
steps as the CGNR method needs to to satisfy the stopping criterion,
thus the complexity associated with GMRES finally is approximately
the same as the complexity of the CGNR method (cf. Remark 5 on
the required matrix-vector multiplications in each step). All compu-

tations are performed in MATLAB on an IBM RISC/6000.

6.2. Symm’s integral equation for an ellipse

In the sequel we present the numerical results for Symm’s integral
equation, cf. Example 1, which is considered here for z(t) = ( % cos 2mt,
%sin 27Tt)T, t € R, parametrizing a special ellipse I'. Here we have
qg =1, ap = 0 and k1 = 1, thus remark 1 on the specific form of

the asymptotical approximation applies. Tables 1 and 2 contain the

results for the CGNR method and GMRES, respectively.
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Table 1. Numerical results for Symm’s integral equation for an ellipse, CGNR

method
I T I I I e A e
32 16 4 4.05e-02 7.33 3
64 32 8 1.80e-02 9.22 3
128 64 8 7.98e-03 11.56 3
256 | 128 | 16 2.60e-03 10.66 4

Table 2. Numerical results for Symm’s integral equation for an ellipse, GMRES

N | | el | el N
32 16 4 4.06e—02 7.35 5
64 32 8 1.78e-02 9.11 6
128 64 8 8.03e—03 11.62 8
256 | 128 | 16 2.64e—03 10.81 10

6.3. A model problem

In the sequel we consider the following model problem, cf. [8] for a

similar example:
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with
4 1
— ﬁ, if 0 7& n e Z,
4 if 0
- 1 n =
3r’ ’
(t,s) = b(t) b(s), b(t) = 3 + Z o—4lk| ik2mt
0£kEZ

Here we have ¢ = 0, with an asymptotical approximation correspond-
ing to Ag which is non-trivial. Tables 3 and 4 contain the results for

the CGNR method and GMRES, respectively.

Table 3. Numerical results for the model problem, CGNR method

I T I O I o e
32 16 4 3.81e-02 6.90 2
64 32 8 1.83e-02 9.37 2
128 64 8 7.77e-03 11.26 3
256 | 128 | 16 2.66e-03 10.89 3
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