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Abstract. A fractafold, a space that is locally modeled on a specified fractal, is the
fractal equivalent of a manifold. For compact fractafolds based on the Sierpiriski gasket,
it was shown by the first author how to compute the discrete spectrum of the Laplacian
in terms of the spectrum of a finite graph Laplacian. A similar problem was solved by the
second author for the case of infinite blowups of a Sierpinski gasket, where spectrum is
pure point of infinite multiplicity. Both works used the method of spectral decimations to
obtain explicit description of the eigenvalues and eigenfunctions. In this paper we combine
the ideas from these earlier works to obtain a description of the spectral resolution of the
Laplacian for noncompact fractafolds. Our main abstract results enable us to obtain a
completely explicit description of the spectral resolution of the fractafold Laplacian. For
some specific examples we turn the spectral resolution into a “Plancherel formula”. We
also present such a formula for the graph Laplacian on the 3-regular tree, which appears
to be a new result of independent interest. In the end we discuss periodic fractafolds and
fractal fields.
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asking questions about the periodic fractal structures.
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1. INTRODUCTION

Our aim is a “Plancherel formula”:
Pf@) = [ POe,9)f(0)du()
f= Py fdm(A
LPM \Fdm(A)
—AP\f = AP\f

1915 = [ IPIRdm ).

Our plan:
find a continuation from graphs to fractafolds.

find the explicit spectral resolution of the graph Laplacian on T
describe explicitly a Hilbert space of A-eigenfunctions with norm ||

[|a;



2. SIERPINSKI FRACTAFOLDS

2.1. Infinite Sierpinski gaskets.

FIGURE 2.1. A part of an infinite Sierpinski gasket.



FIGURE 2.2. An illustration to the computation of the spectrum on
the infinite Sierpinski gasket. The curved lines show the graph of the
function 9R(-), the vertical axis contains the spectrum of o(—Ar,)
and the horizontal axis contains the spectrum o (—A).

Theorem 2.1. On the Barlow-Perkins infinite Sierpinski fractafold the spectrum of the
Laplacian consists of a dense set of eigenvalues PR7'(X,) of infinite multiplicity
and a singularly continuous component of spectral multiplicity one supported on
M~1(Jr). [T98] [Quint0I]



2.2. Laplacian on the Sierpinski gasket. Let pugg be the normalized Hausdorff
probability measure on SG.

FIGURE 2.3. Sierpinski gasket.

The Laplacian Agg on SG is self-adjoint on L?(SG, psc) with appropriate boundary
conditions and, using Kigami's resistance (or energy) form,

5\" 3
= (i) 2 10y [ s

for functions in the corresponding domain of the Laplacian (Dirichlet or Neumann).



Example 2.2. Spectral decimation for the unit interval [0,1]. A = Ajgq) = d—z
standard Laplacian on [0, 1], pt = pt[o,1] is the Lebesgue measure on [0, 1], and

E(f ) = lim 273" (F(&)—F(5)" = / (F'(2))?de = — / FAF dp

for functions in the domain of the Dirichlet or Neumann self-adjoint Laplacian. The
“eigenfunction extension map” is

is the

cos(\/_)

vk:c_cosx/_a:v —
Yo () (VA |z—v]) (V)

sin(VA |z—v|)

where v is 0 or 1. See [Post2008].

To compute the spectrum of —A(q,1) one can use the spectral decimation method with
inverse iterations of the polynomial

R(z) = z(4 — 2).
Each positive eigenvalue can be written as

A= lim 4™\,

m—-o0

for a sequence {A,,}oo_,, such that
Am = R()\m+1)



and A, € {0,4}. Then
R(z) = klim R%*(47%2) = 2 — 2 cos(v/2)
—00

satisfies the functional equation R(2R(z)) = P (4z) and o(—Aj,1;)) C R{0,4}.



2.3. Sierpinski gasket: spectral decimation and the eigenfunction extension
map. Fukushima-Shima-Stichartz-T [ES, [St03| [St06book| [T98|: Each positive eigen-
value for —Aggu = Au can be written as

A= lim 5™\, = 5™ lim 5*X\¢m,
m—oo k—oco
, such that A, = R(Amq1) and Ay € {2, 5,6} where
R(z) = z(5 — 2).
With solutions of Poincare functional equations

NR(z) = kll>n;> R*(57%2) R(MR(z)) = R(5z).

for a sequence { A, }S°

=m,

we obtain
p=5 (m—1{2,5} UsR{5} ) 5mmT{3, 5})
mo=2
and

Yy ={0}us <m—1{3} U G 5M0M~1{3, 5}) .

mo=1

The explicitly computed multiplicities grow exponentially fast.



If we define

Sewt = 5 (m—l{z} U G 5"%—1{5}) c |m~'{o,6}.

m=0

then

Proposition 2.3. For any v € 9SG and any complex number A & 3., there
is a unique continuous function %, x(-) : SG — R, called the eigenfunction
extension map, such that 1, x(v) = 1, 1, x vanishes at the other two boundary
points, and the pointwise eigenfunction equation —Aw, A(x) = A, () holds at
every point x € SG\9SG.



3. PERIODIC FRACTAFOLDS

FI1GURE 3.1. A part of the periodic triangular lattice finitely ramified
Sierpinski fractal field and the graph I'g.



FiGURE 3.2. Computation of the spectrum on the triangular lattice
finitely ramified Sierpinski fractal field.

Proposition 3.1. The Laplacian on the periodic triangular lattice finitely ramified
Sierpinski fractal field consists of absolutely continuous spectrum and pure point spectrum.

The absolutely continuous spectrum is R~[0, 1—36 .

The pure point spectrum consists of two infinite series of eigenvalues of infinite
multiplicity. The series 5R~1{3} C PR~'{6} consists of isolated eigenvalues, and
the series 5R~1{5} = M~1{0}\{0} is at the gap edges of the a.c. spectrum. The
eigenfunction with compact support are complete in the p.p. spectrum. The spectral
resolution is given in the main theorem.



Remark 3.2. Note that on a periodic graph, linear combinations of com-
pactly supported eigenfunctions are dense in an eigenspace.

(see [Kuchment05| Theorem 8], [Kuchment93|, [KuchmentPost, Lemma 3.5])

The computation of compactly supported 5- and 6- series eigenfunctions is discussed
in detail in [St03| T98], and the eigenfunctions with compact support are complete in
the corresponding eigenspaces. In particular, [St03] [T98] show that any 6-series finitely
supported eigenfunction on I';, 4 is the continuation of any finitely supported function
on I';,, and the corresponding continuous eigenfunction on the Sierpinski fractafold § can
be computed using the eigenfunction extension map on fractafolds (see Subsection [6.2)).
Similarly, any 5-series finitely supported eigenfunction on I',, ;1 can be described by a
cycle of triangles (homology) in T',,, and the corresponding continuous eigenfunction
on the Sierpinski fractafold & is computed using the eigenfunction extension map on
fractafolds.



Example 3.3. The Ladder Fractafold.

FiGURE 3.3. The graphs I" and I'y for the Ladder Fractafold

It is easy to see that the spectrum of —Ar is [0, 6], —Ar, has absolutely continuous
spectrum [0, 6] with multiplicity 2 in [0, 2] and [4, 6] and multiplicity 4 in [2,4].



Example 3.4. The Honeycomb Fractafold.

FIGURE 3.4. A part of the infinite periodic Sierpinski fractafold based
on the hexagonal (honeycomb) lattice.



4. THE TREE FRACTAFOLD

In this section we study in detail the spectrum of the Laplacian on the tree fractafold
whose cell graph I' is the 3-regular tree. In a sense this example is the “universal covering
space” of all the other examples.
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FIGURE 4.1. Values of v/3F, (the center point is z).

It is easy to see from the 6-eigenvalue equation that F, is the unique (up to a constant
multiple) function in Eg that is radial about z (a function of d(x, 2)). Let Ps(x,y) =

Z5Fu(y) = 5(—3)%™Y and define PsF(z) = Y Po(z,y) F(y)-

Yy

Theorem 4.1. Py is the orthogonal projection €2(Toy) — Eg; {F.} is not an or-
thonormal basis of Eg, since < Fy, F, >= v/3F,(y), but it is a tight frame

Y I < FF.> > =3||F|p,)-



The solution of problem (a) is due to Cartier [Cartier]. We outline the solution follow-
ing [F-TN].
Definition 4.2. Let z € C with 2271 #£ 1. Let ¢(z) = 1222271 ¢(1 — 2) =

3 2—2_92z—1"
%% and QOZ(’I’L) = C(Z)Z_nz —+ C(]_ — z)z—n(l—z)'

Remark 4.3. Note that ¢(z) and ¢(1 — z) are characterized by the identities c¢(z) +

c(l1—2)=1andc(2)27* +c(1 — 2)257! = c(2)2% + c(1 — 2)2'=% which imply

Theorem 4.4. For any fized y € T', let fy,(x) = @.(d(x,y)). Then
—Arfy,=(3-2*-2""%)f,

and fy, may be characterized as the unique (3 — 2% — 2'=%)-eigenfunction that is

radial about y and satisfying fy(y) = 1.
Theorem 4.5. For any F € £2(Ty) we have the explicit spectral resolution

F = P,F + / P\Fdm(\)
X

for
- 1
P\F(x) = m ; ¢%+it(d(wa Y))F(y).



An explicit Plancherel formula on T is given in terms of the modified mean inner product

1 -
<frg>u=lim — > f(z)g().

d({l:,mo)SN

We deal with eigenspaces for which the limit exists and is independent of the point xq.
This is not the usual mean on T, since the cardinality of the ball {x : d(x,x¢) < N}is
O(2"), but it is tailor made for functions of growth rate O(2~4®0)/2) which is exactly
the growth rate of our generalized eigenfunctions.

Theorem 4.6. Suppose f has finite support. Then

< Praf, f >=120(\)7" < PAf, PAf >um

and

Iz @y = /z < Pof, Paf >um 12b(A) " tdp(N).



FIGURE 4.2. A part of I'; with a 5-eigenfunction (values not shown
are equal to zero).



5. GENERAL INFINITE FRACTAFOLDS AND GRAPHS

Let T’ be the cell graph, an arbitrary infinite 3-regular graph. Then ¥ = o(—Ar) C
[0, 6], and for u — a.e. A

—A[‘P)\(',b) — )\P)‘(°, b)

Pyf(a) = > Pu(a,b) £(b)

beTl
f= /E Pyfdu()\)

_AI‘P)\f - APAfa



Let I'g denote the 4-regular edge graph of I' and
~ 1
P/\(w’y) = —ZZPA(aab)
6 - >\ acx bey

(there are 4 terms in the sum).
Theorem 5.1. The spectral resolution of —Ar, is given by
F = P,F + / PyFdu())
where _ ; _
—Ar,P\F = AP\ F

for u — a.e A, and _ _
P\F(x) = Z Px(z,y) F(y)-

y€eTlo
In particular, o(—Ar,) = 3 or LU {6}.



Problems:
(a) Find an explicit formula for Py(a, b); 3
(b) Give an explicit description of the projection operator Pg;

(c) Find an explicit description of the generalized eigensapce &€ and its inner product,
and transfer this to &y of I'g.

Conjecture 5.2. For pu — a.e.\ there exists a Hilbert space of A-eigenfunctions &x
with inner product <, > such that Pxf € &x for p — a.e.\ for every f € £2(T),
and

< PAf, f >=< B f, PAf >x.
Moreover a similar statement holds for < PxF, F > .



6. TECHNICAL DETAILS

6.1. Underlying graph assumptions and Sierpinski fractafolds. Let I'y =

(Vo, Eo) be a finite or infinite graph. To define a Sierpiniski fractafold, we assume that

I'y is a 4-regular graph which is a union of complete graphs of 3 vertices. It can be said

that I'g is a regular 3-hyper-graph in which every vertex belongs to two hyper-edges.
We define a Sierpinski fractafold § by replacing each cell of T'y by a copy of SG.

6.2. Eigenfunction extension map on fractafolds. For any function fy on I'g
(and any X as above), we define the eigenfunction extension map by

Uxfo(x) = Z Jo(v)hu ().

By definition, f = W, fo is a continuous extension of fy to the Sierpinski fractafold &
which is a pointwise solution to the eigenvalue equation

_A’(:bv,)\(w) = )‘va,)\(w)
for all z € F\Vo. Wy : £2(Vp) — L*(F, ) is a bounded linear operator for any
A ¢ ®1{2,5,6}, and its adjoint ¥} : L*(F, u) — £2(Vp) is

(‘I’ig)('u) = /Sg(w)?bv,k(w)dlt(iﬂ)-



6.3. Spectral decomposition (resolution of the identity). Let the self-adjoint
discrete Laplacian Ar, on I'g have a spectral decomposition

_Ap, = / AdEr, (N)
U(_Aro)

—anfue) = [ XS BuOu 0 fa(wdmr, (),
We define ( ) )
e
Mo =11 Am) (1= 22m)

m=1
where A = lim,;, 00 5™ A, and Ay, = R(Ajny1). This function does not depend on
the fractafold, but only on the Sierpiriski gasket.
Let

¥ =5 < D 5’”9{—1{3,5}> C Ye=25 (m—1{2} U D 5m<ﬁ—1{3,5}) .




Theorem 6.1. The Laplacian A is self-adjoint and
MR~ (o(—Ar,)) U X, Co(-A) CR T (0(—Ary)) U e

Moreover, the spectral decomposition —A = / AdE () can be written as

o(—A)

A= / AM ) ¥3d(Er,(R(N))¥r+ 3 AB{A}.
R—1(0(—Ary))\Zeo AES oo

Here E{A} denotes the eigenprojection if A is an eigenvalue. All eigenvalues and eigen-
functions of A can be computed by the spectral decimation method. Furthermore, the
Laplacian A on the Sierpinski fractafold § has the spectral decomposition of the form

—af@ = [ A</§ P(A,w,y)f(y)du(y)> dm(\) + Y AE{A} ()
R=1(0(—Arg))\Seo A€o0

where m = myr, o R and

PA\ z,y) = M(N) Z Yo () Yux(Y) Pro (R(A), u, v).

u,veEVp
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VECTOR ANALYSIS ON FRACTALS AND APPLICATIONS
MICHAEL HINZ! AND ALEXANDER TEPLYAEV?

ABSTRACT. The paper surveys some recent results concerning vector analysis on
fractals. We start with a local regular Dirichlet form and use the framework of 1-
forms and derivations introduced by Cipriani and Sauvageot to set up some elements
of a related vector analysis in weak and non-local formulation. This allows to study
various scalar and vector valued linear and non-linear partial differential equations
on fractals that had not been accessible before. Subsequently a stronger (localized,
pointwise or fiberwise) version of this vector analysis can be developed, which is
related to previous work of Kusuoka, Kigami, Eberle, Strichartz, Hino, Ionescu,

Rogers, Rockner, and the authors.
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1. INTRODUCTION
(1.1) div(a(Vu)) = f
(1.2) Au+b(Vu) = f
(1.3) i% = (—iV — A)?u + Vu.

ot

WO NO WIN



(1.4)

%—’t‘—l—(u-V)u—Au—l—Vp:O,
divu = 0,

2. NAVIER-STOKES EQUATIONS

Assume that the space X is compact, connected and topologically one-dimensional of
arbitrarily large Hausdorff and spectral dimensions.

Theorem 2.1 (The Hodge theorem). A 1-form w € I is harmonic if and only if it
is in (Im 8)*, that is divw = 0.
Using the classical identity 3 V|u|? = (u - V)u 4 u X curlu we obtain
ou 1 —
9*u = 0.

Theorem 2.2. Any weak solution u of 1s harmonic and stationary, i.e. w 1S
independent of t € [0,00). Given an initial condition wg the corresponding weak
solution s uniquely determined.






Theorem 2.3. Assume that points have positive capacity (i.e. we have a resistance
form in the sense of Kigami) and the topological dimension is one. Then a nontrivial

solution to exists if and only if the first Cech cohomology I:II(X) of X s
nontrivial.

Remark 2.4. We conjecture that any set that carries a regular resistance form is
a topologically one-dimensional space when equipped with the associated resistance
metric.



3. MAGNETIC SCHRODINGER EQUATIONS

8a7v(f9 g) = <(_Za - CL)f, (_ia - a’)g>j{ + <.fVa g>L2(X,m) , frg € Cq,

Theorem 3.1. Let a € Ho, and V € Lo (X, m).
(i) The quadratic form (E*Y,Fc) is closed.
(ii) The self-adjoint non-negative definite operator on Lo c(X, m) uniquely asso-
ciated with (E»V, F¢) is given by

H*Y = (—id — a)*(—id —a) +V,

and the domain of the operator A is a domain of essential self-adjointness for
H+V,

Note: related Dirac operator is well defined and self-adjoint

0 —id*
DZ(—ia 0)



4. DIRICHLET FORMS AND ENERGY MEASURES

Let X be a locally compact separable metric space and m a Radon measure on X such
that each nonempty open set is charged positively. We assume that (€, F) is a symmetric
local regular Dirichlet form on Ly (X, m) with core € := FNCy(X). Endowed with the
norm || flle := E(f£)Y/? + supy | f| the space € becomes an algebra and in particular,

(4.1) P <Iflellglle, f.g€€,

see [16]. For any g, h € € we can define a finite signed Radon measure I'(g, h) on X
such that

2/X f dT(g,h) = E(fg, h) + E(fh,g) — E(gh, f) , f € C,

the mutual energy measure of g and h. By approximation we can also define the mutual
energy measure I'(g, h) for general g, h € F. Note that I is symmetric and bilinear, and
I'(g) > 0, g € F. For details we refer the reader to [28]. We provide some examples.



Examples

(i) Dirichlet forms on Euclidean domains. Let X =  be a bounded domain in R™
with smooth boundary 9€2 and

E(f,9) = /Q VfVgde, f,g€C>(Q).

If H(€2) denotes the closure of C°°(§2) with respect to the scalar product
E1(f,9) == &(f,9)+(f9) 1, (@) then (&, H}(92)) is a local regular Dirichlet
form on Ly(€2). The mutual energy measure of f,g € H{(f2) is given by
VfVgdx.

(ii) Dirichlet forms on Riemannian manifolds. Let X = M be a smooth compact
Riemannian manifold and

E(f,q) = /M (df, dg)y.rs dvol, f,g € C(M).

Here dvol denotes the Riemannian volume measure. Similarly as in (i) the closure
of € in Ly(M, dvol) yields a local regular Dirichlet form. The mutual energy
measure of two energy finite functions f, g is given by (df, dg).,, dvol.

(iii) Dirichlet forms induced by resistance forms on fractals.



5. 1-FORMS AND VECTOR FIELDS

Consider € ® By (X)), where By,(X) is the space of bounded Borel functions on X
with the symmetric bilinear form

(5.1) (a®@b,c@d)y := / bd dT'(a, c),

a®b,c®d e CRBy(X), let ||+]|4 denote the associated seminorm on € &® By (X))
and write

Define space of differential 1-forms on X
H=C®Bu(X)/ker ||y
we

The space H becomes a bimodule if we declare the algebras € and B, (X)) to act on
it as follows: Fora @ b € C ® By(X), c € Cand d € By(X) set

(5.2) c(a®b) :=(ca) b — c® (ab)
and

(5.3) (a ®@b)d :=aQ (bd).



A derivation operator @ : € — JH can be defined by setting

of = fR1.
It obeys the Leibniz rule,
(5.4) d(fg) = f0g + gdf, f,g € C,
and is a bounded linear operator satisfying
(5.5) 18f N5 = E(f), fee

On Euclidean domains and on smooth manifolds the operator @ coincides with the classical
exterior derivative (in the sense of Lo-differential forms). Details can be found in [21 [22]
39, 40, 46].



Being Hilbert, 3 is self-dual. We therefore regard 1-forms also as vector fields and O
as the gradient operator. Let €* denote the dual space of €, normed by

|wlle. = sup {lw(f)]: f € Cllflle<1}.
Given f,g € €, consider the functional

u— 0% (gof)(u) := — (Ou,gdf), = — /xg dT’ (u, f)

on C. It defines an element 0*(gdf) of C*, to which we refer as the divergence of the
vector field go f .

Lemma 5.1. The divergence operator 8* extends continuously to a bounded linear
operator from IH into €* with ||0*v||e. < ||v||ge, v € H. We have

0*v(u) = — (Ou, v),
for any u € € and any v € H.



The Euclidean identity
div (g grad f) = gAf+ VfVg

has a counterpart in terms of 8 and 9*. Let (A,dom A) denote the infinitesimal
L(X, p)-generator of (€,F).

Lemma 5.2. We have
9*(90f) = gAf +T(f,9) ,
for any simple vector field gof, f,g € C, and in particular, Af = 8*9f for f € C.
Corollary 5.3. The domain dom 8* agrees with the subspace
{fveH:v=0f+w: fedomA, weE ker 3*}.
For any v = 0f + w with f € dom A and w € ker 0* we have 0*v = Af.
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