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Abstract The famous game Towers of Hanoi is related with a family
of so—called Hanoi—graphs. We regard these non self—similar graphs as
geometrical objects and obtain a sequence of fractals HG, converg-
ing to the Sierpinski gasket which is one of the best studied fractals.
It is shown that this convergence holds not only with respect to the
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1 Introduction

For the whole discussion, let A = {1,2,3} be the alphabet consisting of three sym-
bols 1,2 and 3. Further, denote R? the Euclidean plane and define p1, po, p3 € R?

by
1 V3
b1 = (070)7 b2 = <2a 2) s b3 = (170)

Hence, p1,p2 and ps are the vertices of a unilateral triangle of side length one.

Our work centers on one of the most famous fractals, the Sierpinski gasket,
that we denote by SG. This is the unique non-empty compact subset of R? such
that

3
SG = | S8i(8G),
i=1
where
S;: R? — R?
#, i=1,2,3.

This fractal is a p.c.f. self-similar set (see Kigami, J. (1993) for details) and it is
usually approximated by an increasing sequence of finite sets defined by

Vb = {PlaPZaPS} ;

and for every n > 1

Vo= |J Su(V). (1)

weAT

where S,,: R? — R?, S, (x) := Sy, 00 Sy, () for w=w; ... w, € A" The set

V* = U Vn

n>0

is dense in SG with respect to the Euclidean metric. For further details we refer
to Kigami, J. (1993).

Definition 1.1: The n-th approximating graph I',, of SG is the graph with vertex
set V(I'y,) and edge set E(T',) defined by

V() =V,
ET,) :={{z,y}: v #y and Jw € A™ such that z,y € S,,(Vb)},

where V,, is the set defined in (1).
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Figure 1 Approximating graphs I'g, I’y and I's.

Hanoi graphs have their origin as mathematical representation of the so called
Tower of Hanoi game (TH game for short), intensely studied since its invention
due to the French mathematician Edouard Lucas in 1883.

This game consists of three (or in general p > 3) wvertical pegs, named 1,2 and
3, and n discs numbered 1 through n according to rising diameters, n € N. At the
beginning, these discs are situated on the first peg so that the largest disc lies at
the bottom and the smallest at the top, building a tower. The goal of the game is
to construct the tower again on one of the other pegs (see Figure 2).

—_

2 3 1 2 3

Figure 2 Starting state with the tower on the first peg and expected final state with
the tower on the third peg.

Throughout the construction one must follow two basic rules:
- Each time one and only one disc has to be moved.
- No larger disc lies on a smaller one.

This means that only one disc lying at the top of a peg will be moved each time.
The states of the Tower of Hanoi for n discs and p pegs can be represented by
words w = w;y ... w, € {1,2,...p}", where w; indicates the peg on which the disc
i is stacked in state w. A move is a pair of states (w,w’), where w’ results from w
by a legal transfer of a disc (see Figure 3).

—_

2 3 1 2 3
Figure 3 Legal move (11111,21111) of the TH game with p = 3, n = 5.



A mathematical representation of this game is given by the so called Hanoi
graphs, H}', p being the number of pegs and n being the number of discs.
Of our interest are Hanoi graphs with p = 3. So the states will be represented by
words w € {1,2,3}" = A"™. From now on, we will drop the index p and write H"
only.

For any n > 1, the Hanot graph H™ is defined by
V(H") = A"
E(H") :={{w,w'} : (w,w’) is a legal move in the TH game}.

The different moves done during the game build a path in the corresponding Hanoi
graph. An example is given in Figures 4 and 5.

w =111 w = 311
— ] = 1
— 5 = 1 Wy = | e—(—
—— 03 =1 W3 = | e— wy) =3
1 2 3 1 2 3
w = 321 w = 221
wg =1 woy =2 wg =1 —w] = 2
wyp =3 wo = 2
1 2 3 1 2 3
w = 333
— ] = 3
........ — 0y = 3
wg = 3
1 2 3

Figure 4 Moves in the TH game with p =3 and n = 3.

For simplicity we will choose another labelling for the vertices of these graphs.
This labelling was introduced in Klavzar, S. and Milutinovié¢, U. (1997) with the
definition of the so called Sierpiriski graphs S5, n > 0. These graphs are defined
recursively by

V(89) := wy, B(S9) =0,
where wy denotes the empty word, and

V(SyH) = A+
E(S*Y) == {{iw,iw'}, i € A, {w,w'} € E(S})}

U{{ij...j,jz’...i}e (An;l)}
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Figure 5 The marked edges build the path corresponding to the moves done in
Figure 4.

Since Sierpiniski graphs are isomorphic to Hanoi graphs (see Lemma 2 in Hinz,
A.M. and Schief, A. (1990)), we can use equivalently this alternative labelling (see
Figure 6).

22 22

32 12 21 23
31 13 12 32

11 o g 33 11 3 31 33

Figure 6 Representation of the graphs H? and S3.

From now on, we regard Hanoi graphs not only as topological objects, but
also as geometrical ones. In particular, we will equip the edges with a length. The
purpose of the rest of the paper is to investigate geometric properties of these sets.

We define the parameter a > 0 to be the length of the only edges that belong
to E(H™) for every n > 2. This length corresponds to the following distance

o= |33ijj...j - x]nz| ) (2)

for any 7,5 € A, i # j. Here, x;;;. ; represents the point that geometrically cor-
responds to the vertex ijj...j € A". New similar edges appearing over the levels
will have a length which is a multiple of a.

It is easy to understand (see Figure 7) that, if we let « tend to zero, any Hanoi
graph H™ will end up to the (n — 1)—th approximating graph of SG, I';,_;.
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Figure 7 H? will become I'y if o — 0.

This fact brings up some interesting questions. Firstly, how one can describe
properly this geometric convergence. Secondly, if this convergence works for other
quantities than Hausdorff dimension. Thirdly, if and how analytic convergence
holds. The first two questions are answered in the present paper. Hereby some
proofs concerning the second question are sketched only. For details we refer to the
authors paper Alonso-Ruiz, P. and Freiberg, U.R (2012). The last question will be
investigated in the forthcoming paper Alonso-Ruiz, P. and Freiberg, U.R (2012).

2 The Hanoi attractor

Let 0 < aw < 1/3 be the parameter defined in (2). Moreover, recall the points pi,
P2, p3, defined at the beginning of the introduction and set

1 1 1
Pg = 5(192 +p3), ps5:= 5(171 +p3), D6 = §(p1 + p2).

b2

De Pa

P1 D3
D5

Further, define the maps G,i: R? - R% i=1,...6 by

i) = {ola ) S S48 ®
where
=it ) - Gon) =i (a")
Note that Gu,1,Ga2, Ga,3 are contractive similitudes of ratio oo = while

2
Ga.4,Ga,5, G are contractive (singular) mappings of ratio . Nevertheless, since

all the ratios are less than one, {Ga’i}?zl is a family of contractions. Thus we know
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(see Hutchinson, John E. (1981)) that there exists a unique non-empty compact

set, HG, such that
6

HGo = | ) Gai(HG.).
i=1
This is what we call the Hanoi attractor of parameter o. The reason for this at-
tractor to be called Hanoi is simply that it almost looks like the drawing of the
graph of the TH game if we would have three pegs and ”infinitely many discs”.

Observe that HG,, is not self-similar (see Section 9.2 in Falconer, K. (2003) for
definition), because Gy 4, Go,5, Ga,¢ are not similitudes. This will cause difficulties
when doing calculations (see Section 4).

If we now consider the sequence of Hanoi attractors (HGq)o<a<1/3, We ask
ourselves about its geometric properties when approaching SG.

3 Convergence in the Hausdorff metric

Let (7 (R?),h) be the complete metric space of the non-empty compact subsets
of R? equipped with the Hausdorff metric h.
Recall that this metric h: 5 (R?) x #(R?) — [0, +00) is defined by

h(A,B) :=inf {¢ > 0 : such that A C B, and B C A.}, A, B € #(R?),

where

Aci={z eR?: d(z,A) < ¢}

and
d(z,A) :=min{|lz —y|: y € A}.

Theorem 3.1: Let SG be the Sierpinski gasket and HG,, the Hanoi attractor of
parameter a,, 0 < o < 1/3. Then it holds that

hWHG,, SG) 2=% 0.

Before proving this, we need some previous work.
For each n > 1 and each 0 < a < 1/3, define the sets W, , by
Wam = J GawWao),
weA™
where W, o := {p1,p2, ps} and
Gaw(®) = Gauw ©Gaws 0 Gap, (T), w=wi,...w, €A™

Note that we still work with the alphabet A = {1,2,3}.
Further, define

Wea s = U Wan-
n>0
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Lemma 3.2: It holds that

h(Vi,Wa ) =0, as a ] 0.

Proof:  From the definition of Hausdorff metric we know that
h(Vi, Wy i) =inf{e >0: Vi C (Wyi)e and Wy . C (Vi).}.
Fix a € (0,1/3). We will show that
h(Vi, Wa ) < .
We firstly show that Vi C (W, «)a. We prove by complete induction over m that
Vin € (Wys)a for all m > 0.

Case m = 0: If z € V, there is nothing to prove since Vo = W, 0.

Let us prove the first non-trivial case m = 1: Consider = € V;. Then, x € V} (trivial
case, see above) or x € V1 \ Vj. In the latter case, there exist i,j € A, i # j such
that

z = Si(pj)- (4)

For the same 7,5 € A as in (4), consider the point y := G4 ;(p;). Its distance to x
is:

l1—« 1+«
ij_ipi

|z —y| = [Si(pj) — Ga,i(pj)| = 5

1
2

(0% « « (0%
:‘gpjfgpi :§|Pj*pi|:§§a-

Thus Vi € (Was)a-

Now assume that V,,, C (Wq, +)q for some m.
Let © € V41 \ Vin. Then, there exist a point T € V,,, and a symbol k € A such
that

Since T € V,;,, by hypothesis of induction we know that there exists § € W, . such
that
7 -7 <a (6)
For the same k € A as in (5), consider the point y := Gq 1 (Y) € W, .. For the point
y it holds that
1 l-a 14+«

_ I
2=yl = [Sk(7) — Gar@)| = |57+ 500 — ——7— —

Pk

Bl
I
<

_ _ o
+Oéy—0<pk|<*|fﬂ—y|+§\y—pk|

A
INe
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Thus we have proven, that for every m > 0 the following holds: For any x € V,,
there exists an y € W, . such that |z —y| < o, i.e

Vin € (Wa,s)a for all m > 0.

Since Vi = U,,>0 Vi, we get
B V* g (Wa *)Oz'

)

This holds for all « € (0,1/3).

It would remain to prove the inclusion W, , C (Vi)a for all 0 < oo < 1/3, but
the proof of this is analogous to the latter one by simply changing the roles of Vi
and W, .. Thus,

Wam € (Vi)a for all m >0,

and therefore
a—0

WV, Was) < a0 22% 0,

as we wanted to prove. O

Note that the bound h(V,, W, .) < « is quite rough, one easily could obtain
sharper estimates. However, the bound « is sufficient for our purposes.

We now introduce a new set, F,, which is the unique non-empty compact set
such that

3
Fa = UGa,i(Foz)a (7)
i=1
where G,1,Gq,2 and G, 3 are the three similitudes of ratio 1_7’1 defined in (3).
Note that W, . is dense in F, with respect to the Euclidean metric in R2.
Lemma 3.3: Let 0 < a < 1/3 and consider the sets HG,, and F,,. Then,
F, C HG,.
Proof:  Define the map
T: #(R?*) — 2 (R?)
3
B w |JGaiB), Bex (R,
i=1
whose unique fixed point is F,. From Theorem 9.1 in Falconer, K. (2003) we know

that for any starting set By € #(R?) such that Gy i(Bo) C By for all i =1,2,3,
the sequence (B,)52; defined recursively by

By :=T(By), B, :=T(Bp-1) for every n > 1,

converges to F, in the Hausdorff distance h and it holds that

F, = ﬁ B,.

n=1
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On the other hand, define

T: #(R?) — #(R?)

6
B w |JG.iB), BexR.
i=1

Recall that HG, is the fixed point of T' in 2 (R2).
Analogously, it holds that for any starting set Co € 5 (R?) such that G, ;(Co) C
Cy for all i =1,...,6, the sequence (C,,)32; defined recursively by

Cy :=T(Cy), Cp :=T(Cp_1) for every n > 1,
converges to HG, in the Hausdorff distance h and it holds that

HG, = ﬁ Ch.

n=1

Denote by A the triangle with vertices pi, p2,ps. Set By = Cy = A. Then,

D)

F,=()B.= ﬁ T"(A) C ﬁ T™(A) = HG,,
n=1

n=1

as required. O

Lemma 3.4: It holds that
a—0

hWHG,, Fy) 2=% 0.

Proof:  Note that, since F,, C HG,, for all 0 < « < 1/3, it follows directly that
F, C(HG,). forall e>0.

In order to obtain the other direction, we prove that

HG, C (F,) for every 0 < o < 1/3. (8)

X
2

Let x € HG,. If x € F,, then we are done. So let us assume, x € HG,, \ F,. Then,
there exists n > 1 and a word w = wywa, ... w, € {1,...6} with at least one letter
in {4,5,6} (note, there is such a letter since z ¢ F,,) such that

= Gow(HG,).

Consider wy, k < n the first letter of w such that wy € {4,5,6} and define w :=
wiws ... wi_1 € A1, Further, observe that

HASS Ga,ﬁwk (HGa)

Therefore, there exists a point z € Gq ., (HGqo) such that z = G4 w(2). By con-
struction (see e.g. Figure 3) we can find a point y € {Gq4,i(p;), Ga,j(pi)} for i,j €
A, i+ j+wr =9 such that

Q
—yl < =
|2 yl_2
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[ ] L]
L] L]
Ga5(HGa)
. PO, . .
Ga,1(P3)  Ga,3(p1)

Figure 8 For any = € Ga,5(HG4) it holds that |2 — G4 1(p3)| < § or
|z — Gas(p)] < 5.

Define § := Gow5(y) € Fo. Since Gy,1,Gq,2 and G, 3 are similitudes of ratio FTO‘,
Gow is a similitude of ratio (1_7‘1)]%1 and therefore
1— g\ F 1
Ga(s) ~ Gt = (*5%) -l
Thus,
1—a\"! 1—a\""' a «a
7l = _ _ _ _ _ < < =
071 = [Gas®) - Gomtl = (5°) 1ol <(5%) 55
and (8) is proved. Therefore
WHGa, Fy) < % 220,
as we wanted to prove. O
Now we are ready to prove Theorem 3.1.
Proof:  Since h is a metric, we know from the triangular inequality that
h(HG,,SG) < h(HG, Fy) + h(F,, SG). (9)

On the one hand, by Lemma 3.4 we know that

a—0

h(HGa, Fy) =% 0.

On the other hand, W, . and V, are dense in Fi, and SG respectively, therefore
we have

h(Fu, SG) < h(Fo,Wo i) +h(Wo s, Vi) + h(Vi, SG) = h(Wo , Va).
—_—— NN
=0 -0
From Lemma 3.2 we know that h(W, ., Vi) tends to zero if a tends to zero. Thus
from (9) we get
h(HGy, SG) < W(HGq, Fo) + h(Wan, Vi) 22% 0,

as we wanted to prove. O
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4 Geometric convergence

4.1 Hausdorff dimension

We are interested in the geometric properties of the sets HG,, « € (0,1/3), and
in particular we look for their Hausdorff dimensions. From the result of the last
section, one could conjecture that the Hausdorff dimension of HG, converges to
the Hausdorff dimension of SG. In the present section we show that this is true.

First of all, let us recall some definitions, that can be found for example in Fal-
coner, K. (2003).

Definition 4.1: Let (X, d) be a complete metric space and (F(X), h) its associ-
ated Hausdorff space.

Let U C X, U # 0. The diameter of U is defined as
|U| :==sup{d(z,y) : z,y € U}.

Let K € (X) and {U;};c; a countable (or finite) collection of sets of diameter at
most § covering K, i.e

Kc|Jui,  and 0<|U| <6
iel
We say that {U;},.; is a 6—covering of K.
Let s > 0. For any § > 0 we define

H3(K) = inf {Z \Uil” : {Ui};e; is a & — covering of K} .

i=1
The limit
Bl I S
H(K) = 161?(}7-{5(]()

18 called the s-dimensional Hausdorff measure of K. This limit exists as an element
of [0,+00] because the sequence (H3(K))sso is monotone and non-decreasing for

010.

If we consider H*(K) as a function over s, there is a critical value of s such that
the function jumps down from oo to 0. This critical value is called the Hausdorff

dimension of K, dimg (K). So it holds
dimpy(K) =inf{s >0: H*(K) =0} =sup{s > 0: H’(K)=o0}.

Observe that for s = dimg (K), H*(K) may be zero, infinite, or some positive finite
number. The latter case makes possible to get a deep analysis of the object.

In our particular case, we work in the metric space R? equipped with the Euclidean
norm. Recall, that a contractive c-similitude is a map S: R? — R? such that

S(x) = cUz +x9, x€R?
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where U is a unitary matrix, g € R? and 0 < ¢ < 1.

A finite family of similitudes {Si}il\il is said to satisfy the open set condition
(OSQ) if there exists a non-empty bounded open set V' C R? such that

N
U S;(V)cv

and S;(V) N S;(V) =0 for i # j. Note that {R?;Sy,...,Sn} is also called Iterated
Function System (IFS for short).

Theorem 4.2: Provided that the family {Si}i]\il with ratios ¢y, ...cy satisfies
(OSC) and K is the unique non-empty compact set such that

d =1 (10)

Moreover, for this value of s, it holds that 0 < H*(K) < co.

Proof:  See Hutchinson, John E. (1981) as the original source, or Theorem 9.3
in Falconer, K. (2003). O

Our next goal is to determine the Hausdorff dimension of HG,,, but there is
a problem: Since HG,, is not self-similar, we can not apply the formula in (10).
So we will have to solve the problem using the original definition of Hausdorff
dimension, which involves d—coverings.
Here we state our result.

Theorem 4.3: Let 0 < a < 1/3 and HG,, be the corresponding Hanoi attractor.
Then it holds that

In3
di HG,) = ———.
imp (HGa) In2—-In(l —a)
Proof Fix a € (0,1/3) and denote d := mf{éﬁ

(1) d < dimy (HG,).
Let F, be the set defined in (7). It satisfies the open set condition and therefore
we can easily compute its Hausdorff dimension. This is the unique number s > 0

such that
3 1—a s
> (57) =t
: 2
=1
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thus,

_ In3

- In2-In(1—a)
From the monotonicity of Hausdorff dimension (see (Falconer, K., 2003, p. 32)),
we get that

s =d.

d= dimH(Fa) S dimH(HGa),
because we have that F, C HG, by Lemma 3.3. This proves Step (1).

(2) For the proof of the inequality dimy(HG,) < d we refer to Alonso-Ruiz, P.
and Freiberg, U.R (2012). We only note that it requires the original definition of
Hausdorff dimension based on J—coverings. Since this is quite technical, it will be
skipped here. O

The most important consequence, and the reason for our great interest in this
theorem is the following observation.

Corollary 4.1:
In3

dimpy (HGo) <=2 dimy (SG) = g

4.2  Hausdorff measure

We already mentioned that the d-dimensional Hausdorff measure of a set with
Hausdorfl dimension d, can be zero or even infinity. Although we may not use
this fact until further work (see Alonso-Ruiz, P. and Freiberg, U.R (2012)), it will
become important to determine, if the d-dimensional Hausdorff measure of HG,,
is positive and finite or not. Hereby d = d(«) is the Hausdorff dimension of HG,,
given in Theorem 4.3. The following result answers this question.

Theorem 4.4: Let 0 < a <1/3 and d = d(a) = dimyg HG,,. Then it holds that

0 < HYHG,) < .

Before proving this, we need some previous work. Recall that F,, is defined by

3
Fo =] Gui(Fa).
=1

If we decompose HG,, into the (disjoint) union of F, and HG, \ F,, we obtain
obviously that
HYUHG,) = HU(F,) + HYHG, \ Fy).

From Theorem 4.2 we know that 0 < H4(F,) < co.

Hence, we have already proven one of the inequalities stated in Theorem 4.4,
since
HYHG,) > H(F,) > 0.

However, we still cannot assure that the measure remains finite. The question if
it holds that HY(HG, \ F,) < oo is not trivial. One could think, since this set is
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the countable union of segments of finite 1-dimensional Lebesgue measure (and
hence finite 1-dimensional Hausdorff measure), it should have “almost” finite 1-
dimensional Hausdorff measure and therefore d—dimensional Hausdorff measure
zero for any d > 1. But this set has infinite 1-dimensional Hausdorff measure, as
the following calculation shows.

For any m € N it holds that

1 1_ m—1
M(HG, \ F,) = 3a+ 3% 2a+---+3ma( 2a>

m—1 k
— 30 ];) (3(12—a)> m—oo 50

which implies H'(HG,) = cc.

So the proof of Theorem 4.4 consists of proving that H{(HG,, \ F,) < oo. For
this we have to work again with d-coverings. Since the proof is rather technical,
we refer to Alonso-Ruiz, P. and Freiberg, U.R (2012) for details.

These results make us conjecture that the d(a)-dimensional Hausdorff measures
of HG,, a € (0,1/3) may converge to the 2-dimensional Hausdorff measure of
SG.
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