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Abstract

The collection of isomorphism classes of finitely generated rank-ordered sets is shown
to be a finitely generated rank-ordered set again. This is used to construct a model of
the simply typed lambda calculus extended by the assumption Type: Type.

Beside this, the structure of rank-ordered sets is studied. They can be represented as
inverse limits of w-cochains of substructures, each being a retract of the following. The
category of such limits is equivalent to the category of rank-ordered sets.

Introduction

There has been a controversial discussion among type theoreticians whether, or not, one
should accept that the collection of all types is itself a type (cf. e.g. [3]). In the recent
systems by Martin-Lof, in Girard’s systems F' and F,, and Coquand-Huet’s Calculus of
Construction this assumption is carefully avoided, whereas in programming languages like
those studied by Burstall and Lampson [5], or by Cardelli [6], it is explicitly used.

Models of such calculi with the axiom Type: Type have been constructed using finitary
retractions and /or projections over certain domains [2, 11]. In the present paper we present a
model based on rank-ordered sets for a very simple type system, the simply typed A-calculus,
extended by the axiom Type: Type.

A rank-ordered set is a nonempty set with a family of commuting projection functions
that satisfy some additional requirements. The projections assign a canonical sequence of
approximations to each element of the set. By considering for any two points the length of the
longest common subsequence, a distance can be defined that turns the rank-ordered set into
a complete ultrametric space. Moreover, letting one element be smaller then another element
if the first is obtained from the second by an application of one of the projections, introduces
an order relation with which the rank-ordered set is a bounded-complete algebraic directed-
complete partial order. If the set is finitely generated, which means that each projection has
a finite range, it is even an dl-domain. The metric topology turns out to be just the Lawson
topology on this domain.

Rank-ordered sets have been introduced by Bruce and Mitchell [4] in an attempt to extend
to higher types the model constructions of Amadio [1] and Cardone [7] for polymorphic A-
calculus with recursive types and subtyping. With rank-preserving functions as morphisms
they form a cartesian closed category.
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Rank-preserving functions are such that each approximation of a function value depends
at most on approximations of the argument of the same rank. Here, the rank of an element
is the minimum of the indices of the projections under which the element is fixed.

Each rank-ordered set can be represented as an inverse limit of the w-cochain of the
ranges of its projection functions. By mapping every rank-ordered set to the range of its
1th projection one obtains a family of projection functions that nearly generates a rank-
ordered structure on the collection of all rank-ordered sets: One condition which requires
that the zeroth projection maps all elements onto a distinguished element is satisfied only
up to isomorphism. Thus, by identifying isomorphic rank-ordered sets the collection of all
rank-ordered sets can be made into a rank-ordered class. If one restricts oneself to finitely
generated rank-ordered sets, the construction can be done in such a way that one obtains a
finitely generates rank-ordered set again.

The paper is divided into two parts. In the first part the model is presented and in the
second part the structure of rank-ordered sets is studied in more detail. We organize the
matter as follows:

Section 1 contains the definitions of rank-ordered sets and rank-preserving functions.
Moreover, it is shown that rank-ordered can be obtained as inverse limits of w-cochains of
substructures, each being a retract of the following, and that every such limit is a rank-
ordered set.

In Section 2 projection functions on the collection of isomorphism classes of rank-ordered
sets are defined which turn it into a rank-ordered class and/or a finitely generated rank-
ordered set, in case that only finitely generated rank-ordered sets are considered.

Section 3 concludes the first part of the paper. The type system we are interested in,
i. e., the simply typed A-calculus extended by the axiom Type: Type, is presented and it is
verified that by interpreting types as isomorphism classes of finitely generated rank-ordered
sets one obtains a model of it.

In Section 4 it is shown that on every rank-ordered set both a partial order and an
ultrametric can be defined in a canonical way which turn it into a bounded-complete algebraic
directed-complete partial order and a complete ultrametric space, respectively.

Finally, in Section 5, the representation of rank-ordered sets as inverse limits of cochains
of sets is studied. Via this representation both the Scott topology and the metric topology
on rank-ordered sets can be obtained in a canonical way from the discrete topology on the
components of the cochain. The category of these inverse limits is a Cartesian closed full
subcategory of the category of rank-ordered sets. Both categories turn out to be equivalent.
As a consequence a representation of the space of rank-preserving functions between two
rank-ordered sets follows which allows to consider a rank-preserving function as a sequence
of maps that operate locally on the components of the cochains representing the rank-ordered
sets.

1 Rank-Ordered Sets

It is widely known that every Scott domain D can be represented as the inverse limit of an
w-cochain (D;);e. of finite subdomains [13]. Since the subdomains D; are closed under the
operation of taking existing least upper bounds, any element & of D has a best approximation
LI{z€ D;|zC a}in each of them. Abstracting from such properties one obtains the notion
of a rank-ordered set [4].

Definition 1.1 Let K be a set and ([-];)ic, be a family of maps [-]i: K — K. (K, (['];)icw)
is rank-ordered if the following three conditions are satisfied:

1. For all z € K, [[z];]; = [z]

min{7,;}-



2. For all 2, y € K, [#]o = [yJo. We write Lg for [z]o.

3. For any sequence (z;);e, from K with z; = [2;41];, for ¢ € w, there is a unique z in K
such that for all i € w, &; = [z];.

If only conditions (1) and (3) hold, we say that (K, ([-];)icw) is pre-rank-ordered. For
i€w,let K; ={ax¢€ K |x=][z];}. Then K is finitely generated, if every set K, is finite.
Bruce and Mitchell use rank-preserving maps as morphisms between rank-ordered sets.

Definition 1.2 Let K and L be rank-ordered sets. A function f: K — L is rank-preserving
if for all x € K and all ¢, j € w with 7 > 1,

()] = [ ([2]5)0E

It is easily verified that a function f: K — L is rank-preserving if and only if for all z,
y € K and all ¢ € w,

[ = I = [F(@)F = FWIF-

As has been shown by Bruce and Mitchell, the collection RS of rank-ordered sets with
rank-preserving functions is a cartesian closed category. Products are formed as cartesian
products K x L with projections []X given by

[(e, )l = ([, [ID).-

Exponentials are the sets [K = L] of all rank-preserving functions f: K — L, where the
projections are defined by

177 (@) = [ ()]}
Obviously, (K x L); = K; x Ly and [K = L]; = { f: K = L | (Vz € K)f(z) = [f([2])]F ],

from which it follows that K x L and [K = L] are finitely generated, if K and L are.
As we shall see now, rank-ordered sets can be obtained as inverse limits of w-cochains of

sets each of which is a retract of the following.

Theorem 1.3 Let M be the inverse limit of the cochain (M®,p;);c., where the M™ are
nonempty sets such that there is a map e,: M™ — M"™*1 with p, o e, = idym. Then M is
a pre-rank-ordered set. If M° is a singleton set, it is even rank-ordered. Moreover, if, in
addition, all sets M™ are finite, then M is finitely generated.

Proof: Let ¢,,,,, = €;,—10---0ey, and pyy, = Pro- - 0Py 1, for n < m, and e, = Ppyp = id yym.
For x € M"™ set

in, (z)(m) = { Pam (2) if m < n,

enm ()  otherwise.

As it is readily verified, py, (in, (2)(m + 1)) =in, (z)(m). Thus in (2) € M. Now, for t € M
and 7 € w set

[1]i* = in; (¢ ().
Then [t]% € M. Moreover,

; ] t(m) if m <1,
[t]i (m) = { eim(t(t)) otherwise.



It remains to verify conditions 1.1(1) and (3). For condition (1) let 7, j € w. Then we
have that

e]:n([t]z(])) otherwise

t(m) if m < min{i, j},
N (0) if i < m < j, _
- ejm (7)) if j<mandj<i,  Umin{ig}
eim (e (t(i)) ifi<j<m

For condition (3), finally, let (¢;);c,, be a sequence in M with t; = [t;11]%, for i € w. Then

' ) tiga(m) if m <,
ti(m) = { €im(ti+1(7)) otherwise.

Set t(m) = t,,(m). It follows that
Pm(t(m 4+ 1)) = pm(tmgr (m + 1)) = L (m) = L (m) = t(m),
which means that t € M. Moreover,

i _J t(m) iftm<e ) tiyi(m) ifm<e
[ (m) _{ €im (t(i)) otherwise _{ ei;(ti_|_1(i)) otherwise = ti(m).

If MY is a singleton set, say M° = {L}, set Lp; =iny(L). Then we have that
[1]6 = (com (t(0))mew = (com (L)) mew = ing(L) = L
Obviously M; = ini(Mi). Therefore M is finitely generated, if the sets M* are finite.

Theorem 1.4 Let K be a rank-ordered set and i € w. Then the following statements hold:
1. K; C I(i-l—l-

2. [1¥ 1 Kiy1: Ky — K, onto, such that [2]X = =, for z € K.

3. K is isomorphic to the inverse limit of the cochain (K [} |

Kit1)iew-

Proof: The first two statements are easy to verify. For the third statement let K be the
inverse limit of the cochain (K;,[]% | Kiy1)icw and let t € K. Then [t(i + 1)]X = t(¥).
Hence there is a unique element z; € K with [2]} = ¢(i). Set g(t) = z. Then g: K — K.

Obviously, if for n € w, t* € K is defined by ¢ (i) = t(i), if i < n, and t"(i) = t(n), otherwise,
then z; = t(n). Hence, we have for m, n € w with n > m that

[9(t)]5 = t(m) = [g(t")]m = l9 ()]

which shows that ¢ € K = K].
Define f: K — K by f(z)(i) = [2]¥. Then it follows for m, n € w with n > m that

Ky1le ¢

JE i m 2151 if g m
@iz m, :{%H? o = L)

[f(w)]%(l) = { [x]? otherwise

Ths f € [K = K] Moreover, we have that g(f(2)) = g([oF)e.) = o and f(g(1)) =
f(z) = ([Zt]{‘)iew =t.



2 Rank-Ordering the Rank-Ordered Sets

Let RS be the class of all rank-ordered sets and FRS be the subclass of all finitely generated
rank-ordered sets. An obvious way to define projection functions on RS is by setting

(KRS = K.

But then the second condition in 1.1 is satisfied only up to isomorphism. Therefore we
consider RS/~ instead of RS. Here, K = [ means that the two rank-ordered sets K and L
are isomorphic. Let (K) denote the isomorphism class of K. Then we set

[(K)IES = (I5).

Note that this definition is independent of the choice of the representative K, as K = L
implies that K; = L;.

In order to see this, let f € [K = L] and g € [L = K] with go f =idy and fog=id;
and set f = [f]77 | K; and g = [g]7 | L;. Then f € [K; = L;] and g € [L; = K;] with
gof = idy. and fog= idy,. Since every set is up to isomorphism the inverse limit of a
constant cochain, it follows from Theorem 1.3 that RS/~ is not a set.

Theorem 2.1 (RS/x, ([1%%)ic.) is a rank-ordered class.

K3

Proof: The first two conditions in 1.1 are readily verified. For condition (3) let (Ki)iew. be
a sequence of rank-ordered sets such that (K*) = [(K*™)]*%, which means that K' = K!T'.
Let q; € [Kf"’l = K] be this isomorphism. For 2 € K*t! and y € K® set

pi(e) = q:([2]FT) and ei(y) = 47 ().

Since ¢;(y) € Kit!, we obtain that p;(e;(y)) = qi([qi—l(y)]{"“rl) = ¢i(¢7 (y)) = y. Let K be
the inverse limit of the cochain (K, p;);cw. Then K is a rank-ordered set, by Theorem 1.3.
Because K; is the set of all elements in;(¢(¢)), for t € K, and the maps p; are onto, it follows

that K; is the set of all sequences

( €in(y) (n=1) )
pinly) (n<2) ) -

We will now show that K; = K% As [in,(y)]% = in,(in,(y)(i)) = in,(y), for y € K, we

K3
have that in;: K — K;. Moreover, for m, n € w with m > n, it is

[in, ([yI5H1% = in,, (in,([y]%) (n))
) ifn >,
)

otherwise
lean(WIEEYY itn >,
¢ ([~ [qz_l([[y]ﬁ’]{i’l)]{:’gl - ]ﬁnﬂ)) otherwise

in,, ([en (y)157) if n >4,

i, (gl - lgimn (WIEDIEST - JE™Y) itn<i
and ¢ — 1 < m,

inn(Qn([' e [Qm—l ([Qm ©+:-+0 QZ—I([Q]{?Ll)]{;Tl)]{;Tz_l . ]EHH)) otherwise
in, (emn(y)) if n >4,
in,, (pin(y)) if n < i

and ¢t — 1 < m,
Sm sm—1 cn+1
K )]Ix . _]Ix ))

n

otherwise



in, (€in(y)) if n>1,

= in_ (pin(y)) ifn<iandi—1<m,
. i—1 n+1 .
in,, (g ([l (WIS - 05™) otherwise

_ { inngem(y)) if n>1,

pin(y)) otherwise

= [in; ()]

Here, we used that the functions inxolved are rank-preserving and that e;,(y) € K, for
y € K'. It follows that in, € [K* = K]

Next, set pr;(t) = t(z), for t € K;. Then pr;: : K; — K*. Furthermore, for m, n as above
we have that [t] = ¢, if m > i. Hence [pr;([t]}} )]Ki = [pri(t)]Ki in this case. If m < i it is

n n

pr (1K = [[5 ()R = [t()]E 15" = [t(@)E = [pr, (1)) 5"

It follows that pr; € [( = K']. Obviously pr,(in,(z)) = =z, for = € K. Moreover,
in,(pr;(t)) = in(t(i)) = [{]¥ = ¢, for t € K,;. This shows that pr; is the desired isomor-
phism.
As a consequence we obtain for ¢ € w that

[(EIRS = () = (K.

We will now restrict ourselves to finitely generated rank-ordered sets. As follows from
Theorems 1.3 and 1.4, they are up to isomorphism the sets that can be obtained as inverse
limits of w-cochains of finite sets, in which each set is a retract of the following. This implies
that the collection of isomorphism classes of finitely generated rank-ordered sets is a set
again.

In what follows, for K € FRS, (K) will denote the isomorphism class of K in FRS. We
set

[EOITRS = (Kopax{ j<il| i, |<i41 })-

Here | K| denotes the cardinality of ;.

Theorem 2.2 (FRS/x, ([-]7R%)icu) is a finitely generated rank-ordered set.

K3

Proof: Obviously, FRS/x~ is finitely generated. We now verify the conditions in 1.1.

For condition (1) let ¢, 7 € w, k = max{c<i||K. ] <i+1}, and r = max{s < j |
|(Kp)s| < j+1}. Then [[(K)[fRS]FRS = ((Ky),). If i < j, it follows that k& < i < j and
|Kp| <i41<j+ 1. Hence, (Kj); = Ki. As a consequence we obtain that » = j. Thus we
have that [[{F)JFRSI7RS = (Ky),) = (Ky) = [(K)IFRS,

Let us now consider the case that j < . If r > k, then k < j and (Kj), = K.
It follows that |Ki| < j+ 1. Hence, k = max{s <j||Ks <j+1}. This shows that
[(ETRSTRS = ((K),) = (Ki) = WO]TRS

On the other hand, if r < k, then (I(k),, = K,. Thus |K,| < j+ 1. Now, let ' <
j with |[K.] < j+4 1. Then ' < 7 and |K,/| < ¢4+ 1. Hence ' < k. It follows that
K, = (Kg). Since r = max{s <j||(Kg)s| <j+1}, this implies that ' < r. Thus
r=max{e<j||K]<j+1}, which means that [(K)]7REFRS = ((Ky),) = (K,) =
[(F)ITR.

Condition (2) is obviously satisfied. For (3) let (K);c,, be a sequence of finitely generated
rank-ordered sets with (K*) = [(K'T1]7 RS for i € w. Then

[ i+1
K'=K max{]<2||]&’+l|<z—|—1}



Let j(i) = max{j < i | K;'H| < i+ 1}, and let the isomorphism from I(;E';)l onto K' be
given by ¢;. For 2 € Ki*! and y € K* set

it _
pi(z) = ¢i([2]f;) ) and  ei(y) = ¢ (v)-
Since €;(y) € I(';E';)l, we obtain that p;(e;(y)) = qz([ez(y)]%;rl) = qi(¢ " (y)) = y. Let K be
the inverse limit of the cochain (K?, p;);c.. Note that |K? I(;E';)l| <1+ 1. By Theorem
1.3 we therefore have that K is a finitely generated rank-ordered set again. From the proof
of Theorem 2.1 we know that K; = K*. Thus

max{s <i||K, <i+1}=max{s<i||K?

<i41}=1.

It follows that
(RVFRS = (R

K3

max{ s§i||Iz'S|§i+1}> = <I(i> = <I(2>.

3 A Rank-Ordered Model of Type: Type

The type system we shall consider in this section is the simply typed A-calculus (cf. [12])
extended by the axiom Type: Type. Its signature (B,C) consists of a set B of base types
and a collection C of disjoint sets C? indexed by type expressions over B; the elements of C?
are called constant symbols of type o. The set B contains a special type constant %, which is
interpreted as the collection of all types. Moreover, C* = {x}.

Using b to stand for base types, the type expressions of the calculus are defined by the
grammar

o =bloy — o3.

Expressions of the calculus and their types are defined simultaneously via typing asser-
tions

'va:r,
where I' is a type assignment of the form
I'=A{xy:00,...;2,:0,},
with no x; occurring twice. We set Var(I') = {#y,...,2,} in this case. Note that instead
of ' U{xz : o} we also write I,z : o. Intuitively, the assertion I't>a : 7 says that if the
variables x4, ..., z, have types oy, ..., 0,, respectively, then a is a well-formed term of type

7. Typing assertions are defined inductively by the following typing axioms and rules:

.1 @vc:0, foreach constant symbol ¢ of type o,
¥*2 x:obz:o,

*3 F,af:brab'(j:a (z & Var(T)),
z:ova:r
I's(Az:oa):0—71
l'va:c—=7,I'vb:o

Feab:r '

*.4

9

*.D

Note that as a special case of (x.1) we have the axiom @ * : *.

In the model, which we are going to define now, types are interpreted as finitely generated
rank-ordered sets. Let T' be a map that assigns a finitely generated rank-ordered set to each
base type such that 7'(x) = FRS/ =. T is extended to type expressions by setting

T(oy — 03) = [T(01) = T(02)].



Furthermore, let C' be a map which associates an element of 7'(c) with each constant symbol
of type o. In particular C'(x) = (FRS/ ).

An environment 1 is a mapping from variables to the union of all finitely generated rank-
ordered sets. If I' is a type assignment, then 5 is said to satisfy I, if n(x) € T'(o) for every
x:0 €. For any environment 5 and d € |JFRS, n[d/z] is the environment mapping y to
n(y) for y different from z and = to d.

The meaning [I'>a : 7], of a well-formed term I'>a : 7 with respect to an environment
1 which satisfies ' is defined by recursion on the derivation of the term:

1
2

3
4

[0vc: o], = Cle),
[:o0>z: 0], =n(z),
ae:ova:7],=l'va:1],

(1)
(2)
(3)
(4) [I's(Az:0.a): 0 — 7], = the unique f € T'(¢ — 7) such that

forall d € T(o), f(d) =z :00a:7],4/2,

B) [I'vab:7],=[va:0—7],([I'>b:a],).

For the justification of clause (4) one shows that for any typing assertion I'>a : 7 with
I'={xy:0y,...,2, : 0,} and any environment 7 which satisfies I', the function mapping
(dis...ydn) € T(or) X +-- x T(0y) to [U'>a : 7],14, j0,]-[dn/wn] 15 Tank-preserving. In the
proof one uses that the category of finitely generated rank-ordered sets with rank-preserving
functions is Cartesian closed. It follows that this category defines an environment model of
the simply typed A-calculus in which the axiom () > # : x holds.

4 More on Rank-Ordered Sets

In this and the following section we will study the structure of rank-ordered sets in more
detail. As we shall see a partial order as well as an ultrametric can be defined on such sets in
a canonical way which turn it into a bounded-complete algebraic directed-complete partial
order and a complete ultrametric space, respectively.

Let (D, C) be a partial order with smallest element L. A subset S of D is called compatible
if it has an upper bound. S is directed, if it is nonempty and every pair of elements in S has
an upper bound in S. D is a directed-complete partial order (cpo) if every directed subset
S of D has a least upper bound [ | S, and D is bounded-complete if every compatible subset
has a least upper bound.

An element x of a cpo D is compact if for any directed subset .S of D the relation z C | | S
always implies the existence of an element u € S with 2 C u. We write D for the set of
compact elements of D. If for every y € D the set {2 € DY | # C y} is directed and
y=|{z € D°|zCy}, the cpo D is said to be algebraic.

Definition 4.1 Let D be a cpo.
1. D is a Scott domain if it is bounded-complete and algebraic and D° is countable.
2. D is a dI-domain if it is a Scott domain and the two axioms d and 1 are satisfied:
e Axiom d: For all z, y, z € D, if {y, z} is compatible then

cN(yUz)=(eNy)U(zN2)

e Axiom I: For all z € D°, {y € D |y C x} is finite.



Note that in a bounded-complete algebraic cpo any two elements x and y have a greatest
lower bound x M y.

Definition 4.2 Let D and F be bounded-complete algebraic cpo’s. A function f: D — F
is said to be

1. Scott continuous if for any directed subset S of D the image set f(9) is also directed

and
LS =1109)-

2. stable if it is Scott continuous and for every compatible pair {z,y} of elements of D
we have that

fl@ny) = flz)N f(y).

Obviously, Scott continuous functions are monotone. Moreover, they are exactly the
functions that are continuous with respect to the Seott topology. For a bounded-complete
algebraic cpo D this topology is generated by the sets O, = {2 € D | 2z C 2 } with 2 € D°.

As it is well known, the categories of all Scott domains with continuous maps as mor-
phisms and of all dI-domains with stable maps as morphisms are cartesian closed. In both
cases products are formed as cartesian products ordered coordinatewise. For Scott domains
D and F the function space consists of the set of Scott continuous functions f: D — F or-
dered argumentwise and for dl-domains D and F the function space consists of the set of
stable functions f: D — F ordered by the stable ordering =, where f Cs g ifforall z, y € D

v Cy= f(z)=f(y)Ng(z).

For an introduction to the theory of domains the reader is referred to [9].
Now, let K be a rank-ordered set. For z, y € K, define

tCyesar=yV (I ecwr =y

Proposition 4.3 Let K be a rank-ordered set. Then (K,C, L) is a bounded-complete
algebraic cpo that satisfies axioms d and I.

Proof: Obviously, C is reflexive and transitive. For antisymmetry let @ = [y]; and y = [z];
with ¢ < j. Then y = [[y]i]; = [y]i = . Thus, (K,C) is a partial order with L as smallest
element.

Claim 1 Let S be a compatible subset of K. Then .S is a chain.
We have to show for z, y € S that either  C y or y C 2. Let z € K be an upper bound of
S. Then 2,y C z. If « = z or y = z we are done. Let us therefore assume that z # z and
y # z. Then there are 4, j € w such that 2 = [z]; and y = [2];. Without restriction let ¢ < j.
It follows that o = [z]; = [[2];]; = [y];, which means that 2 C y

It follows that each directed subset of K is a chain.
Claim 2 FEvery chain in K has a least upper bound in K,
Let (z;)icw be achain in K. Without restriction we assume that all its elements are pairwise
different. Then there are numbers n; such that z; = [z;11]s,, for all i € w. Let the n; be

minimal with this property.
Suppose that for some index ¢, n;4+1 < n;. Then

Li = [xi-l-l]m‘ = I:I:wi+2:|ni+1:|ni = [$i+2]ni+1 = Tit1,



which contradicts our assumption. Thus n; < n;y1, for all ¢ € w.
Now, set t(¢) = min { j | 7 < n; } and define

%= [xt(i)]i-

Then x; = z,,. Moreover, z; = [z;4+1];. Let z be the unique element of K with [z]; = z, for
all 7 € w. It follows that z is an upper bound of the chain (z;).

Let 2z’ be a further upper bound. Then there are numbers m; such that z; = [z/],,,. As
above the assumption that m;y1 < n;, for some index ¢, leads to a contradiction. Therefore
n; < mitq, for all ¢ € w. With this we have that

[2]n; = 20y = 2 = [@ig1ln, = [[Z/]mi+1]ni = [Z/]nr

Since the sequence of the n; is strictly increasing, we obtain that [z]; = [2];, for all j € w,
which implies that z = z’. Thus z is the least upper bound of the chain (z;).

This shows that (K,C, Lk) is a bounded-complete cpo.
Claim 3 K°=U{K;|icw}

Let 2 € K; and z be the least upper bound of a chain (z;);e, with 2 C 2. As we have seen
above, the z; can be chosen such that z; = [z;44];. Then z; = [2];, for all indices j. If 2 = 2
then z € K;. Hence z = [z]; = z;, i.e., ¢ C z;. If @ # z, there is some n € w with o = [z],.
Then z = [z], = z,. So, we have 2 C z,. This shows that z is compact.

Conversely, let € K be compact. Since {[z]; | ¢ € w} is a directed subset with least
upper bound z, there is some ¢ € w with & = [2];. Hence z € K.

It follows that for any « € K the set {[z]; | i € w } is the set of compact elements below
z. Since it is obviously directed and z is its least upper bound, we have that (K,C, Lk) is
also algebraic.

In Claim 1 we have seen that any two compatible elements are comparable with respect
to the partial order. This implies that (K,C, L) satisfies axiom d.

Claim 4 Let x € K° Then theset {y € K |y C x} is finite.

Let ¢ be minimal with z € K;. Moreover, let y C z and assume that y # & . Then there
exists some number j with y = [2];. Suppose that j > ¢. In this case we have that

contrary to our choice of y. Thus j < ¢, which implies that there are only finitely many
elements of K below z.

It follows that for finitely generated rank-ordered sets K, (K,C, L) is a dl-domain.
Moreover, since any two compatible elements of a rank-ordered set are comparable with
respect to the above defined partial order, we have that every Scott continuous function
between such sets is also stable and, as follows from the next result, the stable ordering C;
on the function space coincides with the pointwise ordering C,,.

Lemma 4.4 Let f, g: K — L be Scott continuous. Then f T, g if and only if f T, g.

Proof: Obviously, we only have to show the “only if”-part. Let z, y € K such that z C y
and suppose that f C, g. Moreover, without restriction, assume that both  # y and f # g.
We have to prove that f(z) = f(y) Mg(z). Note that since f(z) C f(y) and f(z) C g(z), it
follows that f(z) C f(y) M g(x). Thus, only the converse inequality has to be verified.
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Because of our assumptions there are numbers i and j such that f = [¢]7> and z = [y]¥

; . Jo
which means that we have to show that [g(y)]* M g([y]f‘) C [g([y]f‘)]f

Obviously [g(y)]¥, g([y]f‘) C g(y). Hence, [g(y)]¥ and g([y]f‘) are comparable. Let us

first assume that [g(y)]¥ € g([y]¥). Then it follows that

l9()]F Mgyl = [9W)IF C Lol

Assume next that ¢([y]¥) C [g(y)]¥. Then g([y]X) € L;, which implies that g([y]X) =
)
J

K3

g ([y)f))F- Hence [g(y)]F Mg ([y]}) = [o([wI})IF-

Note that the induced partial order on the rank-ordered set of all rank-preserving func-
tions includes the pointwise ordering, but that the converse is not true, in general. An
analogous remark holds with respect to the induced partial order on the product of two
rank-ordered sets and the componentwise ordering. Nevertheless, least upper bounds in
products and functions spaces, respectively, are defined component- and pointwise.

Next, for z, y € K, set

0 if z =1y,
d(z,y) = { o-min{ ¢ | [z]; # [yl } otherwise,

Proposition 4.5 Let K be a rank-ordered set. Then (K, d) is a complete ultrametric space
with |J{ K; |1 € w} as dense subspace.

Proof: Obviously, d(z,y) = d(y,x), and d(z,y) = 0 if and only if 2 = y. For the verifica-
tion of the ultrametric inequation let z, y, 2 € K and without restriction assume that they
are pairwise different. Then there exist m = max{i|[z]; = [y]; }, n = max{i|[y); = [z]; }
and r = max{i|[z]; =[z];}. If m < r then also n < r. Hence, d(z,y) = 2771
max{2~™"t 2771} = max{d(z,z),d(y,2)}. If m > r then n = r. Thus, d(z,y)
max{d(z, z),d(y,z)}. In the same way we obtain that d(z,y) < max{d(z,z),d(y,2)}, if
n<rorn>r.

Next, let (2;)iew be a Cauchy sequence in K. Then there are numbers n; such that
d(xpm, x,) < 2= for all m, n > n;. Without restriction assume that all z; are pairwise
different. This implies that for all m, n > n;, max{j|[z,]; = [z,]; } > t. Let the n; be
minimal with this property. Then n;11 > n;, for all ¢ € w. Set z; = [z,,];. It follows that

A

[zi1)i = [wnig it )i = [2nig, )i = w0 ] = 2

Let z be the unique element of K with [z]; = z;, for all ¢ € w. Then we have for n > n; that
d(r,,7,,) <27 and d(z,,,z) < 27", Thus

d(zy, z) < max{d((xn, zn,), d(xn,,2)} < Q_i,

which implies that z = lim,, z,,. This shows that (K, d) is complete.

Finally, for 2 € K and i € w, let B(z,i) ={y € K | d(z,y) < 2" }. Then the collection of
all B(z,1) is a canonical basis of the metric topology on K. If x = [z]; then 2 € B(z,i) N K.
If # # [2]; then min {j | [2]; # [[]:]; } > ¢, which implies that d(z,[2];) < 27*. This shows
that (J{ K; | ¢ € w} is a dense base of K.

It follows that for finitely generated rank-ordered sets K, (K, d) is a complete separable
ultrametric space.

As it is readily verified, the rank-preserving functions between rank-ordered sets are just
the nonexpansive functions between them. Thus, they are continuous with respect to the
metric topology.
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Propositions 4.5 and 4.3 seem to be folklore [8]. Their proofs have been included for
completeness reasons only. From these propositions we obtain that on a rank-ordered set
there are at least two canonical topologies: the metric topology and the Scott topology. As it
is well known, on Scott domains D there is another canonical topology, the Lawson topology,
which is generated by the subsets of D which are either Scott open or of the form D\1{x},
for some # € D, where t{z} ={ye D |z Cy}.

Proposition 4.6 The metric topology on a rank-ordered set is equivalent to the Lawson
topology and hence finer than the Scott topology.

Proof:

Claim 1 The metric topology is coarser than the Lawson topology.

Let z € KY and n € w. Since for # € B(z,n) we have that [2]¥ = [2]¥ and hence that

n

[2]X C «, it follows that B(z,n) C Opxc- I both sets are equal, we are done. In the other
case we show that

B(z,n) = Opye 0L\ | [ ey Sy A Tl # L5 )

Here, for u, v € K, u C v means that « C v and u # v.
Since B(z,n) # Opjx there is some y € K such that [y]& £ [2]5 and [z]ﬁ;([z]K) Cy.

n

Now, let € B(z,n) and assume that y C z.

Obviously @ # y. Asy = [z ]ﬁ(() and [2]5 = [2]E, it follows that [2]X # [y)f =

[x]gin{mrk(y)}, which implies that rk(y) < n. Moreover, because [z]ﬁ;([z]K) C y we obtain that
[y]ﬁ;([z]K) = [z]ﬁ;([z]K) and rk([2]%) < rk(y). Thus, we have

1 = 5 ) E [ C I

Thi:ys shows t;hat [2]5 = [z]f‘,;(y). Since tk(y) < n it follows that [y]X = y = [x]ﬁ;(y) =
[z]ﬁ((y) = [2]X, in contradiction to the above mentioned properties of y. Thus y Z z, which

means that z € K\1t{y}.
Now, for the verification of the converse 1nclu510n let 2 € O NU{ K\My} | [2

Jek(2
[

y A Il # [2]5 ). We have to show that [2]X = [2]X. Obv1ously [2]X C . If 2 = Z]I‘ then
[2]5 =[]} and we are done. Assume that = # [2]¥ and note that [2]F = [Z]Ix([ . Thus
[Z]B 1y B2 which implies that [z]X = [2]¥.

Claim 2 The Lawson topology is coarser than the metric topology.

We first show that the Scott topology is coarser than the metric topology. Let z € K,, and
let n be minimal with this property. Then we have for x € K that

z2Cz & z=zVz=[z], & [zy=[], & dzz)<2™"

which shows that O, = B(z,n).

It remains to prove that also each set K\1{y} (y € K) is open in the metric topology. Let
y # Lk and for each 2 € K which is different from y, set u(y, ) = min {i | [y} # [2]F }.
Then we show that

K\Hy} =J{ B uly.2) |z € KONy Z 2}

Let z € K such that y [Z z. It follows that y # . Let n = u(y,z) and set z = [z]X.
Then p(y, 2) < n < rk(y).

12



‘ If y C z i‘? would follow t‘hcht Y= [z]{};(y) = [[x]%‘]ﬁ((y) = [2]5 and hence that [y]5 = [2]Z,
in contradiction to the definition of n.

Thus y Z z. Moreover, since [2]5 = [2]E, we have that also [w]ﬁi%z) = [z]i‘;y’z), which
shows that @ € B(z, u(y, 2)).

For the proof of the converse inclusion let z € B(z, u(y, 2)), for some z € K° with y Z 2.
Assume that y C 2. Then y = 2 and hence y € B(z, u(y, z)), which is impossible by the
definition of u(y, z), or y = [x]ﬁ;(y) and thus [y]¥ = [z]&, which is impossible as well. Hence

v e K\My). a

As we have already seen, rank-preserving functions are continuous with respect to the
metric topology. The next example shows that they are not continuous with respect to the
Scott topology: They are not monotone. But as we shall see then, it is just this property
which is missing for their being Scott continuous.

Example 4.7 Let K = {1, A, T} with [[]F = idy, for i > 2, and

[TIF =[Alf =4, [Lf =1,
[T15 = [Al§ = [L)f = L.

Moreover, let I = {L,a,b,c} with [-]¥ = idp, for i > 2, and

Define f: K — L by
fL) =1, f(A)=b, f(T)=c

Then f is rank-preserving. However, f is not monotone and hence not Scott continuous: We

have that ACg T, f(A) =b,and f(T) =c. But biZy, c.
Lemma 4.8 A rank-preserving function is Scott continuous if and only if it is monotone.

Proof: We only have to show the “if”-part. By Proposition 4.6 every rank-preserving
function is Lawson continuous. Hence, the inverse image of a Scott open set is Lawson open.
If, in addition, the function is monotone, it is also upwards closed with respect to the partial
order. Because of the special form of the Lawson open sets it follows that in this case the
inverse image of a Scott open set is Scott open again.

5 Rank-Ordered Sets and Limits

In Section 1 we have seen that each rank-ordered set K is isomorphic to the inverse limit
K of the cochain (K, p)icw, with p; = [18 | Kiyq. Let f € [K = K] be the isomorphism.
As it is well known, on each inverse limit space there is a canonical topology induced by the
topology of the component spaces. Let T be the inverse limit of the cochain (T3, ¢i)icw of
topological spaces, let ¢.,; be the canonical projection of T onto T;, and let B; be a basis
for the topology on T;. Then B = {¢Z}(B) | B€ B;Ai€ w} is a basis for the canonical
topology on T.

Proposition 5.1 Let K be a rank-ordered set and let the K; be furnished with the discrete
topology. Then the following hold:

1. If K is supplied with its canonical metric topology and K with the canonical topology
induced by the topology on the K;’s, then f is a homeomorphism.
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2. If K is supplied with its canonical Scott topology and K with the topology generated by
the sets p_ 4 (Lx) and p_t({a}), for a € K;y1 \ K; and i € w, then f is a homeomor-
phism.

Proof: (1) Let a € K, for ¢ € w. Then
JTm{a}) ={e e K| [ =a} ={z e K |[2]F = [a]}' } = B(a,1).
Next, let € K and ¢ € w. Then we have for the inverse mapping ¢ € [Iz = K] of f that

g7 M (B2,i) = g7'{ye K| (v <] =[y)K)}
= {(WF)jew € K| [2]F =[)F ) = pbi (2] D).

It follows that both f and f~! are continuous with respect to the metric topology on K
and the canonical topology on K.

(2) Let a € K;41 \ K;, for some ¢ > 1. As we have seen in the proof of Proposition 4.6,
O, = B(a,1) in this case. Hence, it follows from (1) that f='(pL({a})) = O,. If a € Ko,
then pot({a}) = K, i.e., [~ (p7L({a}) = K.

Now, let z € K;, for some 7 € w, and let ¢ be minimal with this property. Then we have
that 971 (0,) = p=h({[e])) = =L ({o}).

Again it follows that f and f~! are continuous, this time with respect to the Scott
topology on K and the topology on K generated by the sets p:({a}), for i > 0 and a € K;
such that a ¢ K;_q,if ¢ > 0.

Definition 5.2 Let (M?, p;);c and ((M')', p})ic., be two cochains of sets with inverse limits
M and M’ respectively. A sequence (f;)ic,, with f;: M — (M) is a sequent morphism from
M to M'if for all i € w

fiopi=pio fiy1.

Application and composition of sequent morphisms are defined componentwise. Note that
forz e M, pi(fix1(z(t+1))) = filpi(z(t+1))) = fi(2(7)), which means that (f;(2(?)))iecw €
M.

Let IL be the category which has

e as objects inverse limits of cochains (Mi,pi)iew such that MY is a singleton set and for
every ¢ € w there is a map ¢;: M' — M'T! with p;oe; =id,;; and

e as morphisms the corresponding sequent morphisms.

The product of two objects is the inverse limit of the cochain which is obtained from the
given cochains by taking the product componentwise and the terminal object is the inverse
limit of the cochain all components of which are equal to the same singleton set. In what
follows we will show that RS is equivalent to IL. But, first, we prove that IL is Cartesian
closed.

For two cochains (M', p;)ic., and ((M')?, p)ic. let

[M' — (M')] =
{g:M" = (M) | (V) < i) (Ya,y € M) [pi;(x) = pi;(y) = pi;(9(x) = pl;(g(1))] }-
Moreover, for g € [M*t! — (M) and f € [M' — (M')"], let ¢(g) = plogoe; and

di(f) = eto fop;. Then ¢;(g) € [M* — (M')?], di(f) € [MZ‘H — (M), and ¢;(d;(f)) = f.
It follows that the inverse limit [M — M'] of ([M* — (M')], ¢i)icw is in object in IL.
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For f € [M! — (M')"] and y € M"® set

ev.(f,y) = f(y)-

Then ev; o(q; X p;) = p; oev, . Hence, (ev,);c. is a sequent morphism.

Now, let (f:)iew be a sequent morphism from M” x M to M’ and for z € (M")" let f;(x)
be the function that maps y € M? to fi(x,y). Then fi(z) € [M' = (M")] and (f;)ico is a
sequent morphism from ((M")!, p!)ie, to ((M" — (M')"], ¢:)iew- Moreover, it is the uniquely
determined morphism (h;);e. such that ev, o(h; x id,;i) = f;, for i € w. This shows that
[M — M'] is an exponent of M and M’ in IL.

Theorem 5.3 IL is Cartesian closed.

As we have seen in Theorem 1.3 every object in IL is rank-ordered. Moreover, every
morphism f = (f;)ic, in IL is rank-preserving. In order to see this, let € M and m, n € w
with n > m. Then we have

— — —

(D1 = in, (Flin,, (2(n)) (m)) = ing, (S (2(m)) = inj, (fl2) (m) = [F(2)]]"

Proposition 5.4 IL is a full subcategory of RS.

Proof: In order to see that the inclusion functor I: IL — RS is full, let M and M’ be objects
in IL and h € [M = M']. Fory € M* set f;(y) = h(in;(y)) ().
First, we verify that f = (f:)icw is a sequent morphism. Let z € M'*!. Then

!

Pilh(ing () (i +1) = hiing, (2)) (@) = nj(hling, (2) (D) (@) = [hling, () ()
= [hling (I = [ling ()M () = hling(pi(2)) ().

Next, we show that f: h. Let z € M. Then we have
F@) (i) = filw (@) = hlin(2(i) (1) = A([]M) (i) = AT () = [a(@)]}(0) = h(2) (D).

Since every rank-ordered set K is isomorphic (in RS) to an object in IL, namely I{:, we
have the ensuing consequence [10].

Theorem 5.5 1. The categories IL and RS are equivalent.
2. 1L is reflective in RS.

It follows that the inclusion functor commutes with the product and the exponent functor,
i. €.,

I(M xp, M') 2 I(M) xps I(M") and I([M — M) = [[(M) = [(M")].

In the special case that M and M’ are representations of rank-ordered sets K and L we
obtain that [K = L] 2 I([K — L]) and hence that [K = L]; = [K; — L;]. Note that in

this case [K; — L) ={g:K;— L; | (Vj < ))(Vz € I(Z)[g(x)]f = [g([w]f‘)]f} Moreover,

for g € [Kiy1 — Liya], f € [K; = L], v € Ky, and y € Kiq, ¢(9)(2) = [g(x)]F and
di(f)(y) = J([yIF).
Lemma 5.6 Let K and L be rank-ordered sets. Then the following statements hold:

1. The sets [K = L]; and [K; — L;] are isomorphic.

2. [K = L] is isomorphic to the inverse limit of the cochain ([K; = L;], ¢;)icw-
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