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Preface

It is my purpose to introduce a variety of iterative as well as parameter methods for solving linear
ill-posed (symmetric and nonsymmetric) equations Au = f in Hilbert and Banach spaces.

In Chapter 1, operators fulfilling resolvent condtions over certain sectors are considered and classified
as weakly sectorial and strictly sectorial operators. Moreover, we define fractional powers of weakly
sectorial operators and derive their basic properties in order to show that Abel integral operators in LP-
spaces and spaces of continuous functions are strictly sectorial, see Section 1.3 on that. The corresponding
Abel integral equations are weakly singular (nonsymmetric) Volterra integral equations of the first kind
that arise in applications like spectroscopy and seismic imaging.

In Chapter 2 iterative as well as parameter methods are presented which are designed for solving
those equations considered in the first chapter, and any kind of normalization of the underlying equation
is avoided in order to keep computational efforts at the lowest possible level. For any described method
we provide a convergence analysis for precisely given data.

In Chapter 3 noise-level-dependent as well noise-level-free parameter choices and stopping rules are
discussed, and here always disturbed right-hand sides for the underlying ill-posed equation are admitted.
Computational experiments are provided, and in Chapter 4 we shall see that the convergence rates cannot
be improved, in general.

The most efficient algorithms for solving symmetric ill-posed problems in Hilbert spaces are conjugate
gradient type methods, and thus the last chapter is devoted to of conjugate residuals (for semidefinite
problems).

Berlin, January 1995 Robert Plato
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Kapitel 1

Weakly sectorial and strictly
sectorial operators

We consider equations

Au = f, (1.1)
for A € £(X) and (maybe only approximately known) right-hand side f. € R(A), where £(X) denote
the space of bounded linear operators in the underlying real or complex Banach space X, and R(A)
denote the range of A. Our main subject are equations (1.1) which are ill-posed in sense that arbitrary
small perturbations of the right-hand side in (1.1) can lead to arbitrary large deviations in the solution
of the problem (a precise definition is given in Definition 1.1.14), and therefore the numerical solution of
those equations is crucial. In this chapter we introduce the class of weakly sectorial operators where the
(iterated) method of Lavrentiev (to be introduced in Section 2.1) can be used as a stable solver for (1.1),
and moreover the (smaller) class of strictly sectorial operators A is introduced where the corresponding
equations Au = f, can be solved by certain iterative methods (see Chapters 2 and 3 for more on these
algorithms). Section 1.3 is devoted to (strictly sectorial) Abel integral operators, and two applications
are given.

1.1 Weakly sectorial operator

Throughout this Section 1.1 let X be a Banach space over the field IK = IR or IK = €, if not further
specified.

1.1.1 Some basic properties

We first introduce weakly sectorial operators. For technical reasons in the following definition unbounded
operators are admitted, although our main subject are bounded operators (with unbounded inverse).

Definition 1.1.1 We call a (possibly unbounded) linear operator B : X D D(B) — X weakly sectorial,
if (0,00) C p(—B) and
|(tT + B)™Y| < Mo/t, t>0, (1.2)

(with some My > 1). Here, p(—B) is the resolvent set of —B,
p(=B) = { A€ : A + B is one-to-one and onto, (Al +B)™' € L(X) },

and || - || denotes the corresponding operator norm. Frequently we use the notation My(B) instead of M.

Example 1.1.2 Let X be a real or complex Hilbert space and A € L(X). If A= A* >0, i.e., if A is
selfadjoint and positive semidefinite, then A is weakly sectorial (with My =1 in (1.2)).

Weakly sectorial operators A fulfill a resolvent condition over a (small) sector, see in Proposition 1.1.5
(this justifies the terminology ‘sectorial’). First we introduce the sector ¥y C T,

Eg::{A:rew:T>O, |<p|§9}, 0<6<m,
and moreover we introduce the notation ‘sectorial of angle 6.

4
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Abbildung 1.1: Sketch of the situation in the proof of Theorem 1.1.5

Definition 1.1.3 We say that a linear operator B : X D D(B) — X is sectorial of angle 6y € [0, 7], if
the resolvent set p(—B) of —B contains for any 0 < 6 < 6y the sector Xy,

p(-B) > %, (1.3)
and the following estimate for the resolvent operator of —B is satisfied,

My

M +B)7' < =7,
|\l

A€ Ny, (1.4)

with some My > 1. Frequently we use the notation Mg(B) instead of M.

Remark 1.1.4 Let A € L(X) (with X being a complex Banach space) be sectorial of angle 6y € [0, 7],
and moreover let A be similar to B € L(X), i.e., there is an S € L(X) which is ono-to-one and onto,
such that STYAS = B. Then B is sectorial of angle g.

As mentioned above, weakly sectorial operators are sectorial of some angle:

Theorem 1.1.5 Let X be a complex Banach space, let A € L(X) be weakly sectorial, and 6y :=
arcsin(1/Mg). Then A is sectorial of angle 6y, and more specifically, for any 0 < 6 < 0y, (1.4) holds
with My = 1/sin(fp — 0), where My is as in (1.2).

Proof. Take any A € ¥y and let » > 0 such that for X := ret? we have the situation as described in
Figure 1.1. Here, t := r/ cos 6. Obviously

IAN—t] < [A\—t] = tsinfy = t/My < |(tT + AL,

hence A € p(—A), and due to ~
[t=Al + A=Al = /My,

we get
. 1 1
e B [ B et Ny v A
(S VR
A= A=Al A
S S S
sin(6p — 6) |\

The following lemma shall be used to derive resolvent conditions for fractional powers of weakly sectorial
operators.

Lemma 1.1.6 If X is a complex Banach space and if A € L(X) is sectorial of angle 0y, then cA is
weakly sectorial for any ¢ € € with 0] < Oy, 0 := arg(c) (with My(cA) = My(A)).

This lemma can be derived directly from the definition, and its proof thus is omitted. The following
result can be used to show that the integration operator Vu(§) = f(f u(n) dn, € € [0,a], (with respect
to X = C[0,a] or X = LP[0,a], p € [1,00]) and modifications of V' are weakly sectorial, see Theorems
1.3.1 and 1.3.2.
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Proposition 1.1.7 Let A € L(X) have a trivial nullspace N'(A). A is weakly sectorial if and only if the
(possibly unbounded) inverse A~' is weakly sectorial, and then (1.2) holds with My(A) = My(A™1)+1.

Proof. Let ¢ > 0. It is easy to show that t € p(—A) if and only if ¢t € p(—A~1), and then
1 1 1
tI+ A~ = —IT— (A + -7 L5
(a7t = o Ll (15)
The desired estimate for ||(tI + A)~!|| then is an immediate consequence of (1.5). O

The next lemma is a preparation for Theorem 1.1.9 and will be used also at other places. We use the
notation A := 1.

Lemma 1.1.8 For weakly sectorial A € L(X) and integers o, m with 0 < o < m one has
(I +tA)"™AY| < Aut™ 9, t>0, (1.6)
where, e.g., Ym = (Mo + 1)™, with My as in (1.2).
Proof. From (1.2) we easily obtain for any n > 0
[T+ A)~"A™| < (Mo+1)" for t > 0,
and this leads to
(7 +2A) ™A% < [[(I +¢A) A% - (L + A~ < (Mo +1)*Mg* ™t~ O
Remark. Positive semidefinite operators in Hilbert spaces fulfill (1.6) with vy =~ = 1.

For weakly sectorial operators we have the following interpolation inequality, which provides an alter-
native way to prove convergence of the discrepancy principle (that is introduced in Chapter 3).

Theorem 1.1.9 (First interpolation inequality) For weakly sectorial A € L(X) and integer o > 0 we
have

JA%u]| < Ol A |/ CFD )/ eHD e X,
with C = C(My, @) := (o + 1)(M§~1)?/@FV where My is as in (1.2) and vy is as in (1.6).

Proof. We first observe that

I—(I+tA)~ (Za:1+tA )
j=1

hence

A = (IT4+tA)“AY + t . (I +tA)~7) A>Tt
j=1
j=

and (see Lemma 1.1.8)

[A%ull < ATt ull + aMgt]| A ], (L.7)
and take
. (7?‘ [lull )1“““)
COAMg [JAety]|

(if ALy # 0; in the case A%ty = 0 consider t — oo in (1.7)) to obtain the desired result. O
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1.1.2 Generalized inverses of weakly sectorial operators

The following geometrical observations are helpful to introduce generalized inverses of weakly sectorial
operators A. Let R(B), N(B) and R(B) denote the range, the nullspace, and the closure of the range,
respectively, of a linear operator B : X D D(B) — X.

Theorem 1.1.10 Let A € L(X) be weakly sectorial, and let My as in (1.2).

(a) |0l < Mollu+ | for any u € R(A), ¢ € N(A).

(b) (i) R(A) NN (A) = {0}.

(i) The linear subspace

Xo := R(A) ® N(A)

is closed in X.

(c) The linear projection P : Xg — X onto R(A) with nullspace N'(A) is continuous,

Il —-P|| < M.

(d) N(A) = N(42).

(e) RUA) = R(A2).
(f) Xo =X if and only if A(R(A)) = R(A).
(9) If X is a reflexive Banach space then Xy = X.

Proof. We introduce the operator
H, = (I+tA)™! (1.8)

and first observe that from Lemma 1.1.8 with m = 1 and @ = 0, @ = 1 and the Banach-Steinhaus
theorem imply
|Huul| = 0 (t — oo) for any u € R(A).

(a) For arbitrary u € R(A) and ¢ € N(A) we have, due to Hip = 1),

ol = Jim [ He(u+ ) < limsup [Hyf| - flu+ 9] < Molu+ 9.

(b) (i) Let ¥ € R(A) NN (A). —p € R(A) and (a) implies ||¢| < Myl|| — ¢ + | = 0.

(b) (ii) Let {un} C R(A), {¢n} CN(A) and z € X with u,, + ¢, — 2z as n — co. (a) implies
Hwn_wm” < MOHun_um‘Fwn_d}mH_’O as n, m — o0,

hence ¥, — 1 as n — oo for some ¥ € N(A), and then necessarily u,, — u as n — oo for some
u € R(A). Hence z = u + ¢ € Xy, and this shows that Xy is closed.

(c) Let again and u € R(A) and ¢ € N(A). Then |[(I — P)(u+ )| = ||| < Mol||u + v|| which shows
[T — P|| < M.

(d) We only have to show N(A42) € N(A). 1 € N(A?) then (b) (i) implies Ay € R(A) NN (A) = {0},
and this means 1) € N'(4).

(e) We only have to show R(A) C R(A2). For that we observe that A—t(I+tA)~'A%? = (I+tA)"'A — 0
as t — oo (in £(X)), thus R(A) C R(A?), and we obtain the assertion.

(f) If Xy = X, then R(A) = A(Xy) = A(R(A)), and ‘<=’ remains to show. For that let z € X. Then
Az € R(A) = A(R(A)), hence Az = Au for some u € R(A). From z — u € N(A) it follows z € Xj.

(g) Let z € X. Since {H;z}i>0 (see (1.8) for the definition of H;) is bounded in X, we have weak

convergence,

Hy,z— asn — oo, n € N,

for some ¥ € X and some infinite set of integers N. Lemma 1.1.8 implies that AH;z — 0 as t — oo,
hence 1) € N(A). The equality I — H; = H;A yields z — Hyz € R(A), t > 0, and then z — Hp,z — 2 — 9
as n — 0o, n € N, finally shows z — 1) € R(A), and this yields z € X,. O

Remarks. 1. Part (a) of Theorem 1.1.10 shows that if A is weakly sectorial with My = 1 in (1.2), then
R(A) and N(A) are orthogonal subspaces in a generalized sense.
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2. From (d) it is obvious that N (A) = N(AF) for any integer k¥ > 1, and from (e) it follows that
R(A) = R(A*) for any integer k > 1.

We now present an example where all the mentioned subspaces are explicitly given.

Example 1.1.11 On the real space X = C[—1,1] of real-valued continuous functions on [-1,1], supplied
with the max-norm || - ||oo, we consider the multiplication operator,

Au(s) = a(s)u(s), s e [-1,1],
with .
a(s) = { 0, ifs<0,

s, ifs>0.

Then A is weakly sectorial (see also Example 1.4.3), and

R(A) = {veX: v(s)=0 for se[-1,0], h\I\I})’U(S)/S exists ,
u(s) =wv(s)/s, s >0, is continuous in 0 },
R(A) = {veX: v(s)=0for se[-1,0]},
NA) = {veX: vs)=0 for 56[01]}
Xo = {veX:v0)=0}.

Definition 1.1.12 Let A € L£(X) be weakly sectorial. The generalized inverse

AT X 5> DA - X
of A then is defined by

D(AT)
AT(Au+) = u, uecR(A), ecN(A.

i
A
=
B
&
=
B

AT then obviously is well-defined and linear. Note that in the case Xy = X one has D(AT) = R(A4) @
N(A). We present some elementary properties.

Proposition 1.1.13 For weakly sectorial A € L(X) we have

R(AT) = R(4), (1.9)
N(AY) = N(A), (1.10)
AAT = P on D(AT), (1.11)
ATA = P on Xo, (1.12)

and A is a closed operator. P in (1.11) and (1.12) again is the projection onto R(A) with nullspace
N(A).

Proof. (1.9) is obvious, and also ‘D’ in (1.10). Now let u € R( ), ¥ € N(A). Then z := Au+1) € N(AT)
means that 0 = AT(Au+ 1) = u, hence z = 1), and this is ‘C’ in (1.10). (1.11) and (1.12) are immediate
consequences from the definition of Af.

We now give the proof that A is a closed operator. To this end, let {f,} € A(R(A)), {¢n} C N(A)
and z, u € X with

fat¥n — =z as n — oo,

— AT (fatt) — u  as n—o,

whence
{un} C R(A) and Au, = fn, n=0,1,....
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The continuity of the projection P implies that {f,,} converges (in R(A)), and hence {¢,,} converges in
N(A), i.e., there are f € R(A) and ¢ € N(A) with

s = [,
”fn_f” - 0, ”djn_w”_’o as n — o0.

A is a bounded operator, hence Au = f, which shows

z € D(AD), Atz =,

this completes the proof. O

Note that the closedness of Af follows already from the topological properties of Xy and its decompo-
sition, therefore it is not necessary to assume at this point that A is weakly sectorial.

We now can define what ill-posedness means in terms of the generalized inverse of A.

Definition 1.1.14 Let A € L(X) be weakly sectorial. If the generalized inverse AT of A is bounded,
then the equation is called Au = f, well-posed. If on the other side At is unbounded, then Au = f, is
called ill-posed.

For example, if A is a compact operator with infinite-dimensional range, then Au = f, is ill-posed in
the sense of Definition 1.1.14. To be more general, let Ax, : Xo — Xo be the restriction of A to Xj.
The closed graph theorem implies that Au = f, is ill-posed if and only if R(Ax,) is non-closed, and this
again is equivalent to the case that 0 € o,,(Ax,), that is, the set of approximate eigenvalues of Ax,.
(For an operator B € L(X), A € K is called an approximate eigenvalue of B, if there is a sequence
{un} € X with |lun|| =1, n=1,2,..., and (A — B)u,, — 0 as n — c0.)

1.1.3 Fractional powers of weakly sectorial operators

We introduce fractional powers A%, a > 0, of weakly sectorial operators A for the following two reasons:
for the approximation methods introduced in the next chapter we can consider then a fractional degree
of smoothness for the initial error ug —u. More importantly, however, in applications (e.g., Abel integral
equations, see Chapter 1.3), equations A%u = f, arise (for some 0 < a < 1); and we shall see in Chapter
2 and 3 that iterative methods can be used to solve those equations for certain 0 < «, consult Theorem
1.2.5 and Corollary 1.2.6 for the details.

First properties of fractional powers
Definition 1.1.15 Let A € L£(X) be weakly sectorial.

(a) For 0 < o < 1 we introduce fractional powers A by

Aoy = 20T / s (s + A)" Au ds, ue X. (1.13)
0

™

(b) For arbitrary a > 0 we define A® by
A* = Ao lel gled,

where || denotes the greatest integer < a.

Note that (1.2) implies the existence of the integral in (1.13) as well as A* € L(X).
Example 1.1.16 Let X be a real or complex Hilbert space, let A € L(X) be selfadjoint, positive semi-
definite and ||Al| < a, and let {Ex}a be the resolution of the identity corresponding to A. Then
Ao‘u:/a A dEyu, u e X.
0-0
If A is not selfadjoint (on a Hilbert space X ), however, then A* # (A*A)*/2, in general.
Lemma 1.1.17 Ifc€ K, and if A, cA € L(X) are weakly sectorial, then
(cA)* = c*A“.
This can be derived directly from the definition and the proof thus is omitted.
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Interpolation inequalities for fractional powers of operators

10

The interpolation inequality for fractional powers of operators as it is stated in Corollary 1.1.19 can be
used to prove convergence (with speed) for stopping rules and parameter choices (as stated in Chapter
3), if the initial approximation error has some fractional degree of smoothness. We first state a more

general result.

Theorem 1.1.18 For weakly sectorial A, B € L(X) with AB = BA we have, for any 0 < a < 1,

[A% — B®ul| < C|(A = B)ul|*ul'"%,  uweX,
with some C > 0.

Proof. We first consider the case 0 < o < 1. Obviously,

A% — B% = 51n7ra/ s (s +A)""Au — (sl + B)"'Bu) ds
™ 0
- J1+J2;
with
: n
J = 31n7ra/ 50‘71((SI+A)71AU - (sI—i—B)*lBu) ds,
™ 0
Jo = 31n7ra/ s* Y((sI + A)""Au — (sI + B)"'Bu) ds,
T
n
where
_ (A= B)u|
n:
[Jwll

(if u # 0; in the case u = 0 the assertion is trivially true). We first estimate Jy:
[(sI+A)"Au — (sI+B)'Bul| < (|[(sI+A)"All + ||(sI+B)"'Bul|) - |ul
< (n(A) +71(B))llull,

where the constants 1 (A) and 71 (B) are taken from (1.6) for A and B, respectively. Then,

Il < () + ()= [Tt ds )
< () + nB)n*ull
< (nd) + nB)IA - Byl

We now estimate Jy. To this end, we observe that

(sT + A" "Au — (sI+B) 'Bu = s(sI + A)~'(sI + B)"'(Au — Bu),

and thus
sin(l —a) [~
[l < MO(A)MO(B)%)/ 572 ds || Au — Bul|
n
< My(A)My(B)n® || Au — Bul|
< Mo(A)Mo(B)|[(A = Bu|*Jull'~,

which yields the desired result. O

Taking B = 0 in Theorem 1.1.18 yields

(1.14)

Corollary 1.1.19 (Second interpolation inequality) For weakly sectorial A € L(X) and 0 < a < 1 we

have
A%l < CllAul|*[[ull'~*,  weX,

(1.15)
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Remarks. 1. The constants in the proof of Theorem 1.1.21 are carefully checked out and ‘y;(B) = 0’
is taken there in order to get the constant C' = 2(My + 1) in Corollary 1.1.19.

2. One more remark concerning the minimization of the constants: C' in (1.15) can be reduced to
C' = 2Mo, if A is inverse to an (unbounded) operator L, which is weakly sectorial with Mo(L) < My(A),

since then we can write J; in (1.14) as J; = S‘“ﬁ”a 077 a=Y(sL + I)~'u ds. Moreover, for positive

semidefinite operators in Hilbert spaces, the constant in (1.15) can be reduced to C' = 1.
3. An immediate consequence of Corollary 1.1.19 is [|A||* < ||A||* for any « > 0.

Taking B = Al for A > 0 in Theorem 1.1.18 gives the following result.

Corollary 1.1.20 For weakly sectorial A € L(X), any 0 < o and 0 < A with A € 04,(A) one has
XY € 04p(AY). More specifically, if zi € X, ||zl < 0, k=0,1,..., and Az, — Az — 0 as k — oo, then
A%z — X%, — 0 as k — o0.

Proof. For integer oo = m this follows immediately from the equality

A™ - B™ = (mi: AFBm1TR) (A - B), (1.16)
k=0

(with B = AI), and the general case for o follows with m := |« and § := a — m from the relation
A® — B = AP(A™ - B™) + B™(A” — BP). (1.17)

O

We now extend the first interpolation inequality (see Theorem 1.1.9) to fractional powers of weakly
sectorial operators.

Theorem 1.1.21 (First interpolation inequality, revisited) For weakly sectorial A € L(X) and any
(fractional) o > 0 we have

lA%u]| < Ol A ul| /D VA e X,

with
C = C(M,a):= ,yin/(aJrl)Mgém/(OtJrl) , ((%)—a n (ama)l/(a—i—l))’

where m = [a].

Proof. As in the proof for Theorem 1.1.9 we get for m = [«a], the smallest integer bigger than or equal
to «a,

A% = ([ +tA)"™mAY + t(z (I +tA)~ )Aa“,
j=1
with Lemma 1.1.8 and Corollary 1.1.23 we find
[ A%ull (7 +tA)"FAY™ ™ ]| + mMg || A%

<
< T lull + mME AT ],

and take, e.g.,

_ oym lufl Vet
t = ( (MO) HAaJrlu”)

(if Au # 0; in the case Au = 0 the assertion is trivially true) to get the desired result. O

Resolvent conditons for fractional powers
The next lemma is a preparation for the proof of Theorem 1.1.24.

Lemma 1.1.22 If X is a complex Banach space, if A € L(X) is weakly sectorial, and if 0 € p(A), then
for0<a <1,
1
AY = — [ 2%z — A)7! dz, (1.18)
211 T
where T' is a smooth simple closed curve which surrounds counterclockwise the spectrum o(A) of A and

not does intersect the negative real azis (—o0,0].
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—1/e O

Abbildung 1.2: Path I'.

Proof. We denote with Z, the right-hand side in (1.18), which is well-defined for any o € IR. The
operational calculus implies that for oy, as € IR,

Ia1+a1 = Imzam (1-19)

and moreover 77 = A. The integrand in 1.18 is analytical in €\ (—oo, 0], hence we can deform the contour
T into I'; (for small € > 0, see Figure 1.2) without changing the value of the integral. In a second step
we deform I'; into the negative real axis by letting ¢ — 0 and obtain

I. - sm7ra/ so(sI + A)~L ds,
n 0
hence . o
T = T oA = Smm/ s™(sI + A)"1A ds, (1.20)
m 0

and exchanging the roles of o and 1 — « in (1.20) yields the assertion. 0O
Corollary 1.1.23 If A € L(X) is weakly sectorial, and if oy, as >0, then

Acvter =g qen, (1.21)
R(A™) C R(A™), if a1 < as. (1.22)

Proof. To show (1.21), let us assume first that X is complex and 0 € p(A). Then Lemma 1.1.23 and
(1.19) in its proof imply immediately the assertion. Let us now assume that X is complex but let us drop
the assumption 0 € p(A). Then As := A+ I, § > 0, is weakly sectorial, and it follows from Theorem
1.1.18 and relations (1.16) and (1.17) that A — A* as § — 0 (in £(X)), hence one finally has (1.21)
for arbitrary weakly sectorial A in complex spaces.

If X is a real space, then (1.21) holds for the complexification Xq¢ and Ag of X and A, respectively and
restricting again both sides in (1.21) to X shows that (1.21) holds in the general case. (1.22) then is an
immediate consequence. O

Remark. Corollary 1.1.23 implies that N (A%) = N(A), a > 0.

The next theorem states that fractional powers of weakly sectorial operators (for 0 < a < 1) are again
weakly sectorial, and a formula for the resolvent operator is given. (As was mentioned, this result can
be improved, if « is small enough, see Theorem 1.2.5 and Corollary 1.2.6.)

Theorem 1.1.24 If A € L(X) is weakly sectorial, then A% is weakly sectorial for any 0 < o < 1 (with
Mo(A*) = My(A)), and one has the representation

sin T /OO s(sI + A)~!
0

(tT + A~ = ds,  t>0. (1.23)

T s20 4 2ts cos mov + t2
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Proof. The right-hand side in (1.23), we shall denote it with 7, (¢), exists, since A is weakly sectorial,
and moreover J,(t) € £L(X), with

sin To

[ee] Socfl
178 < M / ds
0

T 520 4 2ts® cos o + t2
= My/t.

We now sketch the proof that 7, () in fact inverts tI + A%. To this end we first assume that X is
complex and 0 € p(A). Then the operational calculus and Lemma 1.1.22 imply that t € p(—A) for t > 0,
and one has the representation

1 1

tI+ A = —
(b + A%) 2mi Jp, 2%+t

(21 — A7 dz.

where the path I'; is the same as in Figure 1.2, with € > 0 small. Similar to the proof of Lemma 1.1.22
we contract I'c to the negative real axis and obtain (1.23), for invertible A.

We now proceed as in the proof for Corollary 1.1.23 and consider the general case for A, in complex
spaces. As := A+ I, § > 0, is weakly sectorial, hence one has (1.23) with As instead of A, and it
is easy to see that the corresponding integral in (1.23) converges to Jo(t) (in £(X)) as § — 0. Since
tI+ Ay —tI 4+ A% as 6 — 0 (in £(X)), one finally has (1.23) for arbitrary weakly sectorial A.

If X is a real space, then (1.23) holds for the complexification X¢ and Ag of X and A, respectively
(with My not changing), and restricting again both sides in (1.23) to X shows that (1.23) is valid in
real spaces X. O

1.2 Strictly sectorial operators

In Subsection 1.2.1 we introduce the class of strictly sectorial operators (which in fact is smaller than the
class of weakly sectorial operators) and provide sufficient conditions for fractional powers of operators
to be strictly sectorial (these results shall be used for Abel integral operators, see Section 1.3 for more
about these operators and their applications).

In Subsection 1.2.2 a specific integral equation of the first kind is introduced which we shall use then
in our numerical experiments; here it is computed directly that the corresponding integral operator is
strictly sectorial. In Subsection 1.2.3 we state results that are stronger than those for weakly sectorial
operators and that are basical for the iterative methods to be considered in Chapter 2. Throughout this
Section 1.2 let X be a complex Banach space, if not further specified.

1.2.1 Introductory remarks

Definition 1.2.1 A linear operator B : X D D(B) — X is called strictly sectorial, if there is an
0 <& <m/2 such that B is sectorial of angle m/2 + ¢.

In Hilbert spaces one has the following obvious result.

Example 1.2.2 Let X be a complex Hilbert space and A € L(X). If A = A* > 0, i.e., if A is selfadjoint
and positive semidefinite, then A is strictly sectorial. More specifically, A is sectorial of angle w, and
for any 0 < e <m/2, A is sectorial of angle 7/2 + ¢, and (1.4) holds with M5, =1/ cose.

Proposition 1.2.3 Let A € L(X) have a trivial nullspace N (A), and let 0 < 6y < 7. A is sectorial of
angle 0 if and only if A=t is sectorial of angle 0y, and then Mg(A) = Ma(A™1) +1, 0<0 < 6.

Proof. The proof is similar to the proof of Proposition in Subsection 1.1.2; for A € 6, A + A is

one-to-one and onto, and

1 1 1
-1 _ 1 -1t
M+ A~ = )\I 2 (A7 + /\I) , (1.24)

and then the estimate for |[(A\] + A)~!| is an immediate consequence of (1.24). O

Corollary 1.2.4 Let A € L(X) have a trivial nullspace N (A). Then A is strictly sectorial if and only
if A1 is strictly sectorial.

The following theorem provides sufficient conditions for operators to be strictly sectorial, see Corollary
1.2.6; this has (already mentioned) applications to Abel integral equations.
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Theorem 1.2.5 Let A be sectorial of angle 0y € [0,7]. Then for any 0 < a < 1, A is sectorial of angle
(1 — )7 + afly. On a smaller sector one has a representation for (AN + A%)~1,

sin T /OO s(sl 4+ A)~!
0

I Aa —1 —
(AT +.A4%) 520 L 2)\s cos T + A2

ds, A € int Z(l—a)ﬂ'- (1.25)

™

Here int X(;_,), denote the interior of ¥(;_,),. Note, that the opening angle (1 — a)7 + af for the
sector X1 _q)rtag, corresponding to A is a convex combination of 7 and the opening angle 6 for the
sector 3y, corresponding to A. Before giving the proof we state the following important and nice result
which is an immediate consequence of Theorem 1.2.5. (Part (a) follows with Theorem 1.1.5.)

Corollary 1.2.6 (a) If A € L(X) is weakly sectorial and 0 < oo <1/2, then A% is strictly sectorial.
(b) If A € L(X) is sectorial of angle w/2, then A% is strictly sectorial for any 0 < a < 1.
Proof of Theorem 1.2.5. The proof consists of two parts.

(a) We show first that for any weakly sectorial A, A% is sectorial of angle (1 — «)7, and that moreover
one has (1.25); to this end, we take any

A = re'?, lp] < (1 —a)m, r>0,

and denote the right-hand side in (1.25) with J,(\). We find then

Sa—l Sa—l
20+ 2hs@cosma+ A2 (5™ + Aet™@) - (s 4 Ae~im@)
Safl

1
- - - C— 1.26
|s@/r + eile+ma)| . |sa /r 4 eilp—ma)| 2’ ( )

hence J, () exists (in £(X)), and one shows as in Theorem 1.1.24 that J,()\) in fact inverts
A + A%, Moreover, substituting 7 = s*/r in (1.26) yields

sinra [ r/a dr
2 < _ _ 1
1T < = [

IN

(M sin o /OO dr 1
" ra Jo |r et |+ eile—mal[) N
which shows that A% is sectorial of angle (1 — a)7.

(b) Assume now that A is sectorial of angle fy € [0, 7]. Then for any 0 < 6 < 6y, eT?¥A is weakly
sectorial (with Mo(eT% A) = My(A)), and we can apply part (a) then with eT% A instead of A and
obtain for € > 0 arbitrary small

M(l—a)ﬂ'—a(e:':waAa)

||()\€ii9aI+Aa)_1|| < |/\| ,

A€ E(lfa)wfsu
which yields the desired result. O

1.2.2  An integral equation of the first kind

In the previous subsection we have seen that (small) fractional powers provide one class of strictly
sectorial operators, and we shall see in Section 1.3 some applications for that. In this subsection we
introduce an integral operator A where one can directly compute that A is strictly sectorial, and we
shall use this example in our numerical experiments, see Subsection 3.1.3. We start with a lemma on
the differential operator Lf = —f".

Lemma 1.2.7 Let X be the space of continuous complez-valued functions which are periodic,
X = Gl0,1]:={ueC0,1]: u(0)=u(l) },
supplied with the maximum norm || - ||ec. We consider the differential operator

L:X>D(L) — X,
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defined by

Lf = - N; fED(L),
D(L) = { feC?0,1]: f, f, f"€Cy0,1] }.

Then L is strictly sectorial. More specifically, L is sectorial of angle 7, and for any 0 < ¢ < 7/2 one
has My jo1(L) < 1/cos(m/44¢/2), i.e.,

1 1
T+L) Yoo € ——— — S e
I+ D)Mo < oo o A€ Sz

Proof. Let u € X and p = ge®® with o > 0 and —7/2 < < /2. Then
(WPI+L)f = u (1.27)

has a unique solution f € D(L) which is given by

F(6) = / ku(Emu(n) dn, €€ 0,1],

with kernel

L a - COSh(,UJ(é. -n - 05))7 if n S 57
Fu(&,m) o= { a - cosh(u(€ —n+0.5)), ifn>¢, (1.28)
where 1
- 2psinh &
Denoting

x:= Rep = rcosf >0,
and using the inequalities

| sinh(u/2)|
| cosh(ju(¢ — 1+ 0.5))]

we find, for arbitrary £ € [0, 1],

sinh(z/2),
cosh(z(§ —n£0.5)),

IN IV

1 ¢ !
5O < gz | o€ —n —03) dn + [ coshiatc —n+05) dn] -l
_ 1
= WTSH”UHOO’

thus (see (1.27))

o < —— (2T + D).
Il < oreg 2T+ D)
For pu? = A =re, |p| < m/2+ ¢, we find
1 1 1 1
(M4+L) oo € — 7+ £ ————— - —

cos(¢/2) [N T cos(m/4+¢e/2) |\’
and that completes the proof. O

The following integral operator is taken in our numerical calculations.

Corollary 1.2.8 Let X = Cy[0,1] and L as in the Lemma 1.2.7, and let w > 0. Then
A= (L+u’D)7t € L£(X) (1.29)

is a compact Fredholm integral operator,

1
Au(g) = / ko(&muln) dy, €€ [0,1],
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with non-degenerated continuous kernel k,, as in (1.28), and A is strictly sectorial. More specifically, A
is sectorial of angle w, and for any 0 < € < /2 one has

1 1
MA4+A) e < (1 S, NE Y ote, 1.30
IOT+A) loo - < ( +cos(7r/4+a/2)coss) |A] € S/ (1.30)

ice., Myjoie(A) < 1 + 1/(cos(m/4+¢/2)cose).

Note that the underlying equation Au = f then is an (ill-posed) Fredholm integral equation of the first
kind.

Proof. It remains to show that (1.30) is fulfilled (for any 0 < € < 7/2). To this end we observe that
Lemma 1.2.7 implies

p(_Ail) 2 277/24—5,
1 1
I+A Y)Y < .
MM +AT) e = CmaT 2/ e o?
! 1
cos(m/4 +e/2)cose |A|’

Ae Ew/2+57

and then Proposition 1.2.3 implies that for any 0 < ¢ < 7/2, the desired resolvent condition for A is
fulfilled. O

1.2.3 Asymptotic behaviour of uniformly bounded semigroups, and discrete
versions

The results of this subsection provide basic results for the Richardson iteration, the implicit methods as
well as Cauchy’s method that are introduced in the next chapter.

Definition 1.2.9 Let A € L(X) and

. (—tA)*
T(t)::e*“‘zz(k'), t>0.
k=0 ’

Then —A is called infinitesimal generator of the semigroup {T'(t)}+>0.

The spectral theorem implies that
Ir@) = 1, t=0,

if 0 € 0(A), the spectrum of A. A well-known decay behavior holds, however, if the additional ‘weight’
A% is introduced.

Theorem 1.2.10 Let A € L(X) be strictly sectorial, and let {T(t)}1>0 be the semigroup with infinite-
simal generator —A. Then we have for a > 0,

ITE)AY < cat™@ for t >0, (1.31)

with postive constants ¢, > 0. More specifically, if A is sectorial of angle m + €, then (1.31) holds with

co = My21:(A) (2 /OO e */sds + /”/2+5 ecos“"dﬁp)/@ﬂ'), (1.32)

sine —m/2—¢
(0%
and for integer o > 1 we may take co = (Mw/2+8(A) - a/(msin 5)) , with any 0 < € < gg.
Proof. We first prove the assertion for integer «. (1.31) for uniformly bounded analytical semigroups is

well-known, hence we give only the sketch of the proof. For o = 0, (1.32) can be proved with the Cauchy
integral,

2mi

3
T(t) = L Z/m M + A)7 d),
j=17T5
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with paths of integration taken to be

th/)s = {reF/2 1/t <r < o0},
rY = {1 |l <m/2+e ),

and orientation is chosen so that Im A increases along the integration path.

For a = 1, (1.31) follows from an estimation of the Cauchy integral

_AT(t) = %T(t) - % REYE

with contour _
' =T1Ule, Typ = { reFim/24e) . 0 < < 0 },

and where the orientation is chosen as above. (1.31) for integer a > 1 follows easily,
lACT @) = I(AT(t/a))*(l < JATt/)|* < (ca/t)” = cat™®.
Finally, (1.31) for fractional « follows with the second interpolation inequality. O

For strictly sectorial operators we can improve Lemma 1.1.8 such that the arising constants does not
depend on n. This is stated in the following theorem which also provide a first discrete analogue for
Theorem 1.2.10.

Theorem 1.2.11 If A € L(X) is strictly sectorial, then for arbitrary p > 0,
T4+ pA)" < 7o for n=0,1,2,... (1.33)
with o = ¢ (co as in (1.32)). Moreover, for a > 0 there is a vy, > 0 such that

(T 4+ pA) A% < yon™ @ for n=1,2,.... (1.34)

Proof. The function ¢ — T(t) is differentiable in norm, and one can show as in the proof of the
Hille-Yosida theorem that for A > 0,

1

— t"e MT(t) dt.
n! Jo

(A + A)~(+D =

Then |
(M + A)~ (D g — _'/ the " NT(t) A dt,
n. 0

and (1.31) yield for n > a, with ¢, as above,

[\ + A)~(+D ge) < @ [ yn—ag=rt g
n! Jo
B (n—a)! 1
T T et
in other terms,

c 1

I+pA)™"A% < S0

IC ) | u®* (n—a)..(n—1)
< C—Z(a +1)*n™7, n> . (1.35)

W

For a = 0 this is (1.33), and (1.35) also implies (1.34) for integer «. Finally, (1.34) for fractional «
follows with the second interpolation inequality. O

Remark. 1. A further estimation of (1.32) shows that we can take

Yo = M((ﬂ'/2 +e)e+ et —log(sin 5))/7r (1.36)
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in (1.33) which of course is not as sharp as (1.32) but more easy to calculate.
2. If A is a selfadjoint, positive semidefinite operator in a real or complex Hilbert space X, then (1.33)
holds with v = 1.

The following theorem provides a second discrete analogue for Theorem 1.2.10 and enables us to state
some results for the Richardson iteration, see the next chapter. Conditions (1.38), (1.39) say that the
spectrum o (L) of L approximates 1 within a Stolz angle, and the resolvent operator does not increase
too fast as it approximates 1 inside the prescribed sector.

Theorem 1.2.12 We assume that for T € L(X) and some 0 < e < /2 and C > 0,

o) ¢ {AeC:|]A\l<1}u{1}, (1.37)
p(T) D) 1 +E7T/2+E7 (138)
C
IGT=T) € 5oq A€ 1+ S (1.39)

hold. Then T 1is power bounded,
7™ < ag for n=0,1,2, ...
and for o > 0 there exist some constant a, such that

IT™(I -T)% < agn™“ for n=1,2,.... (1.40)

Proof. For reader’s convenience we give the line of the proof. The power boundedness of T' can be
obtained with the Cauchy integral

3
1
™ = — AP = T) 1 dx 1.41
Qﬁi;/ﬂnm ) ax (1.41)

with contours

= (1 ] e, ozis,)
I‘é") — {rei@: 7T/2+5n < ¢ < 37/2_5" }’

with n large enough and r, ¢,, and ¢, taken such that cose < r < 1 and
Dy ={re”: n/24¢c < ¢ < 3n/2—¢c} C p(T),

and such that the composition of these contours yields a closed curve. To obtain (1.40) for integer «
first we may consider the corresponding Cauchy integral and take the integration path I';;3 = { 1+
teti(m/24e) . 0 <t <t, } (with an appropriate t,) and I'y (with 7 < 1 sufficiently large). The assertion
for fractional a > 0 then follows with the second interpolation inequality (1.15). O

Remarks 1. Since in Theorem 1.2.12 requirements on the behaviour of ||(AI — L)~!|| are made near 1
only, one cannot give any concrete estimate for sup,,~ ||7"]. It is, however, necessary to have one, if it
comes to the implementation of the stopping rules and parameter choices for our methods.

2. One can treat the case in Theorem 1.2.11 as a special case of Theorem 1.2.12. Theorem 1.2.11 provides,
however, an estimate for sup,,~¢ [|[(I + pA)~"|.

3. The estimates obtained in this subsection cannot be improved, in general; this is discussed in Section
1.4.

1.3 Fractional integration, Abel integral equations

1.3.1 (Fractional) integration

For 0 < a < oo let X = (0, a] be the space of IK-valued continuous functions on [0,a], supplied with
the maximum norm || - ||eo. In the first proposition we introduce the Volterra integral operators V; and
V5 (which we consider throughout the whole section) and state elementary properties of them.
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Theorem 1.3.1 Let 8 > 0 be real and X = C[0,a]. The Volterra integral operators Vi, Vo € L(X),
defined by

13
(Viu)(E) = / P lu(n) dy, €€ [0,a], (1.42)
(Vau)(©) = /;nﬁ-lum) dn, £<(0.a) (1.43)

are weakly sectorial (with Mo(V;) =2, j=1,2), and in fact

lim [T+ V) Moo = 2, j=12 (1.44)

Moreover, for j = 1,2, p(V;) =IK\{0}. If IK = @, then V; is sectorial of angle w/2, and this angle 7 /2
15 best possible, i.e., V; is not strictly sectorial.

Proof. We present the proof for V; only, since the same technique applies to prove the assertion for V5.
V1 obviously is well-defined and in £(X), with ||V |« = a”/3. Moreover V; is inverse to the (unbounded)
operator L : X D D(L) — X defined by

(LA = &PV,  feDI), £€(0,a,
DIL) = {feX: feC0,a], £~ P Vf(E) € X, f(0)=0}. (1.45)

We observe first that p(—L) = IK, since for A € IK and u € X, the equation
(M+L)f =u (1.46)

has the unique solution

13
) = /0 WP NE By dy, €€ [0,a], (147)

and thus p(V7) = IK\{0}. We shall show that L is weakly sectorial with My(L) =1, i.e.,
[t + L) oo < 1/t,  t>0, (1.48)

(which in fact means that L is dissipative). We find then from (1.48) and Proposition 1.1.7 that V; is
weakly sectorial (with My(V1) = 2). For IK = @, (1.48) and Theorem 1.1.5 imply that L is sectorial of
angle m/2, and then also V; = L™ is sectorial of angle /2, see Proposition 1.2.3.

To show (1.48),let t =X > 01in (1.47) and £ € [0, a]. Then

3
Ar© < (¢ w08 dy)
0
_teP
= (=) Jullo < llullo = I+ L) flloo,
and taking the supremum over £ € [0, a] yields (1.48).

We show that My(V1) = 2 cannot be reduced. To this end, we observe that (I 4+ tVi)u = f if and only
if (see (1.5) with ¢t~ for ¢, (1.46) and (1.47))

E B 8
() = f(6) — t / PPl M€ V8 £ .

Now take for small € > 0 some f € C[0,a], || f|lco =1, such that f(a) =1 and f(n) = -1, n€[0,a—¢],
and then

a—e& a
wa)| > 1+t B—1,—t(a”=n")/B g0 _ ¢ B—1,—t(a”=n")/B 4
n n n n

0 a—e

1 + e_t(aﬁ‘ _ (a—E)B)/B _ e*taﬂ/ﬁ _ |:1_e—t(aﬂ_(a—a)ﬂ)/ﬁ:|

9e=t(0? — (=) /8 _ —ta/8
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and we find (1.44) by taking € = £(¢) sufficiently small.

We finally show that L (and then also V1) is not strictly sectorial. To this end, let ¢ > 0 and u(n) =
e=in”/B 1 € [0,a]. Then the equation
(@I+L)f = u

has the unique solution

§ -1 ite =)/
€ = n”T e u(n) dn
0
€
e—itsﬁ/ﬁ/ Py = it 8
0 B
hence |f(&)| = ¢7/3, and thus
B
a
[flleo = R l[ulloo =1,

and this shows that L (and then also V}) is not strictly sectorial. O

For real 8 > 0 let L”([O, al, &° _1d§) be the space of IK-valued, measurable functions u on [0,a], such
that |u|? is integrable with respect to the measure £¢°~1d¢, and this space is supplied with the norm

“ /
fullo = ([ tor &), werr(oa, ¢ ae)

By L>([0,a], £#71d¢) we denote the space of IK-valued, measurable functions u on [0,a] which are
essentially bounded with respect to the measure £°~1d¢, and this space is supplied with the norm

”’U’HLoo = €88 gs%p]|u(§)|§ﬁ_1, u € LOO([Ova]v gﬁ_ldé-)
ce€l0,a

Theorem 1.3.2 (Integration in L?([0,a], £°~'d€)) On X = LP([0,a], £°71dE) (for some 1 < p < o)
the operators Vi, Va, defined by (1.42), (1.43), respectively, are weakly sectorial with My(V;) =2, j =
1,2. For K = @, Vi and Va are sectorial of angle w/2.

Proof. We again give the proof for V; only and shall show that V; is well-defined and in £(X), and
that it is sectorial of angle 7/2. To this end we consider

Lf€) = ¢V,  feD(L), &€,
D(L) := { feX:fisabsolutely continuous, £ — - PV (&) e X, f(0)=0}. (1.49)

Similar to the proof of Theorem 1.3.1, for ¢t > 0,
tI+L)f = u

has the unique solution

f§) = /0 E e I Py () dy, €€ [0,al.
To show that L is weakly sectorial with My(L) = 1, we substitute 57 =1°/8, € = 7/, and define
F&) = (oY),
a(p) = u((B?),
and @ := a” /3. Note that

I lzeo,a1.de) = INFzo(o,a), e7-1de)s Nl Lo o,a1,ae) = llullze(o,a), e5-1de)- (1.50)
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We then obtain

13
fe = / P11 = By () dy

0

€ e
= [ e na) an

0
and applying Young’s inequality for convolutions,
& * )l rriaey < kllLiar,ae) - (1] Le (R, de) k€ LY(IR,d¢), o € LP(IR,dE),

with

€
0, if s¢][0,al,

and

yields for t =0 3
1f1lLe(o,a1,de) < allll Lo (o,a),ae)
and this implies that V7 is well-defined and in £(X), and (1.50) implies

IVillze(o,a1e6-1 ag) < @,

and obviously L inverts V;. For ¢ > 0 we find

tHf”LP([O,&],dg) < @l ze(o,a),de)s

21

which in conjunction with (1.50) shows that that L is weakly sectorial with My(L) = 1. The rest of the

proof is similar to that of Theorem 1.3.1. O

It follows immediately from Theorems 1.3.1 and 1.3.2 together with Corollary 1.2.6 that V|* and Vi are
strictly sectorial for any 0 < a < 1 (with respect to X = C[0,a] or X = L?([0,a], £°71d¢), 1 < p < o0).
In the following theorem these fractional powers are explicitly given, and in fact they are (generalized)

Abel integral operators, with the classical case obtained for a = 1/2, § = 1.

Theorem 1.3.3 Let > 0. In X = C[0,a] or X = Lp([O,a], fﬁ’ldﬁ), 1 < p < oo, for the operators

Vi, Va, defined by (1.42), (1.43), respectively, one has for 0 < a < 1,

1-a € B-1,,

Vr0© = T | s dn weX, gl
-« a ﬁ—lu

(‘/20411/)(5) = ?(Oé) /£ (gg_nﬁ()q)a d777 u EX, fE [0,@],

where T' denotes the Gamma function. Vi* and Vi* are strictly sectorial (for IK = €).

Proof. The inverse operator of V; is (Lf)(¢) = ¢~ B-V f/(¢), f € D(L) (for the domain of definition of

L see (1.45) and (1.49), respectively), hence one has

sin T

Viu = / t* NI +tL) "t dt
0

™

= sm7ra/ s~*(L+sI) " u ds,
0

™

therefore (see (1.48))

sin T

0o 13
€3 —« —s(&P—n? —
(Vi) (§) = /O s /0 e =B P =lu(n) dn ds

™
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Abbildung 1.3: Illustration for the Radon transform

_ sm7ra/ (/ —a,—s(&?—n")/8 ds)- B=Lu(n) dn

_ s1n7ra/ ( 2 ) (/Oot—ae—t dt) -0~ u(n) dn
0

_ 51a a/ t—a—tdﬁ /05(525_—1% dn

- () [

o (6 —nP)t-a
e 8 Py
r(a>/ @ _gpyi-a U

and exchanging the order of integration is justified by the integrability conditions on u. Finally, it follows
from Theorems 1.3.1 and 1.3.2 as well as Corollary 1.2.6 that V;* and Vi are strictly sectorial. O

1.3.2 Two applications
The Radon transform for radial functions

The two-dimensional Radon transform R maps a function ¢ : IR? — IR into the set of integrals of v
over the lines Lg 5, 6 € [0,27], s > 0. Here

Lo s { sz(0) +tz(0)": teR },
z(f) = (cosh,sinh)’, z(0)* == (—sinb,cos0)7,

and we have the situation as described in Figure 1.3. Rf thus can be written in the form

(Ry)(0,s) = Y(x) S(dz), 0 €[0,2n], s>0,

Ly.s

and the task is to recover ¢ from g = Ra. If 9 has support in the closed unit disk D := { r e R?:
|z] <1 } and it is moreover a radial function, i.e., for some function u : [0,1] — IR one has (with |- |
denoting the Euklidian norm in IR?)

Y(x) = u(|zla), z € IR?,
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Abbildung 1.4: Situation for seismic travel times

(this is a realistic assumption for the spectroscopy of cylindrical gas discharges) then

Ro)O.s) = [ v Sn) = [ (i) Sie)
Lo,s Lo,s
= / u((s* +tH)V?) dat = 2/ u((s*+t2)Y?) at
oo 0

< ru(r) Lo ()
2L m dr = 2/5 m d"’,

and this implies that g = R is also radial and has support in D, and if
f(s):=g(0,s), s €10,1],

then the resulting equation Au = f is an Abel integral equation of the first kind (up to some constant
factor).

Seismic imaging

We present a model for recovering characteristics of the sub-surface medium from seismic travel times:
Here artificial seismic waves are sent with fixed initial veloscity vy, and it is assumed that its scalar
veloscity does not depend on the incident angle 6y, i.e., it depends on the depth z only. If we denote the
trajectory of the seismic wave by (t) = ((t), z(t)), then this assumption on v can be written as

o) = B0l = (307 +202)"
and the incident angle then is
b = £((0.-1).4(0)),
see Figure 1.4 for an illustration of the situation. We introduce the ray parameter
sin g

p = )
Vo

and denote with X = X (p) and T' = T'(p) location and time where and when the seismic ray reaches the
surface again, respectively. In fact, this case happens only for p € [p., 1/vg] with an appropriate p, > 0.
If w is reciprocal to v,

w(z) = 1/v(z),

if u is inverse to w, and if
fp):=T(p) —pX(p),  pE€ lpewol,
then one can show that f and u are related via an Abel integral equation of the first kind,
wo wu(w) 1
/p w2 = p2)i2 dw = 5f(p); € [pewo],
where
wo = 1/’00.

The formulation is slightly different from that in Section 1.3 since p. # 0, but all assertions in that
section remain valid if the origin 0 € IR is substituted by some ¢ > 0.
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1.4 Appendix: Some converse results

1.4.1 Lower bounds for the speed, and saturation

If the origin 0 is accumulation point of the spectrum of A, then Lemma 1.1.8, Theorem 1.2.10 and
Theorem 1.2.11 cannot be improved. We state this in the following proposition. Estimate (1.51) provides
a saturation effect, i.e., speed cannot increase, if a exceed m; this holds also if 0 is not an accumulation
point of the origin 0.

Proposition 1.4.1 Assume that A € L(X) is weakly sectorial and that there exist 0 # \; € 0(4), j =
0,1,..., with A; = 0 as j — oo.

(a) (Cf. Lemma 1.1.8) For integer o we have

limsup |[(I +tA)"™AY|| - t* > aa(m—a) ) if 1<a<m-1,
t—o0 mm
limsup |[(I +tA)" ™A - t™ > re(A)*™, if a>m. (1.51)

t—o0o

Here,

re(A) :=sup{ [A|: Aea(4) }
is the spectral radius of A.

(b) (Cf. Theorem 1.2.10) We additionally assume that p(—A) D X o4, for some 0 < e < m/2. For
integers o > 1,

limsup [ 7(H)4°] - > (——)
t—o0 esine
holds, where {T'(t)};>0 is the semigroup with infinitesimal generator —A.
(¢) (Cf. Theorem 1.2.11) For fized ;1 > 0 and a > 1,

limsup ||(f + pA)~" A% - n® > (g)a.

n—00 ue

Proof. (a) The spectral theorem implies

- (A)* (JA[H)
I+tA)"™AY|-t* > sup ’7’ > sup — 2 .
It ) | reo(a) | (L+EA)™ reo(a) (L+EAD)™
Take
= ———— j=0,1
ek e
to obtain ( )
-m fa «a a\Mm—-a ne
(I +t;A)" ™A% -tF > « —
Similarly we obtain the second part of (a):

X ‘ |A|*
>  sup

I+ tA)"TAY| -t > sup _—
I+ )™ A% seot) (E1+ )™

AET(A) ‘ (1 + t)\)m
o (A)

= m — TG-(A) as t — oo.

(b) We have o(A) C ¥:/2_. U {0}, and the spectral theorem again implies

IT@)A] -t > sup e AN,
A€o (A)

> sup e—t\Msina(')\lt)a,
A€o (A)

and for o
b= i=0,1,..,
/ |A\j|sine J
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we get

a «
T(t VA -t > .
IT@)A) - ¢ > (=)
(c) Here,

- —a_(nuAD”
I+ pA) " "AY|-n® > sup pu C——>r,
I ) ATt 2 e A

and for large j we choose n; such that

nj—a+1 = KAl = nj—a
Then N
. Yo (ﬁ) aa [e%
—a (nJu|)\J|)n > u—a g—otl ~n; (g) asj —oo. O
(ETIv (5 o)

The situation in Proposition 1.4.1 does not apply to the Abel integral operators, since their spectrum
consists of the the origin 0 only. For that case we state without proof the following result which provide
(with T =1 — pA and T = (I + pA)~1) converse results for the iterative methods, in the case o = 1.

Theorem 1.4.2 Let T € L(X), T # I, with o(T) = {1}. Then

liminf n|7™ —T""| > 1/96.

n—oo

1.4.2 Converse results for the angle conditions

For operators A being not strictly sectorial we cannot expect the speed as stated in Theorems 1.2.10
and 1.2.11. This and more can be derived from the following example.

Example 1.4.3 On X = C|0, 1], the space of complex-valued continuous functions on [0,1], supplied
with the max-norm || - ||oc, we consider the multiplication operator,

Au(s) = a(s)u(s), s €10,1],

where a is assumed to be a complex-valued continuous function. In the first part of this example we
derive necessary and sufficient conditions for A to be weakly sectorial or strictly sectorial. For that we
note that for 0 < e < /2,

dist(0,1+ X7 /24.) = cosg, (1.52)
dist(0,14 Spjo_) = 1.

It is easy to see that the following properties are valid.
(a) A is weakly sectorial if and only if there is an 0 < ¢ < 7/2 with
a(s) € Yrj24e U{0} for s€]0,1]. (1.53)

To this end, take any My > 1, and define e = arccos(1/Mp). A is weakly sectorial with bound M
n (1.2), if and only if

|1 +ta(s)] > cose = 1/My for s € [0,1], ¢ > 0.
and it follows from (1.52) that this is equivalent to (1.53).
(b) Let 0 < &g < 7/2 be fixed. Then: A is strictly sectorial if and only if
a(s) € orja—cy U{0} for s € [0, 1],
and then (1.3)-(1.4) holds for any 0 < &1 < &g (with My = 1/sin(gg — £1)).

In the second part of this example we consider several concrete choices for the function a.
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(a) Take e.g. a(s) = s to see that the constants in Proposition 1.4.1 cannot be improved.

(b) Here is an example showing that (for fixed o) of an operator being not strictly sectorial and where
we do not have the rates O(n~%) as in Theorem 1.2.11. For that we consider an operator A

p(=A) D Xz,
but which is not strictly sectorial since for any 0 < & < 7/2,
p(=A) B Xrj2qe
Take e.g. for arbitrary 1/2 < 7 < 1,
a(s) = s7eP), s €10,1],

where ( is continuous with 0 < 8(s) < w/2. 8(s) is uniquely determined if we moreover require
that _
11+ ps™eP® | = 14 s, s €10,1],

(here we need that 1/2 < 7). Note that here

p(_A) o E7'r/27

but for any 0 < ¢ < 7/2,
p(_A) ZS Eﬂ'/2+su

hence A cannot be strictly sectorial. For n large we have,

TO
(I + pA) ™A% = sup s7|1+ pa(s)|™ ~ (9) 7T as m— oo
0<s<1 e

(c) Note, however, that the exponent for n=! cannot be smaller then /2 for this example. This
observation on the speed of convergence is no accident, however; to demonstrate this we consider
the multiplication operator A with

a(s) = is, s €[0,1],
and then even
p(—A) 25 E7'r/2-
We observe that for large n,
—n Ao a 2.2\—n/2 o /2 —a/2
(I 4+ pA)™" A% = sup s*(1+ p°s%) ~ (T) ‘n as n — oo,
0<s<1 ure

so that the speed of convergence again is not arbitrarily slow (for fixed a). The reason for that
is the following: T' = (I + uA)~! can be written as nontrivial convex combination of the identity
operator I and the power bounded operator (I + uA)~1(I — pA), such that lower speed then is
not possible.

Bibliographical notes and remarks.

Chapter 1.1 Weakly sectorial operaters are also called ‘weakly positive’ in Pustyl’'nik [61], and they are
close to the ‘sectorial operaters’ defined in Priiff [60]. Theorem 1.1.5 can be found e.g. in Fattorini [16],
our presentation is very similar to that in Blank [8]. The interpolation inequality 1.1.9 for unbounded
operators having a possibly unbounded inverse can be found in Schock and Phong [66], our proof of
1.1.9 is similar to that in Komatsu [35]. Theorem 1.1.10 is an extension of a result in Plato [55], similar
results can be found in Shaw [67]. Orthogonal subspaces in Banach spaces are studied by Birkhoff [7]
and James [31]. There exist a wide literatur on generalized inverses, we refer to Nashed [48] as a general
reference. Our approach to introduce a generalized inverse is slightly different, and it is taken from Plato
and Hamarik [58].
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Theorem 1.2.11 can be derived from the proof of [53], Theorem 1.7.7 (the assumption 0 € p(A) there is
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Theorem 1.2.12 is due to Nevanlinna [52], Theorems 4.5.4 and 4.9.3. Related results are the Kreiss
Matrix theorem, see, e.g., J.L. van Dorsselaer, J.F. Kraaijevanger and M.N. Spijker [74] for a recent
survey on that and other topics, as well as the Katznelson-Tzafriri theorem [34] which provide under
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given. Monographs including results on the numerical solution of Volterra integral equations of the first
kind via discretization are Linz [41], Brunner and Houwen [11], Gripenberg, Londen and Staffans [21],
to mention some of them. Resolvent conditions for Abel integral operators I only found in Gohberg and
Krein [18], for the L? case and in terms of the numerical range. For Young’s inequality for convolutions
see Reed and Simon [64]. The examples in Subsection 1.3.2 are taken from Gorenflo and Vessella [19].
Finally, Malamud [45] consider operators which are similar to Abel integral operators (in LP-spaces)
and this provides a larger class of strictly sectorial operators (compare Remark 1.1.4)

Chapter 1.4 For the last observation on the lower speed see Nevanlinna [52], Theorem 4.5.3.



Kapitel 2

Linear approximation methods for
ill-posed problems

2.1 A class of parameter dependent methods

Let X be a real or complex Banach space, and let A € B(X) and f. € R(A). We again consider the
equation (1.1),
Au = f,

which may be ill-posed or ill-conditioned in general so that small perturbations of the right-hand side can
lead to large deviations in the searched-for solution of the problem. We now look at some of parameter
dependent methods, which for some approximation f € X for the right-hand side fi in (1.1),

f= [

generates
up = ug — G(Aug — f), t>0, (2.1)

with some initial guess up € X, and with G; € L(X) to be specified. Those methods are called linear,
since u; — u, depends linear on Aug — f (which is not the case for conjugate gradient type methods in
Hilbert spaces; one of these methods is considered in Chapter 5).

Any of these methods is designed to approximate a solution f, € X of (1.1) as t — oo, if the exact
right-hand side is available, i.e., u} — f. as t — oo, where u} denote the family generated by (2.1) with
f = f«. With the notation

Ht =1 - GtA

this means that we expect u, — uj = H(fx —uo) — 0 as t — oo to hold. For all the methods to be
considered we shall see that, under appropriate assumptions on A, for a typical smoothness assumption
like ‘ug — u. € R(A*)’ we can expect some speed for the decay of u, — u; as t — oo, since for some
0<ap <oo,

|H: A% < vat™@ for t>0, 0<a< (2.2)

(0 < a < 00, if ap = 00) does hold.

Definition 2.1.1 For any method of type (2.1), 0 < ap < o0 is called the qualification of the method,
if it is the largest number such that (2.2) does hold.

Any method to be considered has qualification ay > 1, and then (2.2) and the principle of uniform
boundedness implies that for u € R(A),

|Hiul| — 0 as t — 00.

This means in particular that

Jim Gy = AN for all ¢ € A(R(A)),

28
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if N(A) = {0}. If (1.1) is ill-posed, then ||G¢|| — oo as ¢ — oo, and then
{veX: |G| -0 ast— oo }

is a set of second category in X.

We return to the case where perturbed right-hand side is permitted, i.e., assume that f ~ f.. Observe
that if u. solves (1.1), then

ur — us = Hi(ug — us) — Ge(Aus — f).

Since we assume the underlying problem to be ill-posed we can expect ||G¢(Au,— f)|| — oo ast — oo and
then we have have only semiconvergence in general, this is, the error ||u; — u.|| decreases as t increases up
to some point, and then the error begins to to increase after ¢ exceed this point. This typical situation
is described in Figure ?77.

0.1+

[l — u|

| Hi(ug — us)| |Gy (Auy — f)]|

0 I T
0 0.2 0.4 parameter ¢

We will see that for any method to be considered, ||G;|| does not grow too fast,
1G]l < vt t>0, (2.3)

with some constant v, > 0.

For the discrepancy principle to be defined in the following section, it is shown by means of (2.2) and
(2.3) that the chosen parameter is not too large. On the other hand, the parameter t5 found by the
parameter choice strategies to be defined can be very small. In that case we use the following condition,

|Hiul < Ii(”Ht*’u” + t*HAHtuH) for 0<t<t,, andfor ueX, (2.4)

with some constant x > 0, and which is fulfilled by all examples to be considered. Actually, we can show
the stronger estimate

|Hiw — He ul| < s(te —t)||AHzu|| for 0 <t <t,, and forue X,
but (2.4) is sufficiently strong to prove convergence results.
These three conditions (2.2)-(2.4) are the ingredients for the main Theorem 3.2.3. We will also see that
G A = AG,, t>0, (2.5)

is also fulfilled for any method to be considered.

2.1.1 The iterated method of Lavrentiev

For weakly sectorial operators A (see (1.2) for the definition) we first consider the (iterated) method of
Lavrentiev,

(I+tA)vpr = v, +tf, n=20,1,2,...m—1, (2.6)

Ut ‘=  Um,

with vg = ug and fixed integer m > 1.
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Theorem 2.1.2 Let A € L(X) be weakly sectorial. ug, defined by (2.6), (2.7), is of the form (2.1), with

m

Gy =ty (I+tA)~

j=1
and fulfill (2.2)-(2.5)with Hy = (I +tA)~™, and with finite qualification ag = m.

Proof. Elementary calculations show that u; in (2.7) is of the form (2.1) with G; and H; as claimed.
We then obviously have (2.3) with

_ [ My =1/ =My, if My > 1,
T m, if My =1,

and it follows with (1.6) that (2.2) holds with ag = m, and we obviously can choose
Yo = Mg"

there. We show finally (2.8) and (2.9) what implies (2.4) for the (iterated) method of Lavrentiev. For ¢
and ¢, with 0 < ¢t < t, we have
H—-H;, = (I+tA)™ ™™ -IT+t.A™™
~ 1, ((I FtA)™ - (I + tA)m) (I +t.A)"™

= (t,—t)H,A ( (I +t, A)™ 1= J(I+tA))(I+t*A)—m
=0
—1

,_.

3 Q

(ts — t)HtA( (I +t.A)~ 97T+ tA)j)

<
Il
o
,_.

(te — ) H AL + £, A)" (I+tA (I+tA))J. (2.8)
7=0

Moreover, (I +t,A)™'(I +tA) is uniformly bounded for ¢ and ¢, with 0 < ¢ < t,, since for w = t/t,,
I+t AT +tA) = wl + (1 —w)(I +tA)7!
and thus
I(I +t.A) "I +tA)| < Mo. (2.9)
As already mentioned, (2.8), (2.9) imply that (2.4) holds. O
We can see from the relations (2.6), (2.7) that for the iterated method of Lavrentiev, instead of (2.4) we

have a stronger estimate. Since this observation and (2.7) will be used to prove results for a parameter
choice strategy, we state the following corollary.

Corollary 2.1.3 If A is weakly sectorial (with My in (1.2)), then with Hy = (I + tA)™™, and for
0 <t <ty we have

| He, H |
|Hiw — Hy,ull

< M,
< Oty —)||(I +tA) " AHw|,  uw€ X,

where .
oo O =D/ - MgY), i My > 1,
) m, ZfMO =1.

We conclude this subsection with the observation that here we may consider also real spaces X. If X is
a complex space and A is strictly sectorial, however, then we can use Theorem 1.2.11 to find a 7y which
may be significantly smaller than Mj".
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2.1.2 Cauchy’s method

For an operator fulfilling (1.3) and (1.4), and for initial approximation uy € X let us consider the
abstract Cauchy problem,

u'(t)+ Au(t) = f, t >0, (2.10)
u(0) = wp. (2.11)

Its solution wu(t), t > 0, exists for all times ¢ > 0, and can be written as (2.1) if we use the notation
ur = u(t), (2.12)
see the following theorem.

Theorem 2.1.4 Let A € L(X) be weakly sectorial. uy, defined by (2.10)-(2.12), is of the form (2.1),
with

t
G :/ e Y ds, Y e X, (2.13)
0

and fulfill (2.2)-(2.5)with Hy = e~ the uniformly continuous semigroup with infinitesimal generator
—A, and with qualification oy = oo.

Proof. Elementary calculations show that u; is of the form (2.1) with G; and H; as above. The decay
property (2.2) is a consequence of Theorem 1.2.10. The semigroup e~*4 is uniformly bounded by 7o, in
particular, and then |G| < 7ot, i.e., (2.3) holds with . = 79, which follows immediately from (2.13).
To see that the third condition (2.4) is fulfilled, we observe that for 0 < t < t., u € X,

g t* t*
(Hy — Hy,)u = —/ (d—Hs)u ds = / AHauds = / H,_AH;u ds,
t s t t

hence
[(He — Heull < o(ts — )| AH ],

which is the desired result. O

We call this method Cauchy’s method. It is of interest since the iterated method of Lavrentiev can
be understood as the backward FEuler scheme, with fixed number of timesteps m and varying stepsize;
moreover, also the iteration methods considered in the following Section 2.2 can be understood as
discretized variant of Cauchy’ method.

Finally we give an equivalent formulation for this method. To this end, let N > 0 be a fixed real number,
consider for (large) parameter ¢ > 0 and € := 1/t the solution of the problem

euw'(s) + Au(s) = f, 5> 0,
u(0) = wo,

and take u; = u(NN) as approximation for the solution of (1.1). It is easy to see that
Up i= Uy — ét(Auo -0,
with
~ N Nt
Gy = t/ ety ds = / e Y ds
0 0
= GNtz/Ju

with G as for Cauchy’s method.
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2.2 A class of iterative methods

Let again X be a real or complex Banach space. In order to solve equation (1.1) with only approximately
given right-hand side f € X, we consider methods which for inital guess ug € X generate sequences

tn =g — Gn(Aug — ) forn=0,1,2,.., (2.14)

(with G,, € £(X)). Our main subject of methods of type (2.14) are of iterative type. When it comes to the
implementation of Lavrentiev’s (iterated) method, however, then the corresponding family {u:} will be
evaluated for discrete values of ¢ only, and we shall see in Section 2.6 how this does fit into our framework
(2.14). For that it is convenient to state most general assumptions on {G,}; let F'(n), n =0,1,... be a
real-valued function with the following properties:

F0) = o,

F(n) > F(n-1), n>1,
F(n) < xF(n-1), n>2,
F(n) — oo as n — oo,

for some s > 0. Analogously to the previous subsection we define

H,=1-G,A
and assume that for some fixed ag > 0
IH, A% < ~oF(n)™¢ for n=1,2,..., 0<a<ay, (2.15)
IGrl] < 4.F(n) for n=0,1,2, .., (2.16)
Vol < (| Haul + F(n) | AHqul)
for n, n, =0,1,2,..., n < n,, and for u € X. (2.17)
G, A = AG, for n=0,1,2,..., (2.18)

(with 0 < ain (2.15), if ap = 00). The function F is responsible for the speed of the method (in the case
of exact data); for the stationary methods to be considered in this section one always has F'(n) = n,
and then (2.15)-(2.18) are identical with the four conditions (2.2)-(2.5) for the parameter methods (with
t=n).

In order to look at some concrete methods belonging to the class above (with F(n) =n, n =0,1,...),
in the following three subsections we assume that A € B(X) is strictly sectorial. The terminolgy ‘quali-
fication of a method’ is used like for parameter methods.

2.2.1 The Richardson iteration

We now consider the Richardson iteration,
Un+1 = un_N(Aun_f)a TL:O,l,2,..., (219)

which is also called Landweber iteration if X is a Hilbert space and the equation Au = f results from
a normalization.

Theorem 1.2.12 enables us to show that the Richardson iteration (2.19), for u > 0 small enough, belongs
to the general class of methods (with F(n) =n, n=0,1,..., and ag = 00).

Theorem 2.2.1 For strictly sectorial A € L(X), take any
0<p < (2sine)/||A4], (2.20)
and let L := I — pA. Then u,, defined by (2.19), is of the form (2.14), with

n—1
Go = py L,
j=0

and fulfill (2.15)-(2.18)with H, = (I — pL)", with F(n) =n, n=0,1, ..., and qualification oy = 0.
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Proof. A is sectorial of angle 7/2 + € for some 0 < €, and then one can see that (1.39) is fulfilled by
I — pA. The condition 0 < p < (2sine)/||Al|, guarantees o(I —pA) C {A e C: || <1 }U{1}, since we
have r,(T) < ||T|| for any T € £(X); thus (1.38) in Theorem 1.2.12 is fullfilled by "= I — A, and then
(2.15) holds with 7. = pag, and (2.16) holds for F(n) =n, n=0,1, ..., and qualification oy = co (with
Ya = aou~® for integer «). The general case for fractional a > 0 follows with the second interpolation
inequality (1.15). Finally, one has for n < n,

ne—1

H, = pu Z LA+ H,,

j=n

which implies
[Hnu = Hy,ull < k(0. —n)| Hn Au|

with k = pag, i.e., (2.17) holds with F(n) =n, n=0,1,.... O
Remark. For Abel integral operators V*, j € {0,1}, 0 < a < 1, we do not need the restriction (2.20)

on p: o(V) = {0} and thus, somewhat surprising, I — pV* is power bounded for any y > 0 (and any
j€{0,1}, 0<a<).

2.2.2 An implicit iteration method

For strictly sectorial operators A we now consider the implicit method (2.21) which for uy € X generates
iteratively a sequence u, € X, n=0,1,2,..., by
(I + pA)upy1r = up+ puf, n=0,1,2,... (2.21)

Theorem 2.2.2 Let A € L(X) be strictly sectorial and define L := (I + pA)~t. Then u,, defined by
(2.21), is of the form (2.14), with
G, = ,uz L7,
j=1

and fulfill (2.15)-(2.18)with H, = L™", with F(n) =n, n=0,1, ..., and qualification g = oo.

Proof. It is possible to obtain (2.15) and (2.16) for the implicit method by applying again Theo-
rem 1.2.12. More natural, however, is to use Theorem 1.2.11. It enables us also to give a reasonable
estimate for sup,,~q [|[L"]|. Finally, properties (2.15) and (2.16) for the implicit method are immediate
consequences of Theorem 1.2.11, and condition (2.17) is verified as for the Richardson iteration. O

We conclude this subsection with the following observation: ‘Stability’ of the Richardson iteration with
respect to some o > 0 implies stability of the implicit method.

Proposition 2.2.3 If A € L(X) and for given g > 0 the operator I — pgA is nonexpansive,
IT = poAll < 1,

then for any 0 < p < o the operator I — A is nonexpansive and furthermore A is weakly sectorial with
bound M =1,
I(I+tA)~H <1 forallt>0.

Proof. Let

T, :=1—wuoA.
Then T, = (1 — w)I + T1 and hence ||T,,|| < 1 for 0 < w < 1. Furthermore, for any ¢ > 0 and u € X
with s = % the inequality

I(I + tA)ull 11+ s)u—s(I = pod)ul| = (1+s)|ull = sl[(I - poA)ul

(4 s)lull = sllull = full (2.22)
holds. Hence, for arbitrary A > ||A|| (then A € p(—A) ) one has |[(A] + A)~!|| < 1/A. Then, however,
one has for any p € IK with

Y%

=2l < A < AL+ A7

that p € p(—A), and thus in particular for any 0 < p < X one has p € p(—A), and (2.22) yields the
assertion. O
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Corollary 2.2.4 If A € L(X) and for given puo > 0 the operator I — pgA is power bounded,

sgpl\(f—qu)"H < M < oo,
n>0

then for any 0 < pu < po the operator I —pA is power bounded. Moreover, (0,00) C p(—A) and (I+tA)~*
is power bounded for any t > 0.

Proof. We define
ull" = Sg}gll(f—qu)"ull, u e X,

and this norm is equivalent to the original one,
lull < llull” < Mljul, — uweX,
and I — oA is nonexpansive with respect to || - ||’. The rest follows with Proposition 2.2.3. O

Remark. The converse direction in Corollary 2.2.4 does not hold; consider e.g., multiplication operators
with purely imaginary spectrum.

2.2.3 An iteration method with alternating directions (ADI)
This method is defined by

Upt1j2 = Up — g(Aun - 1), (2.23)

I+ 5Duns = e + 5f, =012, (2.24)

Theorem 2.2.5 Let A € L(X) be strictly sectorial. Then, u,, defined by (2.23), (2.24), is of the form
(2.14), with

n—1
j Hoay—1
n = LI+ ZA)™
G = W U+

and fulfill (2.15)-(2.18)with H,, = L™, with
Hoy—1 H
L=(I+ZA I - =
(B - La,

and with F(n) =n, n=0,1,..., and qualification ag = 00.
Proof. We again apply Theorem 1.2.12 to obtain (2.15), (2.16). For A € €, A # —1, we have

22—-1
M-L = (A+1)%(I+%A>*1( )\—I+A).

s (2.25)

Elementary calculations show that A € 1+ X, implies 2(A — 1)/(u(A + 1)) € X, with (2.25) we obtain
(1.38), (1.39) with C = ||[I + (u/2)A||M. Since the transformation A — (A — 1)/(A 4+ 1) = w maps
the exterior of the open unit disk in the A-plane into Re w > 0, also (1.37) holds and L fulfils the
conditions of Theorem 1.2.12. We obtain (2.15) with 7. = paoM, and moreover (2.16) hold (with
Yo = aap” (I + (1/2)A)%|| for integer . Condition (2.17) is verified as for the Richardson iteration.
O

Note that the Richardson iteration and the implicit method as well as the alternating direction method
considered in this section can be conceived as forward and backward Euler schemes as well as the
Crank-Nicolson scheme for Cauchy’s method, the stepsize p being fixed for each iteration method.

2.2.4 On faster linear methods

There exist linear semiiterative methods which are faster in the sense that they fulfill (2.15)-(2.18) with
F(n) =n", n=0,1,..., with some 7 > 1. In Hilbert spaces, (selfadjoint) v-methods fulfill these four
conditions with 7 = 2 and finite qualification ag = v.
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2.2.5 Practical implementations of Lavrentiev’s (iterated) method.

When it comes to computational implementations of Lavrentiev’s (iterated) method, then the family of
type (2.1), i.e.,
up = ug — Gi(Aug — f), t>0,

(with Gy = ¢ 377", (I +tA)™7 ) will be certainly evaluated only for a finite numbers of parameters t,
e.g.,

t, = n’h, n>1, or

tn, = ho™ ", n>1,

respectively (with certain h, 7> 0 and 0 < § < 1), and w;, then can be written in the form

ug, = ug— Gp(Aug — f)
= Uy,
with R
Gn = th,

and it is obvious then that 4y, is of the form (2.14), and that the main conditions (2.15)-(2.18)are fulfilled
with G, in place of G,,, with oy = m, and with

Fn) = n n>1

) — )

F(’I’L) = 9—117 n 2 17

or

respectively
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Kapitel 3

Parameter choices and stopping
rules for linear methods

3.1 Introduction

Throughout this chapter let X be a real or complex Banach space, and let A € £(X). We assume that
some approximation f° € X for the exact right-hand side f, in (1.1) is given, with some known level of
noise 6 > 0,

If =21 <6, &> (3.1)

Let ug € X be some initial guess for a solution of equation (1.1). In this section parameter choices for

parameter methods
ud = ug — Gy(Aug — f°), t >0, (3.2)

as well as stopping rules for iteration methods
u® = ug — Gy (Aug — f°), n=0,1,.., (3.3)
are introduced and discussed. These parameter methods and stopping rules are designed to yield some
t=1t(f°,86) and n=n(f°,0), (3.4)

respectively, in order to provide good approximations uf( 5.9) and ufl( 5,557 respectively, for a solution
uy of Au = f,. We will classify them:

(a) a priori choices of the parameter or the stopping index are of type
t=1t() and n=n(d),

i.e, here one has dependence on the noise level and not on the data. However, no natural choices of
this type exist, and additional knowledge of the solution is necessary in order to obtain convergence
rates. Therefore, they are not discussed further here.

(b) a posteriori choices of the parameter or the stopping index are of the general form (3.4), i.e,
they depend explicitly on the data f° and the noise-level 6. The discrepancy principle and a
modification for the iterated method of Lavrentiev are of this type; they are introduced in this
chapter, and convergence is proved for them.

(c) We discuss also noise-level-free choices; they also of type (3.4) but here we drop the assumption
(3.1), and instead assume that || f, — f°|| — 0 as § — 0. Then § becomes an additional independent
parameter. Popular noise-level-free choices of the parameter or the stopping index, however, are
independent of 4, i.e., they are of type

t=1t(f°) and n=n(f),

respectively.

36
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We first discuss noise-level-dependent choicesi, and the crucial question is whether the rules are conver-
gent in the sense of the following definition. At this point we also introduce the classical notation of a
regularization method.

Definition 3.1.1 (a) A family Ps : X — X, § > 0, is called reqularization method, if for any u, € R(A)
and f° € X with || Au. — f%|| <& one has

|Ps£0 — sl — 0 as § — 0.

(b) Let ug = 0.
e FEither a parameter choice for (3.2), supplying some t = t(f°,6) >0,
e or a stopping rule for iterates (3.3), supplying some n = n(f°,5) >0,

is called convergent, if

§ § 5 §
Pof® = wysgsy  (Pof = tag g,

respectively, defines a regularization method. Otherwise the parameter choice or stopping rule is called
divergent.

In the following two sections, the discrepancy principle as a specific parameter choice and stopping rule is
introduced and its convergence is proven, and under additional assumptions we obtain convergence rates
(that cannot be improved, in general, see Chapter 4). Finally, Section 3.4 is devoted to noiselevel-free
choices of the parameter and the stopping index since they seem to be quite popular.

3.2 The discrepancy principle

3.2.1 The discrepancy principle for parameter methods

We first consider approximations of type (3.2),
uf = uo—Gt(Auo—f‘s), t>0.

As was mentioned in the preceding chapter, the parameter ¢ has to be chosen appropriately. We shall
do this by values of the norm of the defect

rf = Auf —f°

and the error level §. To this end, let again H; = I — G4 A and let the main conditions (2.2)-(2.5) are
fulfilled. Then we have

1 = Hi(Aug — f°) = H;A(up —u.) + Hy(Au, — f9)
and (2.2) (with « = 0) and implies
|72l = 1 HeAuo — us)ll | < 706 (3-5)
This together with (2.2) for o = 1 yields

limsup [[r7] < 700,
t—oo

such that the following parameter choice is applicable. For that we require additionally that ¢ — Hyu is
a continuous function on { 0 <t < co } for any u € X (that is the case for Lavrentiev’s iterated method
as well as for Cauchy’ method) in order to ensure that the set of ts > 0 fulfilling this assumption is
non-void.
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Parameter Choice 3.2.1 (Discrepancy principle)

Assume u? is given by (3.2) and that the main conditions (2.2)-(2.5) are fulfilled by {G;}. Fix positive
constants by, by with by > by > o (with yo as in (2.2)).

(a) If |75l < b10 then choose ts = 0.

(b) If |73l > b16 then choose ts such that

b06 S HT?JH S 516

t5 also depend on f9 and hence is an a posteriori parameter choice; for notational reasons this dependence

is not further indicated, however. Before we state the main result of this section, we introduce a-norms
on R(A%).

Definition 3.2.2 1. We define a-norms on R(A%) by
ulla :=inf{ ||z]|: z € X, A2 =u}, u € R(A%). (3.6)

(3.7) in the following theorem shows that Parameter Choice 3.2.1 for the parameter methods fulfil-
ling (2.2)-(2.5) are convergent in the sense of Definition 3.1.1. In (3.9), under additional smoothness
assumptions we obtain convergence rates which are optimal in a sense to be precised in Chapter 4.

Theorem 3.2.3 Assume that A € L(X) is weakly sectorial. Let ul, t > 0, be defined by (3.2), and
assume that (3.1) and (2.2)-(2.5) hold, with qualification oy > 1. Let ts be chosen by Parameter Choice
3.2.1.

1. If uy solves (1.1) with ug — u. € R(A) then

Hufs—u*H — 0 as 6 — 0, (3.7)
tsd — 0 as § — 0. (3.8)

2. If moreover for 0 < a < ap—1 and 9 > 0,
uo — ux € R(AY), p = |luo — ts|as
then with some constants c,, e, > 0 we have the estimates

[ug, —uel < cales™)V D, (3.9)
ts < eq(od” )M/ (et1) (3.10)

co. and e, depend also on by and b; which is not further indicated.

Proof of Theorem 3.2.3. We first prove the assertions for the parameter ts. First we observe that (3.5)
implies
(b—70)6 < ||HyzAuo —ws)ll,  if t5 #0. (3.11)

To prove (3.8), let d > 0, kK = 0,1,2,..., such that ; — 0 as k — oo. If {ts, }x is bounded then
ts.0r — 0 as k — oo holds trivially. If t5, — oo as k — oo, then (3.11), with §;, instead of 4, and

t|| He A(up — us)|| — 0 as t— oo

(this follows from (2.2) and the principle of uniform boundedness) imply again ¢5, 0 — 0 as k — oc.
We obtain (3.8) by arguing for subsequences. From (3.11) and (2.2) we find

(bo —70)d < ”Ya+19t5_(a+l),

which gives (3.10).
2. To prove the assertions for ||ud — u,|| we observe that for any ¢ we have the basic estimate

uf =]l < ([ Hi(uo — wa)l| + uto. (3.12)
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Having in mind (3.8) and (3.10) we have to deal with the first term in the right-hand side of (3.12) only.
(3.5) yields ||Hzs A(ug — us)|| < (70 + b1)d, and hence, by assumption (2.4),

| Hy, (o — us)|| < n(HHt*(uo —w)| + (70—|—b1)t*5) for all t, > ts, (3.13)
which we shall need if the algorithm breaks up early. In order to show
Hi (up —us) — 0 as 6 — 0, (3.14)

let again 0 > 0, k=1,2,3,..., with 0, — 0 as kK — oo. If t5, — 00 as k — oo then again with the
Banach-Steinhaus theorem we obtain

Hy,, (uo —us) — 0 as k — oo, (3.15)

and if {ts, }1 is bounded then we obtain (3.15) by applying (3.13) with § = ¢, and ¢, = 5;1/2. We get

(3.14) by arguing for subsequences. Finally we prove (3.9). We have
[He(uo —u)|| < va0t™,  t>0,
hence for t5 > (06~ 1)1/ (@*1) we already obtain
[Hey (uo — w)| < Yaoty® < yaled®)/FY.

If on the other side t5 < (06~ 1)/ (@+1) =: ¢, then we apply (3.13) and obtain

|y (o =)l < (1. (o = w)ll + (0 +b1)td)
< w(raotr™ + (o +b1)to)
<

ﬁ(va + (10 +b1))(95“)1/(““)7
which completes the proof. O

Remarks. 1. A different technique can be used to prove Theorem 3.2.3. It uses the first interpolation
inequality (see Theorem 1.1.21), and we then do not need the third assumption (2.4) on our methods.
(2.4) is fulfilled by any of our presented examples, however, and it gives additional insight on the
behaviour of these methods.

2. Let us assume that ug = 0.The condition ‘u, € R(A)’ in the first part of Theorem 3.2.3 can
be fulfilled for a solution w, of (1.1) if and only if f, € A(R(A)) (which can be more restrictive than
‘f. € R(A)"), and then u, = AT f..

3. The constraint cvg > 1 in Theorem 3.2.3 is necessary, since for the iterated method of Lavrentiev,
the discrepancy principle works only if m > 2: see Proposition 3.2.4 for the case m = 1. If oy = 1, then
we obtain (3.11) with o = 0 only, i.e.,

ts6 < mlluo — ul/(bo —70),

and by means of (3.12),

[ug, = well < (70 + 73/ (bo = 70)) l[uo — wll.
Hence, if X is a reflexive Banach space and if N'(A) = {0}, then we have weak convergence,

ufééu* as 0 — 0,

since [|Aug, — f.|| — 0 as d — 0.
4. A simple strategy for choosing the parameter ¢ is to calculate the defect ¢ = Aud — f9 for a finite
numbers of ¢, say
Irg . ta=nh, n=01,2., or (3.16)
I, ta=6""h,  n=1,2., (3.17)
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(with some fixed 0 < 6 < 1, h > 0) until it falls under the level bd for the first time, with b chosen such
that b > 79, where 7y as in (2.2). We then can apply Theorem 3.2.6 on the discrepancy principle for
iteration methods to obtain convergence results for parameter methods (although these methods have
a non-iterative character).

5. For Lavrentiev’s iterated method with m > 1 one has the qualification g = m, and the best
rate we can expect to obtain with the discrepancy principle is [[u. — u.|| = O(6m=1/mY) as § — 0 (for
up — us € R(A™).

As mentioned in the preceding remark, the discrepancy principle for Lavrentiev’s classical method, this
is the case m = 1, is divergent:

Proposition 3.2.4 Let A € L(X) be weakly sectorial and assume that 0 € o4y(A). Then Parameter
Choice 3.2.1 for Lavrentiev’s method, this is (2.6), (2.7) with m = 1, is divergent.

Proof. Assume that 0 # u, € R(A), and define f, = Au,. Take for § > 0 a ¢)° € X such that

1] d,
A0l < 6%

(This is possible since by the assumption 0 € o,,(A), there are v° € X with |[v°| = 1, [|4v°| < 62, and
take then ¢ = §v°). We consider
fP=f+9°, §>0.

To start our analysis, observe that (for ug = 0)
ul = t(I+tA) 0 = —tr),
hence, for § > 0 not too large (then t5 # 0, with ¢5 obtained by the discrepancy principle),
botsd < |lul || < bitsd. (3.18)
We will show that ||uf, — u.|| 7 0 as § — 0, or even stronger,

. 5
llgll}élf”uté —uy| > 0. (3.19)

To this end we assume contradictory that there is a set countable H C (0, c0) with accumulation point
0 € IR and

|\uf6—u*|\—>0 as H>6 —0,

and then (3.18) implies

. > . 5 _ '

liminf t56 > lim oy [|l/bs = Jludl/br > 0, (3.20)

li tsd < i 2 11/b0 = [lusll/b 21

imsup £50 < Hmflull/bo = lull/bo < oo, (3.21)
and (3.20) yields

ts — 00 as H>0— 0. (3.22)
We have
W =, = (T4 tsA) e + t5(I+tsA) "0
= —(I+tsA)tue + tsy® — 31 +tsA) T AY,

hence

V

> tsl[00) = I+t A) ]| — Mot36°
= 150 — ||(I +ts4)  us| — Mot36®,

5
l[ugy — wall

and this estimate together with (3.19)-(3.22) yields the contradiction

_ . o
0= Jim fuf,—wl = ful/bi>0. O

Remark. Proposition 3.2.4 shows that in the case N/(A) # {0}, the discrepancy principle for Lavren-
tiev’s method (with m = 1) fails even in the well-posed case.
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3.2.2 The discrepancy principle for iterative methods

We again assume that there is given some noise level for the approximations of the exact right-hand
side: let f° € X and § > 0 with known error level (3.1), and solve equation (1.1) approximately with
iterates of type (3.3),

u® = ug — G (Aug — f°) for n=0,1,2,...,

where we again the four main conditions (2.15)-(2.18) are supposed to hold for {G,,}. As was mentioned
in the preceding chapter, iteration has to be stopped at appropriate time, it is the purpose of this paper
to do this by values of the norm of the defect

= Aul — f°
and the error level d. Similar to the parameter methods one has
|72 = 1 HuAfuo — us)l| | < o0 (3.23)

This together with (2.15) implies
limsup [|73] < 706,
n—oo
such that the computation of u$ terminates after a finite number of iteration steps n, if the following
stopping rule is applied:

Stopping Rule 3.2.5 (Discrepancy principle) Fix a real b > ~y. Stop process of calculating ul, n =
0,1,2,... if for the first time
Irall < bo,

and let ng :=n.

ns depends also on f° which is not further indicated. We state the following main result for iterative
methods, which in fact is the analogue to Theorem 3.2.3 for parameter methods. (3.24) shows that the
iteration methods fulfilling (2.15)-(2.18) are defining regularization methods in the sense of Definition
3.1.1, if stopped according to Stopping Rule 3.2.5. (3.26) provides, under additional smoothness assump-
tions, convergence rates which are optimal in a sense to be precised in Chapter 4. Estimates (3.25) and
(3.27) give some information about the efficiency of the underlying algorithm.

Theorem 3.2.6 Assume that A € L(X) is weakly sectorial. Let u’, n =0,1,2, ..., be defined by (3.3),
and assume that (3.1) and (2.15)-(2.18) hold, with qualification g > 1. Let the stopping index ns be
obtained by Stopping Rule 3.2.5.
1. If uy 1s a solution of (1.1) with ug — u, € R(A) then

Hufw —usl] — 0 as 6 — 0, (3.24)

F(ns)d — 0 as 0 — 0. (3.25)
2. If moreover for 0 < a < ag—1 (0 < a < 00, if g = ) and o > 0,
ug — ux € R(A®Y), p = |[uo — sl s
then we have, with certain positive constants cqp and eqp, the estimates

0

ns

— | Cap(06%) /(D) (3.26)
F(ns) < eap(od™ ) @th), (3.27)

IN

[[u

The proof of this theorem is similar to the proof of Theorem 3.2.3 and will be given for convenience of
the reader. We have to consider the case ns— 1 instead of ¢s which complicates the proof to some extent.

Proof of Theorem 3.2.6. We first prove the assertions for the stopping index ns. We first observe that

(b—70)0 < ||Hps—1A(uo — u)l], if ns > 1. (3.28)
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This follows from (3.23) and ||r,;—1]| > b0. To prove (3.25), let d; > 0, k=0,1,2, ..., such that d — 0
as k — oo. If {ns, }x is bounded then F(ns, )dr — 0 as k — oo holds trivially. If ns5, — oo as k — oo,
then (3.28), with 6 = dy, and

F(n)|[[HpA(uo — us)|| — 0 as nm — oo

(this follows from (2.15) and the principle of uniform boundedness) together with (3.28) imply again
F(ns, )0k — 0 as k — oco. We obtain (3.25) by arguing for subsequences. For proving (3.27) we first
observe that o6~ < (b —1)/||A||**™! implies ns = 0, and in the case o6~ > (b — 1)/ A]|*T! we may
assume ns > 2 (take e.g.

ea > F(|A[l/(b— 1)+ (3.29)
and then for ns = 1, (3.27) is fulfilled automatically). An application of (2.15) and (3.28) implies
(b—=7)8 < Yat10F(ns— 1)~
< Yat10%" T P (ng)~@HD, (3.30)

this gives (3.27).
2. To prove the assertions for ||ud,, — u.| we observe again that for any n,
ul —uy = Hp(ug — ) — Gn(Au, — f9)

holds, and then by (2.16)
lup, = wl < [ Haluo — ws)|| + 7.F(n)s. (3.31)

Having in mind (3.25) and (3.27) we have to deal with the first term in the right-hand side of (3.31) only.
By definition ||| < bd, and (3.23) implies ||Hp, A(uo — us)|| < (70 + b)d, and hence, by assumption
(2.17),

[ Hpy (w0 — ws)|| < Ii(HHn (up —us)|| + (vo+ b)F(n*)é) for all n, > ng, (3.32)
which we shall need for the case that iteration stops early. In order to show
Hpy(up —us) — 0 as 6 — 0, (3.33)

let again 0 > 0, k= 1,2,3,..., with 0, — 0 as k — oo. If n5, — o0 as k — oo then (2.15) and the
Banach-Steinhaus theorem implies

Hy, (uo —uy) — 0 as k — o0. (3.34)

If {ns, }x is bounded then choose n, = n.(d;) such that n, — oo as k — oo, and F(n,.) < 5;1/2, k=

1,2, .... We then obtain (3.34) by applying (3.32) with § = §; and those n.. We get (3.33) by arguing
for subsequences. Finally, to prove (3.26) we first observe again that in the case

o=t < (b-1)/[ A
we have ns = 0, and then |Jug — u.|| < [|A]|%0 < (b — 1)2/(@+D)(p5*)1/(@+1)  We now assume that
(06~ HYEFD > (b — VeV A = c.

We have
1Hpn(uo — ui)|| < vaoF ()™ for all n>1,

hence for the case F(ng) > ¢~ (06~ 1)/ (@+1) we already obtain
1 Hs (w0 —us)ll < 7a0F(ns)™" < yac®(08%)/ 0.
If on the other side F(ng) < ¢ (08~ 1)/ (@+D)  then let n, > 2 with

Fln,—1) £ Yo" )+) < Fn,),
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and applying (3.32) with this n., yields

| Hug(uo = w)ll < k(1 Hn (o = w)ll + (30 +b)F(n.)3)
< fi(%tgF(n*)*O‘ + %(Wo—i—b)F(n*—l)(S)
<

ﬁ(vaca + s +b))(95“)1/(a“)-
This completes the proof. O

Remark. 1. The convergence rates cannot be improved, in general, see Chapter 4 for more on that.
2. Consideration of (3.29) and (3.30) in the proof of Theorem 3.2.6 shows that estimate (3.27) for ng
holds with

ca = max { 7S FQ)A] Y- (b—0) O,

(and thus e, depends also on s and F(1)).

3.2.3 Computational experiments

Our model equation is

1
Auf(t) :2/0 ko(t,s)u(s) ds = f(¢t), 0<t<1

with kernel
kot s) = a-cosh(w(t—s —0.5)), ifs<t
wit 8) = a-cosh(w(t—s+0.5)), ifs>t

as in Subsection 1.2.2. Here, w > 0 is some constant and @ = 1/(2wsinh(w/2)). As underlying space X
we consider the space of periodic continuous complex-valued functions X = C,[0, 1] with the sup-norm.

A can be characterized by (1.29): for u, f € C,[0,1] we have

Au=f = [feC?0,1], f, f"eCyl0,1],
w?f_f// = u,

see again Subsection 1.2.2 for the details. In our numerical experiments we consider the test equation

Au = f,
with
6 12 2 3 2 wt —wt
* = - — — w ce e v <t<1,
f(t) ( — T (5 + 1t 3t+2t)/ + +d 0<t<l1
c = 6e“/N, d = —6e*/N,
N — (ew _ eQw)w4,
therefore

u(s) = s(25% — 35+ 1), 0<s<1,

and thus u, € R(A) but u, & R(A?). (In fact, the symbolic programming language Maple V did the
inconvenient part of the work and computed f, from our prescribed u..) We choose perturbed right-hand
side f0 = f. + 0 - v, where the values of v(t) are randomly chosen such that ||v||o < 1, and where

6 = [[fslloo - %/100,

with % = 0.33,1, 3.

We choose
w=1

in the definition of the kernel k,,, and it follows from Lemma 1.2.7 that ||A|l < 1, hence we can again
take p = 0.2 for the Richardson iteration (and, of course, for the other iteration methods).
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We now compute bounds 7 for the implicit iterative method and the iterated version of Lavrentiev’s
method; this is necessary to determine a set of admissible b, which appears in the definitions of the
discrepancy principles (3.2.5) and (3.2.1). From Corollary 1.2.8 and numerical estimates of (1.32) in
Theorem 1.2.11 we obtain

Yo ~ 4.02

(obtained for € = 0.30), and it follows that we can take
b=4.1

in our implementations. That b is chosen for the Richardson iteration as well as the ADI method where
we do not get estimates for o (since we are not able to estimate properly the integral (1.41) near the
negative real axis).

A rectangular rule and collocation (with collocation points s; = jh, j = 1,...,N, h = 1/N, with
N = 128) is used to discretize the problem. The same tests as for the first example are repeated. The
last column always include the number of flops for computing the entries of the underlying matrix (which
in fact is 0.5e+06).

Here are the results for the Richardson iteration, the implicit method and the iteration method with
alternating directions. All computations where performed in MATLAB on an IBM RISC/6000. Note
that the approximation errors and stopping indeces are very similar for all methods, for each noise level.

Richardson iteration

% mnoise | [Jud, — us]lso ns | f flops
0.33 0.0069 1203 | 4.1e+07
1.00 0.0112 757 | 2.6e407
3.00 0.0194 492 | 1.7e407

Implicit iteration method

% mnoise | [Jud, — us]lso ns | f flops
0.33 0.0061 1272 | 8.6e4-07
1.00 0.0112 744 | 5.1e4-07
3.00 0.0195 494 | 3.4e+07

ADI method

% mnoise | [Jud, — us]lso ns | f flops
0.33 0.0068 1216 | 8.3e407
1.00 0.0112 750 | 5.1e4-07
3.00 0.0211 468 | 3.3e+07

The following table contains the results for the iterated method of Lavrentiev which are surprisingly
good. Note that for any parameter ¢, =nh, n=1,2,..., h = 1.0, a cholesky decomposition has to be
calculated so that slightly more computational effort is necessary to obtain the approximations.

Lavrentiev’s (iterated) method
% noise ||u§n§ —Uslo | ms | f#flops
0.33 0.0064 166 | 1.5e+08
1.00 0.0129 91 | 8.0e+07
3.00 0.0221 49 | 4.3e+07

We conclude with two remarks concerning the constant . A further possibility to obtain such a bound
for the implicit method as well as Lavrentiev’s iterated method is to use (1.36). Numerical experiments
show that the best estimate which we can obtain in this case is 7o ~ 5.581 (obtained for € ~ 0.189) but
further experiments show that iteration breaks up too early for this choice of g. Finally, computation of
the powers of the iteration matrices 7' and their norms indicate that we have sup,, ||T"] = 2.0 (for any
of the considered iterative methods), and the same bound holds for the iterated version of Lavrentiev’s
method.
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3.3 Quasioptimal methods

3.3.1 A class of regularization methods, quasioptimality

Let again X be a Banach space and A € £(X). In order to solve the ill-posed equation Au = f* with
only approximately given right-hand side f® € X and noise level § > 0, we again consider parameter
methods u¢ = wug — Gy(Aug — ) for t > 0, where ug € X is some initial guess, and Gy € £(X). We
use again the notation H; := I — G4A, and assume that (2.3) is fulfilled. If u. solves Au = f,, then we
have the basic estimate (3.12), i.e.,

g = well < max{1, 7.} (I Hawo = w)l| + ),

and this gives rise to the following definition.

Definition 3.3.1 Let § > 0, u., f° € X with ||Au. — fO|| <8, and let {ud}; be defined by (3.2), and
let (2.8) hold. A parameter choice supplying some ts > 0, is called quasioptimal, if there exist some

constant K, independently of 6 > 0, u., f° € X and the initial guess ug € X, such that
[Hes (wo —us)|| + tsd < Kigg (||Ht(u0—u*)|| + t5). (3.35)

Quasioptimality of stopping rules for iteration methods of type (3.3) that fulfill (2.16) with F(n) = n,
is defined similar, i.e., under the same assumptions on K, § >0, uy, ug and f° € X we require

| Hu o = w)l| + ns8 < K inf (|| Hauo = w)l| + nd). (3.36)

We first observe that quasioptimal parameter choices and stopping rules are as least as good as the
discrepancy principle. Note that here we replace the restriction ‘0 < o < a9 — 1’ by the weaker condition
DV<a<ag.

Theorem 3.3.2 (a) Let A € L(X) be weakly sectorial, and let {ul}; be of type (3.2), such that the
conditions (2.2) and (2.3) are fulfilled, and let ts be a quasioptimal parameter choice.
1. If uy solves (1.1) with ug — u. € R(A) then

Hufg —usl] — 0 as 6 — 0, (3.37)
ts6 — 0 as 0 — 0. (3.38)
2. If moreover for 0 < a < ),
uo — ux € R(A%), 0 := ||uo — sl s

then with some constants dup, €a,p > 0 we have the estimates

Jug, —wsll < dap(06%)/FD), (3.39)
ts < eap(od ) FD, (3.40)

(b) (1) and (2) in (a), with ts replaced by ns, are also valid for iterative methods {ul} of type (3.3) that
fulfill (2.15) and (2.16) (with F(n) =n).

Proof. For the parameter methods take e.g. t = 6~/ and t = (o5~ 1)/ (@*+1) respectively, in (3.35) to get
(3.37), (3.38) and (3.39), (3.40), respectively. We now consider iterative methods. Take e.g. n = [6~1/?]

in (3.36) to get (3.37), (3.38) with ns instead of ¢5. In order to get (3.39), (3.40) we distinguish two
cases. First, if ¢ is large,

— Ve
st < C, Ci=——,
KAl

then we take n = 0 in (3.36) and obtain ns = 0, and moreover
luo — w.| < [JAI% < [JA*CY/HD (st

and in the second case
o0~ > 1/C
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take n = [(6 1)/ (@*+1D7 in (3.36), since nd < (1 + CH/ (@) . (95)V/(@+1) "and since (2.15) implies

[ Hy(uo — us)|| < Yaon™ < yq(0d*) 0. O

It is shown in the following two sections that the discrepancy principle for a class of iteration methods
as well as a modified discrepancy principle for the iterated method of Lavrentiev are quasioptimal.

3.3.2 The quasioptimality of the discrepancy principle for iteration methods

Let X be a real or complex Banach space and A € £(X). We consider iterative methods of type (3.3)
where the main conditions (2.15)-(2.18) are fulfilled (for ag = 00, and for integer o only this time) with
F(n)=n, n=0,1,... . Now, however, we assume additionally that the semigroup property

Hy4n, = Hp Hp, for ny, no = 0,1,2,..., (3.41)
is fulfilled (and in fact for all examples with (3.41) one has F(n) = n).

Note that if for « = 1, 2,
|H AN < yan™ @ for n = 1,2,..., (3.42)

(with a certain constant 7, ), then (2.15), (2.18) and (3.41) guarantee that (3.42) holds for all & > 0; to
see this, consider first those n for which n/a is an integer, and then consider the general case for n.

We now state the first main result of this section.

Theorem 3.3.3 Let u®, n = 0,1,2,..., be defined by (3.3), and assume that (2.15)-(2.18) and (3.41)
hold. Then Stopping Rule 3.2.6 is quasioptimal.

Proof. We take any n > 0, and due to (3.36) it is sufficient to prove
| Hgto = w) | + ns6 < K (I[Haluo — )| + nd), (3.43)

with some constant K not depending on n, wu., up and §. (We indicate in the course of the proof how
to choose K).

(i) We first prove (3.43) for n > ns. If we take K > 1, then the first term in the left-hand side of
(3.43) remains to be estimated. By definition we have |[rS || < bd, together with (3.23) we obtain
| Hps A(uo — ws)|| < (70 + b)d, with property (2.17) we get

([ Hyps (o — us)|| < F»(IIHn(uO —u)| + (o + b)m?),
which yields (3.43), if K > (v +b).

(ii) We now consider the case 0 < n < ng — 1. Then from the semigroup property (3.41) and the
boundedness condition (2.15) we obtain

[ Hns (uo — ws)l| < Aol Hn(uo — ),

and if we choose K > 7y, then the second term in the left-hand side of (3.43) remains to be estimated.
From b6 < |[r8 _,|| and (3.23) we obtain

(b="0)8 < |[Hugo1Aluo —u.)]. (3.44)

We first assume ns > 2, and then obviously ns — 2n < 2(ns — n — 1). From the semigroup property
(3.41), the decay property (2.15) and from (3.44) we obtain the estimate

2nd + (ns —2n)d
206 + 2(ns —n —1)(b—v0) | Hny—n_1AH, (uo — us)|| (3.45)
2n6 + 2(b—0) 71l Ha(uo — us)|),

ng(s

<
<

which yield (3.43) for 0 <n < ns — 1, ns > 2, if we choose K > 2max{1,v1/(b— )}
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The case n = 0, ns = 1 remains to be considered. Here (3.44) yields
(b—=10)ns0 = (b=10)8 < [[A]l- [[Hns—1(uo —us)ll = [JA[l - [[Ho(uo — w.)]-
Therefore take also K > ||Al|/(b — 7o) in (3.43), and the proof is completed. O

For positive semidefinite operators in Hilbert spaces we have the stronger estimate

Hufl& —u < K sup inf [lul — u.. (3.46)
POEX: =il ™20

(with K not depending on u., up and J). It seems that one has not such a result without the inner
product structure of a Hilbert space.

3.3.3 The quasioptimality of two modified discrepancy principles for the
iterated method of Lavrentiev

General considerations

In order to get results on the quasioptimality of parameter choices for general non-iterative methods of
type (3.2), i.e.,
ud = ug — Gi(Aug — f9), t >0,

with some G, € £(X) we assume that (2.3) holds, and for H, = I — G, A and
B; € E(X), t>0,

we require:
1Bl < ko for t >0, (3.47)
|B:A| < mgt™? for ¢t >0, (3.48)
|l < w1l + b Bl Aul))
for 0 <t <t,, and for u€ X, (3.49)
|Heull < ol Heull for 0 <t <t,, and for ue€ X. (3.50)

with constants ko, k1, k and . Note that (3.47) and (3.50) imply the existence of a 79 > 0 such that
IB:He|| < 70 for t > 0. (3.51)

We also again assume that the operators Gy € B(X) commute with A. An example of a method of
type (2.1) fulfilling all these conditions (with suitables B;) is the (iterated) method of Lavrentiev’s;
details are given after the general considerations. Note, that the operators B; shall have implications
for the parameter choices, while {u¢}; itself does not depend on B;. We state two parameter choices
(a motivation for these choices is given at the end of this subsection) and the main result. In order to
ensure applicability of the following rule, we require also that ¢ — B;Hu is continuous on [0, c0) for
any u € X.

Parameter Choice 3.3.4 Fiz real numbers by > by > 79. If | Bord|| < b16, then take ts = 0. Otherwise
choose ts such that
b05 S ||Bt57”?6|| S b15

The following parameter choice is designed for those strategies which are of type t; = h0=7, j =1,2,...,
ort;=hj, =0,1,..., where 0 < § < 1 is independent of that used in the following parameter choice.

Parameter Choice 3.3.5 Fiz 6 € (0,1] and b > 10. If || Bord|| < b6, then take ts = 0. Otherwise choose
ts such that
1Besri, |l < 09,

and such that for some ss € [0ts,ts], we have

b6 < ||Bs,7° |-

S5’ ss
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These choices of ts are possible, since we have an analogue to (3.5),
| ||Bt’f‘f|| — HBthA(’U,O — u*)H ‘ S T()(S (352)

(this follows from (3.51)), and since the second term in the left-hand side of (3.52) tends to 0 as ¢ tends
to oo,
| BeH A(uo — us)|| < okt~ |uo — usl| — 0 as t — 00.

We now state the second main theorem of this section.

Theorem 3.3.6 Let ul, t > 0, be defined by (3.2), and assume that (2.3), and (8.47)-(3.50) hold.
Then, parameter choices 3.3.4 and 3.3.5 are quasioptimal.

Proof. We first observe that it follows from (3.52) that for ¢5 chosen by parameter choices 3.3.4 or 3.3.5,
we have for some s5 € [fts, ts]
HBtaHtaA(uo - u*)”
HBS(sHSLsA(UO - u*)”

(b1 + 70)d, (3.53)

<
2 (bo - 7_0)5, if t5 75 0, (354)

where # = 1 for Choice 3.3.4, and by = by = b for Choice 3.3.5.
We take any ¢ > 0, and it is sufficient to prove that for some K independent of ¢, u., ug and §,
| Huso = w)| + ts8 < K (| Huluo = w)ll + £5). (3.55)

(i) We first prove (3.55) for the case ¢ > ts. Then t50 < td, and we shall estimate the first term in the
left-hand side of (3.55): (3.49) and (3.53) imply
| Hu (o —w) | < m(IHo(wo — wo) | + ¢l B Hyy Alug — w)])

< w(IHluo =)l + (b +70)t0),
which yields (3.55) for an appropriate K.
(ii) We prove (3.55) for the case t < t5. Then (3.50) implies

[Hes (o —w)ll < 7ol He(uo — us)|

and in the sequel we estimate the second term in the left-hand side of (3.55). If t > 0ts, then t56 < 6716,
and if on the other side 0 < ¢ < 0ts, then (3.48), (3.50) and (3.54) imply

(bo — 70)d | Bss Hs; A(uo — wi)|| < ’ilsngHSé (o — ua|

1117055_1|\Ht(u0—u*)” < “1’70971t(;1||Ht(U0—U*)||7

<
<
which supplies an estimate for ¢56 being sufficiently good, and this completes the proof. O

The iterated method of Lavrentiev
We recall that Lavrentiev’s (iterated) method for weakly sectorial A is defined by
(I+tA)vpr = v, + tf, n=20,1,2,...m—1,
Ut = U,
with vg = up and fixed integer m > 1 (see (2.6), (2.7)).

Theorem 3.3.7 Let A € L(X) be weakly sectorial (with Mo > 1 in (1.2)) Then Parameter choices
3.8.4 and 3.3.5 for Lavrentiev’s (iterated) method are quasioptimal if we take By := (I +tA)~!.

Proof. It is already shown show that u! is of the form (3.2) with G; as in Theorem 2.1.2, and the
growth estimate (2.3) for |G¢| holds. We obviously have (3.47) and (3.48) with kg = My, k1 = Mo+ 1,
and (3.49) and (3.50) are immediate consequences of Corollary 2.1.3, and then the assertion follows with
Theorem 3.3.6. O
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Remarks

We shall motivate the parameter choice for the iterated method of Lavrentiev. Since here instead of the
semigroup property (3.41) we have only the weaker property (3.50), we cannot apply the same techniques
as in the preceding section in order to prove the quasioptimality for the common discrepancy principle,
namely, estimate (3.45) does not apply to Lavrentiev’s iterated method. In fact, the parameter can be
too large if it is chosen according to common discrepancy principles. We therefore introduce the operator
B, and due to (3.48) we can expect a faster decay for || By,rf || than for ||r{ ||; hence if ¢5 is chosen such
that || Bi;r{ || & 6, then we can hope that the corresponding parameter 5 is small enough. The proof of
the quasioptimality for this choice, however, uses the fact, that instead of (2.17) for iterative methods
we have the stronger result (3.49) where again B; arises. This enables us to show that ||Hy, (ug — us)||
in fact is small enough even for the modified parameter choices.

3.4 On noise-level-free parameter choices and stopping rules

3.4.1 General results

Again we assume that A € £(X) is weakly sectorial. A natural question is whether parameter choices
t= t5(f5) like

| Aug = [ =6,
yield good results if the condition ‘|| f® — f.|| < &’ is replaced by the weaker assumption ‘|| f® — f*|| — 0

as 6 — 0’. Note that § then becomes a free parameter. Let us for convenience assume that R(A) = X.
The answer then is affirmative in the well-posed case: Then A is one-to-one and onto, and obviously

[uf, —u.| = OG+|f° = f.l)  as §—0.

In the ill-posed case, however, the answer to our question is negative. We put this into a more general
frame-work.

Theorem 3.4.1 Let A € L(X) be weakly sectorial and let Ps : X — X, 6 > 0, be a stable approzimation
method for At i.c., for any u. € R(A) and f° € X with ||Au. — f°|| — 0 as 6 — 0 one has

|Psf° — us|| — 0 as 6 — 0.
Then AT is bounded.

Proof. Note first that the assumption on Ps implies that
Psf—u = A'f as 0 — 0.

if u € R(A), f = Au (just take f5 = f,§ > 0, fixed). If AT is unbounded then take any f. € A(R(A)),
and then there are {fx} C A(R(A)) with

|ATf. — ATfe|| — o0 as k — oo
[fe=full — 0 as k—oo.

For k then choose §;, so small that
Hp(sk.fk_ATfk”—)O as k — oo.

Then we necessarily have
| Ps,. fr. — AT ful| — o0 as k — oo,

which contradicts the assumption that {Ps} is a stable approximation of AT. O
As an immediate consequence we observe that d-free stable approximations P = Ps, § > 0, for AT only

exists in the well-posed case, and then it equals Af.

Corollary 3.4.2 Let A € L(X) be weakly sectorial and let P : X — X be a d-free stable approximation
of AT. Then A% is bounded, and on A(R(A)) it equals P,

Pf = Alf  forall fe A(R(A)).
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Hence, if AT is bounded but ill-conditioned, then there is no regularization effect by this d-free stable
approximation P of Af.

There exist nevertheless several interesting suggestions for d-free parameter choices and stopping rules
for solving ill-posed problems, and we will present some of them.

3.4.2 Examples for /-free methods
A first /-free method

We again consider any method of type (3.2) supplying {ul}; and fulfilling (2.2)-(2.5). The first d-free
parameter choice strategy is based on the following observation. Assume that ug — u, € R(A%) for some

0<a<ay—1 (0<a< oo, if the qualification ag is infinite), and let ¢ := ||ug — u+|lo. Then for the

error u) — u, and the defect r = Au$ — f° we have the following elementary estimates, for fixed &,

e(t) = [Jud —u.] < Va0t Y + Yutd =: ei(t), (3.56)

o(t) = t]Au] = [l < Yarr0t™" + 0t6 = ¢1(t). (3.57)

Our aim is to minimize the unknown function e(t), and the typical assumption in ill-posed problems is
that e(t) behaves like its estimator e;(t). We observe that eq(¢) is similar to ¢1(t), if o & Y441 and
Y« & 70, and both functionals e; and ¢; are minimized for a unique and finite ¢, > 0. If we make the
heuristic assumption that the test functional ¢(¢) behaves like its estimator ¢;, then the only thing we
have to do is to find a minimizer ¢, for ¢, and this then should be close to the minimizer for e.

We take notice of the following facts, however.

e c(t) does not behave like ¢(t) near t = 0; we have ¢(t) = 0 and e(0) = ||ug — u«|| which is > 0, in
general. Hence, the minimization process for the test functional ¢ should be done for ¢ > 7 only,
with some 1 > 0 to be specified.

o If f° € R(A) and if the qualification g of the underlying method is > 1, then (2.15) and the
Banach-Steinhaus theorem implies

t)Aud — £ = 0 as t— oo,

hence ¢ is minimized at ‘t, = oo’ and thus does not behave like ¢, and moreover Pfo = AT 9.
Hence, as above mentioned, if At is bounded but ill-conditioned, then there is no regularization
effect by this method.

e Nothing can be said, in general, about the behaviour of ¢(t) as t — oo, if f0 € R(A)\R(A). Let
us now assume that f° is not in closure of the range of A,

12 ¢ R(A).

Then
t)|Aud — f2|| — oo as t — oo.

Hence, if there is a (possibly nonunique) minimizer ¢, > 7, then it must be finite, and then

Ll Aug, = £ = juf o 4uf - 7],
and we define

and do hope that this will be an approximation for a solution u, of Au = f,.

The same approach can be used, of course, for iteration methods. Here we have the iteration index n
instead of the parameter ¢, and it is natural to start the minimization process with n = 1, i.e., to require

nelldud, = O = inf njldul, - £,
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The quasioptimality criterion

Here the basic method is Lavrentiev’s classical method, this is (2.6), (2.7) with m = 1, and the test
functional to be minimized is ~
o(t) = t|(I +tA) "'y

replacin, t) = t||9]]). The same motivation as above applies, since we have the estimate
1% g t 1YY )

P(t) < Ya0l™" + Fotd.

with 94, 90 as for Lavrentiev’s iterated method with m = 2. It is proposed to take the largest local

minimizer ¢, and define Pf% = uf*.

The L-curve criterion

It is observed by several authors that that the curve ¢ — (|| Aul — f°||9, ||u?||9) has the form of an L (for
certain ¢ > 0), and it is proposed to take the ¢, that is connected to the ‘corner’, and define P f° = uf*.

Note, however, that in general we do not have P f° # A f9, as it should be in view of Corollary 3.4.2.

Bibliographical notes and remarks

Section 3.2 The results are taken from Plato [57], and the main theorems Theorems 3.2.6 and 3.2.3
are generalizations of Vainikko [71]. Proposition 3.2.4 on the divergence of the discrepancy principle for
Lavrentiev’s classical method generalizes earlier results in Hilbert spaces, see e.g., Leonov [40] for a late
result on that.

Section 3.3 These results can be found in Plato and Hamarik [58]. Theorem 3.3.3 in fact generalizes
an approach of Raus [62] (see also Raus [63], Gfrerer [17] and Engl, Gfrerer [12] for the non-selfadjoint
case) to Banach spaces. In fact they have shown that estimates like (3.46) are valid in Hilbert spaces.

Section 3.4 The terminology ‘regularization method’ is due to Tikhonov, see [70]. Corollary 3.4.2 is due
to Bakushinskii [3]. In Subsection 3.4.1, the motivation for J-free methods is borrowed from Hanke and
Raus [25], and the quasioptimality criterion is due to Tikhonov, see e.g., [70]. Leonov [39] proposes to
take the largest local minimizer of &(t), and he in fact regularizes with this approach positive semidefinite
problems Au = f with N'(4) = {0} in finite-dimensional Hilbert spaces. For the L-curve criterion consult
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On the accuracy of algorithms in the
presence of noise

4.1 General results

We show that the convergence rates obtained in the previous chapter cannot be improved, in general.
To this end we give a short introduction into the theory of the accuracy of algorithms in the presence of
noise. Throughout this section we assume that X is a real or complex Banach space and that A € £(X).

Definition 4.1.1 1. Let M C X and § > 0 be fized.
(a) The mazimal error of an algorithm Ps : X — X with respect to the error level § and the set M is
defined by

EP&(M75) = sup{ Hu* _P5f5|| DUk € Mv f6 EXa ||AU* _f(SH < J }

(b) We define the best possible mazimal error with respect to 6 > 0 and M by

E(M,6) = _ inf XEpé(M, J).

Ps:X

2. A method Ps: X — X, 0 < d < &g, is called order optimal with respect to M C X, if for some ¢ > 0
one has

Ep,(M,§) < cE(M,5), 0<03<é.

Note that in our applications Psf® = uf(é g5y OF Psfo = ufl((s £oy- The following definitions are useful to
obtain upper and lower bounds for E(M,0).

Definition 4.1.2 For M C X and § > 0 we introduce w and e,

w(M,d) = sup{ lur — el : w1, us € M, [[Aus — Ausg| <6 },
e(M,8) = sup{ |ull: uve M, |[Aul| <4 }.

If N(A) = {0} then w(M,§) is the modulus of continuity of A= on A(M). The connection between
e(M,0) and w(M, ¢) for sets M with additional properties is described in the following lemma.

Proposition 4.1.3 Let M C X be convex and assume further that M = —M . Let 6 > 0. Then
2e(M,5) = w(M,20).
Proof. To obtain 2e < w, take any v € M with [|Au|| < §. Then —u € M and
[Au — A(=u)|| = 2||Aul| <26,

i.e.,

20ull = flu—(=w)ll < w(M,25).
52
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To obtain w < 2e, let uy, uz € M with [|Au; — Ausg| < 26. Then u := (u; —uz)/2 € M and ||Aul| <9,
hence ||u; — us|| = 2||ul| < 2e(M,§). O

Due to the following estimate we can hope to get sharp estimates for F(M,¢). In the following, B
denotes the closed unit ball in X,

B:={ueX: |lu|<1}.

Theorem 4.1.4 For M C X and § > 0 one has

1

§w(M, 26) < E(M,d) < w(M,26). (4.1)
Proof. We first give a proof of the first estimate. To this end, let Ps : X — X be an arbitrary algorithm
and uy, ug € X with |[Au; — Aug| < 26. For f = (Aus + Ausg)/2 we have ||Au; — f|] < § and
| Aus — f] < 6, hence

Epy(M.0) > max{ lur = Psfl, fuz=Psfll } > 5 (Il = Psfll + lluz = Psl))

N~

> llur -l
= 2 1 20
and that implies
1
§W(M725) < EPJ(Ma(S)'
In order to prove the second estimate in (4.1) we consider the sets
AM)+6-B = {feX: thereisanu e M with |Au— f|| < },
Hs(f) = {ueM:||Au—f[| <6}, for fe A(M)+4¢-B.

Hs(f) is a nonempty set and thus there exists an algorithm Ps : X — X with

Psf € Hs(f) for all fe A(M)+6-B.

Then
Ep,(M,5) = sup{ |lu—Psf|: f€AM)+6 B, uec Hs(f) }
< sup{ lu—"Psfll: feAM)+d-B, ue Hs(f), ||Au—A’P5f||§25}
< w(M,296),

and this completes the proof. O

As an immediate consequence we have the following result.

Corollary 4.1.5 Let M C X be convex with M = —M , and let 6 > 0. Then
e(M,0) < E(M,§) < 2e(M,9). (4.2)

In the following proposition it is shown under some general assumptions on Ps : X — X, 4 > 0, that
it is order optimal with respect to M und §. Note, however, that this result cannot be applied to the
algorithms defined through various discrepancy principles and to M = M, , (to be defined in Definition
4.2.1) since (4.3) cannot be guaranteed for them.

Proposition 4.1.6 Let ) # M C X be conver and let M = —M. Assume that for
Ps: X — X, 0 >0,
there are constants ¢y, co with

Psf € aM forall fe AIM)+4- B, (4.3)
1APsf — fll < 26 forall feAM)+4§-B.

Then {Ps}s>o is order optimal with respect to M, more specifically,

Ep,(M,8) < (1+max{c1,c2})-e(M,5), 5> 0.
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Proof. For u € M, f € X with ||Au — f|| < § we have Psf € c1 M, therefore Psf —u € ey M — M =
(14 c1)M, and
[A(Psf —uw)ll < [APsf = fll + [If — Au]| < (c2+1)d.

Thus, with
m := max{cy, ca}

we have

1 1
(P —w € Mo A(= (P —u))ll < 6,

that implies
1
S - < e(M
I (Psf )]l < e(a,)
ie.

|Psf—ull < (1+m)e(M,d). O

4.2 Source sets M = M, ,

4.2.1 General results

We again assume in this subsection that X is a Banach space. Now we take a closer look at those sets
M = M,,, which arise in our context.

Definition 4.2.1 Let A € L(X) be weakly sectorial. For o > 0, o > 0, the source-set My, is defined

by
Mo, ={ueR(A%): |lula<eo}.

The first interpolation inequality enables us to prove part 1 of the following result. For conclusions from
part 2 of the next theorem we refer to the remarks following the proof of it.

Theorem 4.2.2 Let A € L(X) be weakly sectorial (with My as in (1.2)), and let 6 >0, o > 0.
1.
e(Ma4,0) < C(06%)/ (D),

with some constant C = C(My, o).
2. If (6/0)Y(@*V) € 0,,(A), then e(My,p,8) > (06%)'/ @+,
Proof. We have for € > 0 arbitrary small,

e(Mey,p,0)

sup{ [A“z]| : z € X, ||z]| < 0+, HAO‘HZH <6 }
C((Q+€)6a)l/(a+1),

sup { fJull : u € R(AY), lulla < o, [|Aul <4}

IN

IN

where the first interpolation inequality has been used. The assertion follows by letting ¢ — 0.
We prove the second part. To this end, let A = (5/@)1/(0‘“) be an approximate eigenvalue of A, i.e.,
there exist 2z, € X, n=0,1,..., with

Izl = o, Azp — Az, — 0 as m — oo.
Corollary 1.1.20 implies that A**1z, — A\*T1z, — 0 as n — oo, and then
ATz, || — ATl = 6§ as n — oo.
Also A%z, — A%z, — 0 asn — oo, i.e.,
[A%20]| = A% = (e6*)/(FVas n — oo,

Let
Ay = min{ 1, 5/HAQ+IZ"” }
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We have A%z, # 0 for n sufficiently large, and then a,, is well-defined. Moreover a,, /1 as n — oo, and
with

Wn = QApZn, n=20,1,...,
we have
lwall 7 0 as n — oo,
| A, 6 as m — oo,
IA%w,| = (@)Y as n— oo,

and that completes the proof. O

We can therefore conclude that the estimates in Chapter 3 (and the next chapter) cannot be improved,
if there is a sequence of positive approximate eigenvalues of A converging to 0, since then

lim sup e(Ma_,Q,(;)/(géo‘)l/(o‘Jrl) > 1.
§—0

For a related observation we refer to the end of this chapter.

4.2.2 On positive semidefinite operators

For symmetric positive semidefinite A € £(X) in Hilbert spaces X, much more can be stated; we will
present some of these results without proofs. For example, one has

e(My,p,0) = E(Mgy,,,9), (4.4)

which improves (4.2). Moreover, one can compute e(M, ,,d) explicitly, and to state this for compact
operators, the following lemma is helpful.

Lemma 4.2.3 Let the continuous function g : [0,00) — IR be twice differentiable on (0,00) and suppose
that g(0) =0 and ¢'(s) >0, ¢"(s) <0, s> 0. Let

a1 >as > ...>0 with ar — 0 as k — oo.

Furthermore let
¢(8) := sup { ZQ(GZ)MS =0, Z,Mz < 1 Zazul < 4}
=1 =1 =1

Then, for 0 < § < ay the function ( is the interpolating linear spline for g with (an infinite numbers of)
nodes a1, ag, ... . For § > a1 one has ((6) = g(a1). In particular, (&) < g(d) holds for any 6 > 0.

Proof. We denote by s the interpolating linear spline for g with (an infinite numbers of) nodes a4, as, ...,
and for § > a1 we define s(0) = g(ai). We shall show that ¢ = s. To this end, we first show that
€(8) > s(0). If 6 € [0, a], then there is a unique k with

ar+1 < 0 < ay,

and then take ¢ € [0,1] such that § = (1 — t)ag41 + tag, and define 1 :=1—1, pp =t and g :=0

otherwise. Then
oo oo
Zﬂz = 1, Zal,ul = 4,
=1 =1

hence
¢(6) = (1 —t)glars1) + tglar) = s(9).
Finally, if 6 > a1, then take p; =1 and p; = 0 otherwise and proceed in the same way.
We now show that ((§) < s(d). For that we assume first that 6 = a; for some k and take then

>0, 1>0, with Y72 < 1and Y2 mar < 6. g is an increasing, continuous and concave function,
hence with ag := 0 and po :=1— >_;2, ju we get

D omgla) < g(d mar) < g(6) = s(8),
1=0 =0
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hence
Clar) < s(ag) for all k> 1.

s is also a monotonically increasing, concave and continuous function, hence from Z?io wa; < 0 one
gets

> omgla) = Y ms(@) < s> ma) < s(6). O
=0 =0 =0

We thus have:

Corollary 4.2.4 Let X be a Hilbert space and A € L(X) be self-adjoint, positive semidefinite and
compact with non-closed range, and let Ay > Ao > ... > 0 be the nonvanishing eigenvalues of A. For
fized @ > 0 and o > 0 one has

e(Mayd)® = 0C((6/0)%),  if 6/0 < AF, (4.5)

where C is the interpolating linear spline for g(s) = s/ with knots \* T2, X312 ... For§/o > \¢*!
one has e(My,p,0) = 0AY.

Proof. If P, is the orthogonal projection onto N (A — A\ I), then

Au = Z)\lPlu, u € X,
1=1

and thus
(Mo, 0 = sup{ Y N|Pz[*: z€X, Y |IP2[* < &* D ANT|Rz|® < 6}
=1 =1 =1
= sup{ D NPz’ zeX, D |Pz? < 1, Y NPP2? < (5/0)? },
=1 =1 =1
and then a reformulation of Lemma 4.2.3 yields the assertion. a

This corollary can be applied to show, under the conditions of Corollary 4.2.4, that

limn inf e(My. o, 0)/(06%)/@+D) = ¢, if lm Ags1/Ax — 0as k= oo, (4.6)

Bibliographical notes and remarks
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Corollary 4.2.4 are due to Ivanov and Korolyuk [29] and can be found also in the textbooks by Morozov,
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The method of conjugate residuals

5.1 Introductory remarks

The most efficient iterative methods for solving symmetric problems in Hilbert spaces are conjugate
gradient type methods, and one of them will be introduced in this chapter. Througout this chapter we
assume that X is a real Hilbert space with inner product {-,-) : X x X — IR and corresponding norm
I-1l, and we moreover assume that A € B(X) is symmetric and positive semidefinite. Then for f, € R(A)
we consider equations Au = f, which are assumed to be ill-posed, in general. A prominent example is
Symm’s integral equation.

Example 5.1.1 Consider Symm’s operator
Au(t) = —/1og|s —tla u(s) ds = f(t), terl,
r

where G C IR? is assumed to have a smooth boundary T' = 0G. If diam(G) < 1, then A : L*(T') — L*(T)
is bounded, symmetric and positive semidefinite, i.e., A = A* > 0. Moreover, for a« > 0, A* can be
conceived as a mapping L?(T') — H*(T'), and it is one-to-one and onto then. Here, H*(T') denote the
Sobolev space of order a of functions f: T' — IR.

In the next section we introduce the the method of conjugate residuals (cr-method), and as a preparation
we define Krylov subspaces.

Definition 5.1.2 Let rg € X. We denote by
Kn(A,rg) = span{ ro, Arg, ..., A" lrg }

the n-th Krylov subspace with respect to A and rq.

Let f € X be an approximation (not excluding f, itself) for the right-hand side of Au = f.. Our aim is
to generate (with some initial guess ug € X) iteratively a possibly terminating sequence u1, ug,... with

up € uo—Kn(A4,10), (5.1)
A n = i Au — s
I N U

where rg = Aug — f. Note, that u,, minimize the norm of the defect over ug — K, (A, 7o) while for
the classical method of conjugate gradients by Hestenes and Stiefel, w, minimizes the energy J(u) =
2(Au,u) — (u, f) over the same subspace.

With the notation
Tn = Aun - f7

(5.2) is equivalent to
Ary, € Kn(A, o)t (5.3)

(and the process terminates after the n-th step if Ar,, = 0). By M+ we denote the orthogonal complement
of a subset M C X, i.e., MJ-:{ueX: (u,v) =0 for allv e M }

o7
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Note that here for n fixed, r,, does not depend linear on rg, in contrast to the methods in the previous
chapters. (5.1)-(5.3) are the main ingredients to prove the main results on the discrepancy principle, but
a few more properties of the generating polynomials are needed for the proofs, and they are provided
in Section 5.3. The reader being interested in the main results can go forward directly to Section 5.4.

For computational implementions we need an algorithm which supply u, having the properties (5.1)-
(5.2); in the following Section 5.2, the cr-method for computing these iterates w, is presented and
explained.

5.2 Introducing the method of conjugate residuals

The basic algorithm for computing u,, is:

Algorithm 5.2.1 Step 0: Choose uy € X.

Forn=0,1,...:

1) If Ar, = 0, then terminate after step n.

2) If otherwise Ar,, # 0, then proceed with step n+1 and compute from w,, dp—1:

(Arp, )
dy = -1, + Byady 1, Bpq = —armTm) 5.4
Tn + Bno1dn—1, Pn-1 TS (5.4)
(Arp,,10)
Upyl = Up + apdy, oy = — 20 (5.5)
" | Ady,|[?

Here we assume d_; =0, S_1 = 0. It follows from (5.4) and (5.5) that

Adn = —ATn + 67171Adn71; (56)
Tnel = Tn + OénAdm

and in fact in any step for computational reasons Ad,, and r,41 are computet by (5.6) and (5.7) and
stored until the next step, so that only one operator-vector multiplication has to be performed in every
step (to obtain Ary,).

It is shown in the course of Section 5.2 that the iterates u,, defined by Algorithm 5.2.1 in fact have the
two characteristic properties as described in (5.1) and (5.2).

5.2.1 Krylov subspaces and the termination case

The cr-method uses Krylov subspaces K, (4, 7o) as sequence of subspaces in order to create A2-conjugate
search directions d,, and approximations u,, and the following lemma does apply when iteration termi-
nates after a finite number of steps.

Lemma 5.2.2 For arbitrary ro € X and n > 0 the following assertions are equivalent:
(a) 1o, Arg, ..., A"rg are linearly dependent.
(b) Kn(A,ro) = Knt1(A,70).
(¢) A(Kn(A, 1)) C Kyn(A,ro).
(d) There is a linear subspace M C X with dim M < n, ro € M, which is invariant under A, i.e.,

AM)C M.

Proof.
(a) = (b) : The condition implies first that there are an m < n and constants 7o, ..., Ym—1, such that

m—1
AmT‘O = Z’}/jA]T‘().
j=0
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Then, however,

and this gives A™rg € K, (A, 19).

(b) = (c) : A(Kn (A, r0)) C Kni1(A,70) = Kn(4,70).

(¢) = (d) : Take M = K, (A, 19).

(d) = (a) : The assumption implies Airy € M, j = 0,1,..., and therefore dim span(ro, ..., A"rg) < n
and this implies (a). O

)

The next proposition is helpful to study the situations under which the algorithm breaks down.

Proposition 5.2.3 Assume that forn > 1,
Kn-1(A,r9) # Kn(A,r0), N(A)NK,(A,9) ={0}. (5.8)
Then there is a unique u, with (5.1), (5.2), and then
rn = Au,—f € Kni1(A4,10). (5.9)
Moreover:
(a) If Ary, #0 then r, € K,(A,10) and the method of conjugate residuals can continue,

Kni1(A,r0) = Kn(A,70) @ span(ry,), N(A)NKnt1(A,m9) = {0}

(b) Consider now the case Ar, = 0. Then the cr-method stops, and u,, = ug— At(Aug— f) (that is the
best one can expect). Moreover, for that break-down case we distinguish two different situations:

o Ifry =0 then Aun = f, and
Kn(A,19) = Kny1(A, 7).
o Ifr, #0 (and Ar, =0) then
N(A) N Knia(A,ro) # {0}, Ku(Airo) = Knya(4,ro).

Proof. First, uniqueness of u,, follows from the second equality in (5.8), and (5.9) follows from
rn = Au,—f € ro— A(K,(4,10)) (5.10)
Cc 1o — ’CnJrl(A,’l”o) = ICnJrl(A,To).

In order to show that the assertion in (a) is satisfied we observe first that (5.3) implies
i
Ay, e (A2 (KA ) ) (5.11)

(5.11) yields AY%r, ¢ AY2(K,(A,r0)), and then r, & Kn(A,7r0). Again (5.11) implies N(AY2) N
Kn+1(4,7r9) = {0} and thus N (A)NK,,+1(A, 79) = {0}. The assertion for the first case in (b) follows with
Lemma 5.2.2, since (5.10) implies 1o € A(K,,(A,ro)) and hence rg, Arg, ..., A"rq are linearly dependent.
Finally, the second case in (b) follows again with (5.9): 0 # r,, € Ky,11(A4,r0), Ar, =0. O

We can put Lemma 5.1.2 and Proposition 5.2.3 together and look at it from a different point of view:

Corollary 5.2.4 Termination occurs if and only if v is a linear combination of (a finite number of)
eigenvectors of A. If that case happens, then ro can be written uniquely as a sum

of eigenvectors corresponding to distinct eigenvalues. If none of the v} s belong to the (possible) eigenvalue
0 of A, then the method breaks down after m steps; if otherwise Avy = 0 for some k, then it breaks down
after m — 1 steps.
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5.2.2 Minimizing J(u) = ||Au — f|| over subspaces with conjugate directions
Let n, be any integer, and let dy, di,...d,, be non-degenerated A?-conjugate vectors, i.e.,
Adk 75 0, kZO,...Jl

and let
D, := span(dy, ...dp—_1), n=0,1,...,n. + 1,

and let ug € X. Then there are unique u,, n =1,...,n. + 1, with

Un € ug~+ Dy,
[Aug =1 = min_ | Au— ]|

and due to (5.12) and Au,+1 — f € A(D,)*, the computation of those u, is very easy: we have for
n=20,1,..., N,

Up+1 = uo—l—Zajdj, (513)

(Aro, d;) ,
= =0,1,...,n. 5.14
YT A T o4y

(5.13) and (5.14) imply that
Uptl = Up + Qpdp, n=0,1,.., N, (5.15)

i.e., the minimization of the defect over a sequence of subspaces uy + Dj, j =0,1,..., can be conceived
as iteration process. Note that the directions dj,41,...,d,, are not needed to compute u,+1, and this
allows to construct the search directions in the course of iteration.

We show that the coefficents in (5.14) are optimal with respect to the minimization of the functional
t = [|A(un + td,) — f||. To this end, we observe that (5.13) yields r,, = ro + > 72, ' a;Ad;, and then
(5.12) implies

(Arp,dn) = (Arg,dp),

therefore the coefficients in (5.14) take the form

(Arp, dy)
p = —mln/ — 0,1, 14, 5.16
o A " " (5.16)

i.e., the coefficients are optimal as claimed.

5.2.3 How to create conjugate directions in Krylov subspaces

Assume that the method of conjugate residuals does not terminate before step n, and that it has created
nontrivial A%-conjugate directions dy = —7q, d1, ..., dp—1 and approximations ui, g, ..., u, as described
in Subsection 5.2.2, and that

span(do,...,dj,l) = span(ro,...,rj,l) = ’Cj(A,To), j:l,...,n,

If Ar,, # 0, then Schmidt orthogonalization of dg, di,..., dn—1, —Tpn, with respect to (-,-) 42, yield
(do, di,...,dn—1 and) d,,. Note that (5.3) and A(K,,_2(A,19)) C Kn_1(A,710) gives

(Ary,, Ad;) = 0, j<n-2,

hence

(Ary,, Ad;)
- ’”"*Z [AdF

= —rnp + ﬁnfldnfla (517)
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with (Ar Ady_1)
Tn, n—1
= T 1] 5.18
e VY (18)
and we then have
span(dp, ...,d,) = span(rg,...,rn) = Knpt1(A,10). (5.19)

The first equality in (5.19) follows immediately from the construction, and (5.9) gives span(rg, ...,7,) C
ICn+1 (A, TQ).

Application of A to (5.17) leads to

_<Arn7dn> = <A’f‘n,’f'n>, (520)
and this yields the desired form (see (5.4)) a;, = %.

Finally, (5.7) gives (with formulas (5.16) and (5.18) for a,—1 and f$,_1, respectively, and with (5.20)),
<A7°n,7°n> = <A’f’n,7°n_1> + an—1<Arn7Adn—1> = O+ﬁn—l<Arn—lurn—l>u

hence
(Arp,,10)
<Arn—1 ) Tn—1> ’

and we obtain the version described by Algorithms 5.2.1.

ﬁnfl =

5.3 Fundamental properties of the method of conjugate residu-
als

Let us assume that the iteration process, described by Algorithm 5.2.1, does not terminate before step
ne > 1, ie., Ar,,—1 # 0 and produce iterates uy, us,...,u,,. Then, for any 0 < n < n, there is a
(unique) polynomial (depending on A, wug and f)

Gn € T,y (5.21)

such that
Up = Ug — ¢n(A)ro. (5.22)

Here, I1_; := {0}, and
II,-; = { q : q is a polynomial of degree <n — 1 }
Furthermore, for the defect r,, = Au,, — f we have
Tn = pn(A)T()a (523)

with residual polynomials

pr(t) = 1 —tgu(t). (5.24)
We now state one of the most important properties of the cr-method.
Minimum property. For 0 <n < n,,

Irall = [I(1 = Agn(A))roll < [I(1 — Ag(A))rol|  forall g €Ly,

or equivalently,
lrnll < |Is(A)roll for any s € I1,,, s(0) = 1. (5.25)

In the following two subsections we recall some well-kown properties of the polynomials ¢, and p,,.
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5.3.1 Some properties of the residual polynomials p,

We denote by {E}}:er the resolution of the identity (with respect to A).

Residual polynomials are conjugate. For 0 < n, m < n., n # m, we have

0 = <ATn,T‘m> = <Apn(A)r07 pm(A)TO>
- / D ()P () d| Eero]?, (5.26)

ie., po,...,Pn, is a Sturm sequence and hence for n = 1, ..., n,, the zeros (¢;);j=1,....n 0f pn, also called
Ritz-values of A with respect to K,,(A,7g), are simple and have an intertwining property, more explicitly,
if the zeros are ordered,

0<tip <tan<..<tnn<|Al, n=1,..,n, (5.27)
then
ten < tkn-1 < thti,n, k=1,...,n—1, n=2..,MN, (5.28)
is satisfied. Furthermore, due to p,(0) = 1,

f[ (1 - —) (5.29)

tkn

which implies
pn(t) € [0,1] for all 0 <t <tyn. (5.30)

5.3.2 Some properties of the polynomials ¢, (t)

(5.24) yields
n(t) = 1%”’“), t>0, (5.31)

and other properties of g, are listed in the following lemma.

Lemma 5.3.1 For 1 <n < n,,

w(0) = =P (0) = >tk (5.32)
k=1

0 (0) < gnya(0), (5.33)

@ (0) <ty + qu-1(0), (5.34)

7 (0) = te[soutp ]qn(t)- (5.35)

Proof. (5.32) follows from (5.29), and the intertwining property (5.28) yield

n n

0:(0) = Ztlzi < Ztl;iﬂ
k=1 k=1
n+1

D tinsr = @ura(0),

k=1
this is (5.33). (5.28) yield also (for n > 2; the case n =1 in (5.34) is trivial)

IN

(0) = trp + >t <t + Ztkn L=t A+ Gae1(0),

this is (5.34). Finally, in order to show (5.35) we observe that p,, is convex on [0, ¢1,,], since

o = =Y T (1- )

t
—1 ey

k k
Ao = XY ST (-
k

tk,n 1k tl,n

)

Gkl 7>
Now, (5.35) follows from (5.31). O
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Lemma 5.3.2 Let « > 0, and let n be some integer. Let g, and p, be as in (5.21), (5.24), and let p,
have (increasingly ordered) positive roots {txn}1<k<n. Then

B(t) :=tp,(t) < (agn(0)~1H), 0<t<typn. (5.36)

Proof. From the definition of ® we get immediately ®(0) = ®(¢1,,) = 0 and ®(¢) > 0. Moreover,

- 1
' (t) = —pnlt
P = pa®Y
k=1 "
Now let 0 < t < t1,, with
O(t) = sup D(¢).
0<t<ti n

Hence 0 = ®'(¢) and then

therefore < ag,(0)~!, and thus

sup ®(t) = &) = "p(f) < T < (g, (0)7H),
0<t<t1n

and we have shown the assertion (5.36). O

5.4 The discrepancy principle for the method of conjugate re-
siduals, and the main results

We now assume that some noise level for the approximations of the exact right-hand side Au = f, is
given: let 0 = f € X and § > 0 with

Ife= £l < 6. 6>0.

This requires a further change of notation, e.g., iterates are denoted by ufl instead of u,,, and the defects
are denoted by 70 instead of r,. For convenience of the reader the dependence of other quantities like
steplengths and polynomials on § will not be indicated explicitly. We assume that the initial guess
ug € X is independent of ¢, i.e.,
6
ug = UO.

For the cr-method we use the discrepancy principle as stopping criterium:

Stopping Rule 5.4.1 Let b > 1. Stop the cr-method if for the first time
lroll < bo.
ns denotes the stopping indez.
Note that this in fact leads to a finite breakdown, since
. s 5
inf |lAu, — f7) < 0

This follows from (5.25), take there e.g. the polynomials that appear in the Richardson iteration. Note
that the ‘termination case’ Ar® = 0 implies Aud = Pf°, and thus ||Aud — f°|| < 6 and therefore ns < n.

In main Theorem 5.4.3 a measure for the efficiency of Stopping Rule 5.4.1 is given in terms of the

function FJ (n). This function is introduced in the following definition, and bounds for it are stated
in Theorem 5.4.4.
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Definition 5.4.2 For any bounded set M C [0,00) let

Y = {sneﬂn: 52(0) =1, sup |sn(N)| < 1}, (5.37)
AEM
1/«
M — inf AN\ . 5.38
M) = (it s fsaO) ) (5.38)

For reasons of notational convenience we set FM(—1) = co. Obviously, FM(n + 1) < FM(n) for any
n >0, and FM(0) = sup, ¢ .

Theorem 5.4.3 1. If the solution u. of Au = f. with minimal distance to ugy is smooth, i.e., if

u —ux € R(A%),  0:= [Juo — usla,
holds for some a > 0, then
lupy = wll < cap(8®) /D, (5.39)
-1
(FiPms 1) < ean(os ), (5.40)

where cqp denotes some constant, and eqp == (b — 1)_1/(°‘+1).

2. In the general case ug — u. € N(A)L we have convergence,

S —u| — 0 as 6 — 0, (5.41)

ns

FWMms—1)"% — 0  as 6§—0, (5.42)

[u

The proof of Theorem 5.4.3 is given in the next section. In the next theorem, bounds for F7(A)(n) (that
depend explicitly on o(A)) are given, and these bounds provide us informations about the efficiency of
the method of conjugate residuals. The first estimate is for the general case; note that o(A4) C [0, || A]]].
If A e L£(X) is a compact operator with eigensystem { A, vg}, where Ay > Ay > ... > 0, with \y — 0
as k — oo, then the estimates for the stopping index can be improved as can be seen in (5.44) and
(5.45). In other terms, the efficiency of the method of conjugate residuals reacts to particular properties

of the underlying operator: The faster the decay of the A;’s are, the faster is the decay of Fo{tAj}(n) as
n increases. Note, however, that the faster the eigenvalues A, decay, the smaller becomes R(A®*) (for
fixed «.)

Theorem 5.4.4 (1) For intervals M = [0, a] one has

Fl0d(n) < dyn™2,  n>1, (5.43)
with do = a[2a]?.
(2) Now assume that Ay > Xa > ... > 0, with A\, — 0 as k — oo.
(a) Assume that for some T > 0,
A= 0@F™) as j — oo.
Then,
Fit(n) < don= 0 p>1, (5.44)
with do = [2a172°%7 sup;{\;57}.
(b) Assume now that for some 0 < 6 <1,
\o= O97) as j — oo.
Then
FX Y (n) < dor™™ (5.45)

with ko, = 0%, do = Osup;{\;077}.
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Section 5.6 is devoted to the proof of Theorem 5.4.4

Any reasonable method is expected to supply approximations that fulfill order optimal estimates (5.39)
and (5.41). However, e.g. for stationary iterative methods like the Richardson iteration, an estimate
similar to (5.40) and (5.42) can be obtained for ns only, see Section 3. Since the cr-method as well as
the stationary methods require one matrix-vector multiplication in each iteration step (in the finite-
dimensional case), the results (5.40) and (5.42) for the stopping index in conjunction with Theorem
5.4.4 describe the advantage of the cr-method.

From the results for noisy data one can recover convergence results in the exact data case.

Theorem 5.4.5 Denote by u}, the iterates corresponding to the exact data case (where ro = Aug — fi),
and let u, be the solution of Au = f. which has minimal distance to ug.

(a) Assume that
up — ux € R(AY), 0= [luo — uslla;

for some o > 0. Then
* o(A
[l — el < va0Fgsy (n), (5.46)

with some constant v > 0.

(b) In the general case ug — us € N(A)*L,

*

|l — uyl| — 0 as mn — oo.

The proof of Thoerem 5.4.5 is given, in a more general frame, in Section 5.7. We now have stated the
main results for the method of conjugate residuals and the discrepancy principle, and the next sections
are devoted to the proofs of these results.

5.5 The proof of the rates (5.38) and (5.39) for the approxima-
tions and the stopping indices, respectively

5.5.1 The proof of the rates (5.38) for the approximations

We first show that (5.39) holds. For convenience of the reader, in the following diagramm the connections
between the different lemmas and corollaries are shown.

Lemma 5.5.1 = Corollary 5.5.2

Lemma 5.5.3 .y
Lemma 5.5.4 } — Corollary 5.5.5

5.39).

Corollary 5.5.2 contains an estimate for the error ||ud — u.]||, and Corollary 5.5.5 provides an estimate
for |2 _,||. These estimates enable us to prove rates for the approximations (5.39).

The first lemma is formulated in a general form.

Lemma 5.5.1 Assume that ||Au— f|| <& foru, f € X, and assume that u € R(A®), |ulla =: 0. Let
q:[0,a] = R be a continuous function (with a := ||A]|), and let A = ||(I — Aq(A))f|. Then for all
0<7<a,

lu—q(A)f] < o sup [L—tq(t)|t* + 77" (A+6) + & sup [q(t)].
0<t<r 0<t<r

Proof. We have

lu—a(AfIl < 1= E-)(u—aA) ) + [1E-(u—a(A)f)], (5.47)
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and we shall estimate both terms of the right-hand side. First,

0= Edw—anIF = [ a0 - B - ) 1?

/ * d| (I~ B-)(u— a(4)]) )|

IN

r 2/0 2 d| B (T - Bo)(u - a(4)f) ) |
= 772 - E.)A(u — q(A)f)|?

T2 A(u—q(A)f)|?

72([|Au - f| + A)?

7720 4+ A)?,

IN

IA A

We shall estimate the second term in the right-hand side of (5.47). Since u = A%z, ||z|| = o, for some
z € X, it follows
u—q(A)f = (I-q(A)A) A%z + q(A)(Au - f)

and
1B (u—g(A)f)II < (I - q(A)A)AE-z|| + [lg(A)Er(Au— ). (5.48)

We estimate the first term of the right-hand side in (5.48):
10— g A B = [ =P alBE, )P

- / 11— tg(t) 2 d|[Ez?
0

< 0% sup [1—tq(t)t>*.
o<t<r

The second term in the right-hand side (5.48) can be estimated similarly, and we obtain

1B (u— gD < o sup |1~ tg(* + 5 sup lg()]. ©
0<t<T 0<t<T
We return to the method of conjugate residuals. Lemma 5.5.1 implies the following corollary.

Corollary 5.5.2 For the cr-method with perturbed data we have for all 0 < n < n, and for all T €
(0,t1,] (if n>1; if n =0 then 7 > 0 can be taken arbitrarily)

lu, —usll < or® + NS+l + aa(0)8  for all T € (0,t1). (5.49)
(if n>1; if n =0 then 7 > 0 can be taken arbitrarily in (5.49)).

Proof. We have u® = ug — ¢, (A)(Aup — f°) and therefore u’ — wu, = p,,(A)(uo — us) — g (A) (Aug — f?),
hence we apply Lemma 5.5.1 with u = ug — u, and f = Aug — f°. The assertion then follows from the
fact that for 0 < ¢ <7 we have 0 < p,(t) <1 (see (5.30)) and 0 < g, (t) < ¢, (0) (see (5.35)). O

(5.49) provides a first estimate for the approximation error ||u — u.|. Note that due to the stopping
rule, [[rd || < b4, and (5.39) is shown if we can prove

ns (0) = O((e6~HY @+ (uniformly in 6 > 0, ¢ > 0).

In order to prove this result, we need the following two lemmata which provide estimates for || ||. These
two estimates are then combined in Corollary 5.8.

Lemma 5.5.3 For the cr-method with perturbed data we have for 1 < n < n,

I < o(2a +2)+ g, (0)"FY + 5.
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Proof. We have to estimate "
3 = [ s diEa. (5.50)
0-0
For that we define ;
s(t) == pu(t)(1 — t_)_l'
1,n
Then s € II,,_1, the orthogonality property (5.26) leads to
a t B t1,n
| oG -0 amdl = [ mioso amg).
1,n n
From this and t(ﬁ —1)7' >t for t;, <t we obtain
a _ a t B
/ pa(t) d| Bl < tl,i/ tpi(t)(? - 1)t d| Bl
t1,n 1,n e
fon t 2 5112
- [ e dEsg)e (551)
0 1,n —
(5.50), (5.51) and (5.30) yield
52 ey t 5112
I3 < [ RO+ = diE)
0—0 tl,n —t
ey b 5112
= [T Rwa- o) s
0—0 1n
t1,n
< [ pate) diE?
0-0
1/2
(o ) A B,
where X, , | denotes the characteristic function corresponding to [0, t1,,]. With ug—u. = A%, ||z| = ¢,
one has
ry = Aug— f° = ATz 4 Au, — f°, (5.52)
and then
Irll < o sup pa()V2*T 4+ 5 sup pu(1)'/? (5.53)
OStStl,n Stgtl,n
a+1
< o(@a+2uO)") + 4 (5.54)

where the same technique as in the proof of Lemma 5.14 applies to get (5.53), and estimate (5.54) follows

with Lemma 5.3.2 and the fact that 0 < p,(¢t) <1lforall 0 <t <t;,. O

Lemma 5.5.4 We again consider the cr-method with perturbed data. Let 1 < n < n,, 0 > 2 and

2 < p<2(6—1). If Bgn-1(0) < gn(0), then with v := (1 —7")/p,

w—2 _
F”Ti—lH < 0(v4.(0))

(et 4 5,

Proof. Let ;
s(t) == pa(t)(1 — t—)fl.
1,n

Then s € II,,_; und s(0) = 1, the minimum property (5.25) leads to (using 78] < ||7°_,|| and the fact

that for ¢t > puty, we have (1 — )72 < (u — 1)*2)

tl,n

S S
lrn—all* < lls(A)rpll?
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pt1 n a
= [ e aEdE + [ 20 deg?
0

-0 i m

</ ) B+ (u-1) [ s asa?
0—0 i1
< S B 12+ (o= 1252,
< (A B 12 + (o= )22,
hence Ly
%nri_ln < |Is(A) By, , - (5.55)

In order to estimate the right-hand side in (5.55) we now prove the estimates

,utlm S 21527", if n Z 2, (556)
<

tin (1—-8"H1q, (007, if n>1. (5.57)

To this end we recall that ¢, (0) < tf; + ¢n—1(0) (this is (5.34)), and the assumption 8g,—_1(0) < ¢,(0)
already implies (5.57) as well as

Bty < (B=1)gu-1(0) < t1.

The last estimate then yields ut; , < ﬁtl,nq < 2t9 ,, because of t1 1 < ta, (see (5.28)), hence also
(5.56) holds.

As a final preparation for estimating the right-hand side of (5.55) we observe that s(t) = [[r_, (1— #)

implies |s(t)] < 1 for all t < 2¢5,, (this makes sense only in the case n > 2; if n = 1, then, however,
s(t) =1 for all t € R).

We now can estimate the right-hand side of (5.55) and obtain

-2
Elrdall < sup [s@lt" e+ sup  [s()]d
H— 0<t<pt1 n 0<t<pt1 n
< o(pty )™ 4+ 6
Cin—1 1 a+1
< o(ua -5 wO) 44 (5.58)

and this is the assertion. O

Lemma 5.5.3 and Lemma 5.5.4 imply the following result.

Corollary 5.5.5 (a) For all 0 < 0 <1 there is a dg,o > 0, such that for all 1 <n < n,
Ollro_1ll < do,a0ga(0)" Y + 6.

(b) If ns # 0, then for all 0 < 6 < 1/b,

Gns (0) < eap(od~h)H/ (@), (5.59)

1/(a+1)
with eqp = (def’l"‘)

, where 8 := (b+1)/(20).

1
Applying Lemma 5.5.3 for the case ‘3¢,—1(0) > ¢,(0)” and Lemma 5.5.4 for the case ‘8g,—1(0) < ¢,(0)’
yields the assertion (a). (5.59) then follows from (a). O

Proof. (a) Take 1 > 2 such that 6 = 5—72 is satisfied. Moreover let 5 > 2 such that u = 2(8 — 1).

Corollaries 5.5.2 and 5.56 immediately yield the first part of our main Theorem 5.4.3.
Proof of (5.39), this is, the convergence rates for the approximations. Corollary 5.5.2 yields

ud —u.| < ot + (b+1)7718 + ¢,,(0)8 forall 0 <7 <ty (5.60)

ns
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(in the case ns # 0; if nsg = 0 then 7 > 0 can be taken arbitrary in (5.60)). (5.59) then shows that
dns (0) is small enough, and we now indicate how to choose 7. If ns = 0, then we may take the optimal

T=(0b+ 1)5/(904))1/(a+1). If ns > 1 then take
T = oy (8/0) Y,
this is possible since (5.59) then yields

7 < gy (0)7F <ty O

5.5.2 The proof of the rates (5.39) for the stopping indices

We conclude this subsection with the proof of (5.40): For any 0 < n < n, and any s,, € HZ(A) we obtain
from the minimum property,

[fd lsn(A)rg

<
< sa(A) Ao + [Isa(A)ll0
<

sup s, (M)A "o + 6,
Aeo(A)

and then also
a+1

o(A
Il < e(FEYm) " + o,

this leads immediately to the assertion (5.40). O

5.6 Proof of Theorem 5.4.4, i.e, the bounds for F74)(n).

We use the Tschebyscheff polynomials of the first kind,

T, (t) = cos(narccost), te[-1,1], n >0,

to introduce the following polynomials
Definition 5.6.1 Forn >0 let

Pult) = 7 Tona 0

= 0<t<1.
2n+1 N sts

Within the class of polynomials p € II,, with p(0) = 1, these polynomials P,, have nice properties like
modulus less then 1 and a decay behavior with respect to the weight /%.

Proposition 5.6.2 For any n > 0, P, defines a polynomial, and

P,, € I,,, Pa(0) =1, (5.61)
sup |Pn(t)] = 1, (5.62)
0<t<1
1
PVt = . 5.63
Osgtlzll )l o1 (5.63)

Proof. If .
Toni1(t) = Zakt%ﬂ for te[-1,1],
k=0

then for 0 <¢ <1,

Dona(VO/VE = Y apth €T,
k=0
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which gives the first part of (5.61). Moreover
and this completes the proof of (5.61).

We show that (5.62) holds. To this end, let 0 <t <1 and 0 < 0 < 7/2 with

Vit = sinf = cos(f —m/2).

Then
Tonir(VE) = cos ((2n +1)(6 - 7T/2))
= (=1)"cos ((2n +1)0 - 7/2)
= (=1)"sin((2n+1)9).
Since

|sinkw| < ksinw for 0 <w < x/2 and integer k > 0,
(follows by induction over k), we get
|Toni1 (V1)) < (2n+1)sinf = (2n+ 1)V,

and this yields (5.62).

We finally get (5.63), since
(="

Pn(t)VE = T

T2n+1(\/g)- u

Proposition 5.6.2 implies that P,, € 2t ana PO (n) < 1/(2n+1) (with an equality here, in fact, which
can be shown with an alternation type theorem). These polynomials P,, enable us to define polynomials
having modulus less than 1 and fast decay with respect to different weight functions (on intervals [0, a]):

Proposition 5.6.3 For any a >0, a > 0 and n > 0 let | the biggest integer less or equal to n/[2a],

l:=|n/[2a]].

Then for
Sn,alt) == ’lea] (t/a), t €10,al,

(with Py, as in Definition 5.6.1) one has
Spa € M0

sup [Sna(O)tY < a“[2a]%*-n2 (5.64)
0<t<a

Note that (5.43) in Theorem 5.4.4, this is Flol (n) = O(n=2) as n — oo, is an immediate consequence
of Proposition 5.6.3.

Proof of Proposition 5.6.3. We consider first the case a = 1 and use the notation
Sp = Sp,1 (5.65)

Then 3, € II,,, since [ - [2a] < n, and obviously 5,(0) = 1 and |5, (¢)| <1 for 0 < ¢ < 1. To prove the
result on the speed of convergence, consider first the case n < [2«]. Here for 0 < ¢ < 1 we have

5,0t < 1 < [2a]?*-n"2°.
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Now let n > [2a]. Then for 0 <t <1

2

sl = (P < (1P Vi)

IN
—
[\~
<
J’_
—_
~—
|
[\]
Q

IN

| |
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N——
|
N
Q
:I
N
Q

2(%—1)—!—1)_2& (sincelzm—iﬂ—l)

E

o] ’_2—21)_% p T2 ( since n > (204])

_ "2a‘| 20¢n—2oz7

and this completes the proof for a = 1. We now consider the general case for a in (5.38). Obviously,

Sn.a(t) =3n(t/a), with 5, as in (5.65), and thus S, 4 € Hﬁ?’“], and

Bna®)[tY = a®|5.(t/a)|(t/a)* < a*[2a]?*n 2 for t € [0,aq],
and this completes the proof of Proposition 5.6.3. O

As mentioned in the introduction to this section, the estimates for the stopping index can be improved
for compact operators, where one has a discrete spectrum o(A4) = {);}, or in other terms, we have

better estimates for Fiy “Y then. The proof of these improved estimates is based on the following lemma.

Lemma 5.6.4 Let {\;} be a sequence of reals with Ay > X2 > ... >0 and \j; — 0 as j — oco. Then for
anya>0, n>1,and1 <k<n,

) |_2Oé-|2)\k+1 : (n—k)_2, if k <mn,
Flhi(n) < { - Cifk=n

(and one then is free to choose k in order to estimate Fa{Aj}(n) best possible).

Proof. For n and k fixed let i

() = I (1- A—Aj)

Jj=1

Obviously v € IT, v(0) =1 and v(\;) =0, j <k, and consider then

8(t) = Sn—kapyq (1) - vk (2),

where 5, x,,, is taken from Proposition 5.6.3. Then obviously s € i }, and moreover
Supls()‘j)l)‘? = Ssup |§ﬂ—/€7>\k+1 ()‘])l)‘]a
J j>k+1
< sup |§nfk,kk+1 (t)|ta (566)
0<t<Ak+1
< [2a1%A0 (= k)P, (5.67)

where the last estimate follows with (5.64), for a = Ag41, and it is valid for the case k < n; the assertion
for k = n follows trivially from (5.66). O

Proof of (5.44) (5.45) in Theorem 5.4.4, this are the bounds for Fa{)‘j}(n).
(a) Let k:= [n/2]|. Then n — k > n/2, hence

(n—k)=2 < 22n72

Secondly, k 4+ 1 > n/2 and therefore
(k+1)77 < 2™n77,
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and this and Lemma 5.6.4 yields
F{M} (n) [201* A1 - (n — k)2

SLJ}p{/\jjT} 2a12(k4+1)"7 - (n — k)2

IAIA

IN

sup{)\jjT} "2a‘| 22(2+7') . n7(2+7)'
J

(b) follows from Lemma 5.6.4, with k =n. O

5.7 The convergence of the discrepancy principle for the me-
thod of conjugate residuals

It is the purpose of this section to show that the cr-method for ill-posed problems is a regularization
method in the sense of Definition 3.1.1, if iteration is terminated according to the discrepancy principle,
and to prove an asymptotic behavior for the stopping index (in dependence of the noise level). Moreover,
convergence results for exact data are provided.

These results are presented in a more general form For that, let X be a real or complex Banach space,
and let A € L£(X) be weakly sectorial and f, € R(A). To solve Au = f, approximately, we consider
some iterative method which for (fixed underlying space X and operator A) and arbitrary start vector
ug = X and any f € X generates a sequence u,, n = 1,2, ..., thus u,, can be written in the form

up = Tn(ug, f), n=12,..,

for some (non-linear) operator T, which is not further specified. Note that the method of conjugate
residuals fit into this framework, if we set for formal reasons u,, = u,, for all m > n, if Au, — f € N'(A).

We now again assume that some approximation f° € X to the right-hand side of Au = f, is given, and
some noise level § > 0 is available,

||f*_f5|| S 67 6>07

and denote by
ud = Ty (ug, f°) (5.68)

the corresponding iterates. Note that uS does not depend on the noise level §; our notation is chosen in
order to simplify notations. We introduce the defects

rfl = Aufl—f‘s, n=0,1,2,...,
and the first assumption on the method is that there is a constant v9 > 0 such that for any
b>

the iteration terminates after a finite number of steps if the following stopping rule is applied (and if

Aug — f. € A(R(A)).

Stopping Rule 5.7.1 (Discrepancy principle) Stop iteration (5.68), if for the first time
Irall < s,

ns := n denotes the stopping index.

This defines a method generating an ufw

Au = f.) and a stopping index ns (depending also on f° which is not further indicated).

(which is supposed to be an approximation to a solution wu, of

The further assumptions on that method are those stated in Theorem 5.7.2. First it is supposed that
for some fized smoothness degree o = ag > 0, this method, incorporated by (5.68) and Stopping Rule
5.7.1, allows estimates (5.71) and (5.72) of |[ud, — u.|| and ns for all those u., f°, up € X which fulfill
(5.69) and (5.70). Assumption (5.72) is motivated by (5.40) for the cr-method.
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The first statement of the theorem then is that similar estimates for the the approximation and the
stopping index also hold for other degrees of smoothness for the initial error, and the statement of
(1), (b) is that this procedure defines a regularization method in the sense of Definition 3.1.1, and
that moreover some asymptotic behavior for the stopping index holds. In (2), the exact data case is
considered.

Theorem 5.7.2 Assume that A € L(X) is weakly sectorial, and let
¢ : [=1,00) = [0, 0]
be some given function. We assume that for some
0<a=a
the following hold: For all u,, f°, uo € X such that

[Au. — | < 6, (5.69)
ug —ux € R(AY), 0 := ||up — sl as (5.70)

iteration (5.68) and Stopping Rule 5.7.1 supplies (for arbitrary b > ~y) an approximation ufm and a
stopping index ng with

3
<

*
A

Cap(00%)/10HY), (5.71)
Cap(05 )Y (5.72)

=
S
S
|
Nl
VAN

where cqp and eq, denote some constants.

Then the following assertions (1) and (2) are valid:
(1) Then we have moreover for iteration (5.68) and its termination rule:
(a) For any b > 7o and for any

0<a<a,

and for all uy, f°, uo € X with (5.69), (5.70), we have the estimates (5.71) and (5.72).
(b) (No smoothness assumption) For any b > o, and for all u., f°, uo € X with (5.69) and ug — u. €
R(A), we have for the approximations and stopping indices

fw—u*H - 0 as 0 — 0, (

p(ns —1)71% — 0 as 0 — 0. (

It

5.73)
5.74)
(2) (Convergence in case of exact data:) Let Aug — f. € A(R(A)), and set u) = T,(uo, f+) and
ri o= Aul — fo, n = 0,1,..., and let u, = ug — AT(Ag — f.). We additionally assume for any n: if
Ary, = 0 then uy, = uj, for m > n, and if otherwise Ar}; # 0 then ||r}; ||| < |lr|l. Then:

(a) If
ug — ux € R(A%), 0 :=||uo — Ul

for some 0 < a < g, then

uf —usl] < anop(n)®,  n=1,2,.

el

with some constant a, > 0.

(b) In the general case ug — ux € R(A),

|l — uy|| — 0 as n — oo.

Remark. For the linear methods considered in Chapters 2 and 3, first convergence results for precisely
data are derived, and they are applied to obtain results in the case of noisy data. Therefore here part
(2) of Theorem 5.7.2 does not have a reasonable application. For the proof of Theorem 5.4.3 on the
discrepancy principle for the method of conjugate residuals, however, no convergence result for precise
data are used, and here it is convenient to derive these convergence results from Theorem 5.4.3.
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Proof of Theorem 5.7.2. We start with part (1) of the theorem and assume that for any b > o,
estimates (5.71) and (5.72) are available for some

0<a=a, (5.75)

and for all u., f°, ug € X with (5.69), (5.70). We show the following:

(i) For any b > g, and for any o > 0 with oy — 1 < a < «y, and for all u,, f°, up € X with (5.69),
(5.70) we have (5.71), (5.72).

(ii) if moreover ay < 1 in (5.75) then assertion (b) in part (1) holds.

(From this we can deduce that (1) in Theorem 5.7.2 holds in its general form.)

We prove (i) and (ii) simultaneously, and for that we now fir b, u., ug, f° such that the conditions
in (i) or (ii) are fulfilled, respectively. This means in particular, that ug — u. € R(A%) in case (i), and
ug — ux € R(A) in case (ii), respectively.

In order to involve the assumption we generate an u® with
ug — u’ € R(A), (5.76)

with several further requirements on it, such as proximity to u. in the A-norm || - ||a = [JA(:)]| as well
as in the underlying norm itself, and ||ug — u°||, has to be small enough. Let

o= (2 1)/

Yo

(Then by = by(b) > 0.) The first specific requirement on u° is

A —us)|| < bid. (5.77)

(5.69) then implies
|Au® — fo] < (by +1)6 =:6;.

The choice
by := b/(bl + 1)

then ensures bod; = bd so that iteration terminates with ng, either the stopping rule is applied with b, 6,
or with by, 1, respectively. Our choice of b; yields by > g, with the notation

05 := ||uo — u°||a,
we obtain (from (5.71), (5.72) for a = 1, and with u, replaced by u’),

Juby =l < cay sty Y

(Cal,lm (b + 1)‘”“‘“*”) (gs620) "/ (1Y), (5.78)

A

IN

Car by (9551—1)1/(a1+1)

<6a1,b2 (by + 1)71/(a1+1)) (95571)1/(a1+1)_ (5.79)

p(ns —1)~"

From (5.78) we easily obtain

)

IN

& é é
[0” = wal| + [lup, =’

e = vl 4 (Car .o by + 1)1/ (1FD ) (g5 )M (2D, (5.80)

l[up; — wall

IN

and now further estimates of the right-hand sides in (5.79), (5.80) are necessary. For that we impose
requirements on ||u® — u,|| and gs. In case (i) we require that

IN

l[u® — | Cy (06%) Y, (5.81)

Q(ls/(alJrl) < 0201/(a+1)5%+1—%7 (5.82)



KAPITEL 5. THE METHOD OF CONJUGATE RESIDUALS (0]

with constants C; and Cs depending on « and b. This together with (5.79), (5.80) yields

Hufw —uil] < (Cl + Cacqy b, (b1 + 1)0‘1/(0‘1"‘1))(Q(Sa)l/(a'f‘l),
d(ns — 1)*1 < (€a17b2 (b1 + 1)71/(a1+1)02) (9571)1/(0&1)7

that is the assertion for case (i). In case (ii) the requirements are

[u —us — O as § — 0, (5.83)
050 — 0 as 6 — 0. (5.84)

Then, again the estimates (5.79) and (5.80) imply (5.73) and (5.74) which completes the assertion stated
at the beginning if this proof.

What remains is to generate u® that fulfills (5.77) and moreover (5.81), (5.82) in case (i), and (5.83),
(5.84) in case (ii), respectively. To this end we use the (iterated) method of Lavrentiev which for fixed
integer m > ag + 1 and ug = 0 generates for any parameter ¢t > 0 and y € X an

thEX,

with Gy = 3770, (I + tA)77, see (2.6), (2.7). Now take any k > M{" (with My as in (1.2)), and let

u € R(A), and y¢ € X with ||Au—y°|| < e. Theorem 3.2.3 on the discrepancy principle for the parameter
dependent methods implies that there is a parameter

te >0
such the following conditions are satisfied:
[(AGy, — Dyl < ke, (5.85)
|lu— Gyl — O as ¢ — 0, (5.86)
tee — 0 as € — 0. (5.87)

If furthermore
u € R(Aa)v pi= ||U||aa

for some o < m — 1, then we can replace (5.86) and (5.87) by the estimates
lu = Gryfll < Ca(pe) /@D, (5.88)
te < Cy(pe )TV, (5.89)

respectively. Here C3 and C4 denote constants which depend on « and k.

We apply this result to u = up — us, € = (b1/k)d and y© = A(up — u.). (Note that € = €(§), and that
y© = Au so that y° in fact does not depend on ¢.) Let

u® = ug — Gy, A(ug — us).

Thus, (5.85) implies (5.77), and moreover (5.88) implies (5.81) in case (i), and (5.86) implies (5.83) in
case (ii). Therefore (5.82) in case (i) and (5.84) in case (ii) remain to prove. We first consider case (i)
and hence assume that (5.70) holds. Then

ug —u® = Gp, Alug —u,) = A2

where
20 = potl-a Gy, 2,

with z € X such that ug — u. = A®z. The interpolation inequality (1.15) yields with some C5 > 0

12° < [lArHTe Gy,

2l < G|zl (5.90)
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and here it is used that ||AGy|| and ||G¢||t~! are uniformly bounded for ¢ > 0, see (2.2), (2.3) for that.
Going over to the infimum in (5.90) yields

05 = lluo—u’lla, < Csot2™. (5.91)

From this and (5.89) we obtain (with another constant Cg depending on « and k)

—a

05 < 0Cs(e0™1) ST = Co't o o7t

A

aj+l a—aj

— CGQ CES 5a—+1,

which yield the desired estimate (5.82). Finally, in case (ii) we have ay < 1, and then (5.91) with & =0
and (5.87) imply (5.84), and this completes the proof of part (1) of the theorem.

(2) In order to prove the results for exact data, we shall use the results of part (1) of this theorem: take
any b > 7o, and fix n. If Ar} = 0, then by assumption on the method w}, = u. for m > n, and in the
sequel we consider the case ||y, || < [|7},]| for 0 < m < n, and thus ¢ := || Au,, — f.[|/b > 0. Stopping
Rule 5.7.1 with f® = f* then yields ns = n.

We consider the case (2), (a) first, and then for any e > 0 with ||7 ;|| < b(6 —€) < ||77: | we obtain from
(1), (a), with ¢ replaced by § — ¢, and with f0 = f.,

o)™t < eap(o(@— )Y,
and letting € — 0 yields ¢(n)™' < eq (06~ 1)V (T, Again with (1), (a) we get

Ca.’b(gaa)l/(a-i-l)

<
S Ca,beg7b9¢(n)a'

Finally, case (b) in (2) follows immediately from (1), (b), with the same approach as in the proof of (2),
(a). O

Remark. 1. Theorem 5.4.5 is an immediate consequence of Theorem 5.7.2.
2. Let us assume for simplicity that ug = 0. We can then write the method, composed by iteration (5.68)
and its termination rule, in the form

P:X xRy — X xRy U{0}, (f°, 6)— (u_, ns),

nes
where Ry = { 0 > 0 }, and this formulation can be the set-up for modifications of Theorem 5.7.2 for
other than iterative methods and/or stopping rules. In order to be most instructive, however, we restrict
the considerations to iterations.

5.8 Numerical Illustrations

To illustrate the method of conjugate residuals and the discrepancy principle as its stopping criterium
we consider the problem of harmonic continuation. To this end, let

D:{ZEGRQ: a7 +a5 <1}
be the unit disk in the plane, and let v : D — IR be continuous on D and harmonic on D, i.e.,
Av(z) =0, x€D.
We assume that v is known on the boundary of a concentric disk of radius 0 < r < 1, i.e.,
fle) = v(rp), 0<p<2m,
is assumed to be known. From these informations we want to determine v on the boundary of D, i.e,
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is the function we are looking for. The relation between v and f can be stated in terms of the following
operator A,

Au(t)

/27T E(t,s)u(s) ds = f(t), 0<t<2m, (5.92)
0

1 1—172

k(t — .
(t3) 21+ 72 — 2rcos(t — s)

and (5.92) is an integral equation of the first kind. We now consider the equation Au = f in the
L?-setting; as underlying space we take the real space

X = L?[0,2n]
with corresponding inner product
27
(u,v) = / u(t)v(t) dt.
0

A : X — X then is compact, selfadjoint and positive semidefinite, i.e., A = A* > 0. Moreover, dim
R(A) = co. One can use the residue theorem to show that the eigenvalues of A are

with eigenfunction 1 corresponding to A\, and eigenfunctions

sin(js), cos(js), 0<s<2m,
corresponding to A;, j =1,2,.... In our numerical example we consider the following functions.
Example 5.8.1 Let
fo(t) = €t cos(rsint), 0<t<2m.
Then
ux(s) = €°°%cos(sin s), 0<s<2rm

solves Au = f., where A is as in (5.92). Note, that for any a > 0 and

t) = r~“cost —agint) = R - (Tﬁaeit)k 0<t<2
z(t) ==e cos(r"“sint) = G(ZT)’ <t < 2m,
k=0
one has A%z = u,, thus in particular
w €R(AY),  ulle < Varexp(r ).

We test the method of conjugate residuals and the stopping rule for
r = 0.5.

In our numerical experiments, equation (5.92) is discretized with Ritz’s method, and as ansatz space we
take
Xy = { ¥ € C(]0,27]) : ¢|[ih, (i4+1)h] linear, 0 <i< N —1 },

with N = 128, h = 2x/N. We always start with up = 0, and the results of two experiments are
illustrated in Figures 5.1 and 5.2.
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noise: 3 % #iterations: 3

)

ns

Abbildung 5.1: Grey: solution u,; Black: approximation

noise: 10 % #iterations: 2

)

ns

Abbildung 5.2: Grey: solution u,; Black: approximation

Bibliographical notes and remarks

We start with a short history about conjugate gradient type methods for linear ill-posed problems. The
first convergence rates for the classical conjugate gradient method (of Hestenes and Stiefel) for solving
normal equations A* Au = A* f were provided by Kammerer and Nashed [32]. A survey on general con-
vergence results for conjugate gradient type methods can be found in Nemirovskii and Polyak [51]. Speed
of convergence for the conjugate gradient method for normal equations can be found in Brakhage [9]
and Louis [42].

We now consider perturbed data and the discrepancy principle, and here best possible convergence
rates for the classical conjugate gradient method for solving normal equations A*Au = A*f and the
cr-method for symmetric, positive semidefinite equations Au = f were obtained by Nemirovskii [50],
and it is proven in Plato [54] that these methods are regularization methods in the sense of Theorem
3.1.1.

In Hanke [24] it can be found that the classical conjugate gradient method (of Hestenes and Stiefel)
for solving symmetric positive semidefinite equations Au = f defines a regularization method if stopped
appropriately (not by the discrepancy principle, however).

Section 5.4 Here the main results are listed, and in the sequel sources are designated.

Section 5.5 The complete section is due to Nemirovskii [50].

Section 5.6 Propositions 5.6.2 and 5.6.3 and Lemma 5.6.4 are (in a slightly different form) due to
Nemirovskii and Polyak [51]. The bounds (5.43) (in conjunction with (5.40)) and (5.46)) has been
proved by Nemirovskil [50], and for (5.44), (5.45) (in conjunction with (5.40) and (5.46)) see Hanke [24].

Section 5.7 The general ideas of this section are developed in [54] and are extended in [56].
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Section 5.8 The problem of harmonic continuation is considered in Kress [37], Problem 15.3, and our
functions u, and f, are considered at the same source, see e.g., Example 11.6 there. For interior and
exterior Dirichlet and Neumann problems for the Laplace equation see also Mikhlin [47], Chapter 13.
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