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Abstract

In this paper a new notion of continuous information system is introduced. It is shown
that the information systems of this kind generate exactly the continuous domains. The
new information systems are of the same logic-oriented style as the information systems
first introduced by Scott in 1982: they consist of a set of tokens, a consistency predicate
and an entailment relation satisfying a set of natural axioms.

It is shown that continuous information systems are closely related to abstract bases.
Indeed, both categories are equivalent. Since it is known that the categories of abstract
bases and/or continuous domains are equivalent, it follows that the category of continuous
information systems is also equivalent to that of continuous domains.

In applications mostly subclasses of continuous domains are considered. The domains
have e.g. to be pointed, algebraic, bounded-complete or F'S. Conditions are presented that
when fulfilled by an continuous information system force the generated domain to belong
to the required subclass. In most cases the requirements are not only sufficient but also
necessary.

1 Introduction

In 1982, in his seminal paper [14] Dana Scott introduced information systems and approximable
mappings as a logic-oriented approach to denotational semantics of programming languages.
Larsen and Winskel [12] then showed that the category of these structures is equivalent to the
category of Scott domains with Scott continuous functions and explained how domain equations
can be solved exactly (not just up to isomorphism) by using information systems. In the sequel,
the new concept was used in many domain-theoretic studies (cf. e.g. [13]). Moreover, similar
structures were introduced in order to characterize various other kinds of domains that have

turned out important in studies of computation [17, 4, 5, 7, 19, 21, 22].
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Nearly all these formalisms represent only subclasses of algebraic domains. Hoofman [11] and
Vickers [16] were the first to present a generalization of information systems to the continuous
case. Hoofman’s continuous information systems are in the spirit of Scott’s information systems,
which means they consist of a set of tokens representing bits of information and an entailment
relation between finite sets of tokens, but they capture only the bounded-complete continuous
domains. Vickers’s approach, however, is more general and allows to represent all continuous
domains, but is not Scott-style: he considers transitive dense relations. Bedregal [3] contains
a Scott-style approach that claims to capture exactly the continuous domains. Unfortunately,
this paper contains no proofs but various errors. It seems that the requirements used there are
too weak.

In the present paper we introduce a new notion of continuous information systems. The
definition uses several conditions that appear already in Scott’s and/or Hoofman’s approach.
Moreover, a new requirement is added. As is shown, these information systems generate exactly
the continuous (not necessarily pointed) domains, or more mathematically: the categories of
both structures are equivalent.

As is well known, up to isomorphism continuous domains are completely determined by their
bases and the restriction of the approximation relation to them. Important domain construc-
tions can be reduced to analogous constructions on the bases. In the same way Scott continuous
functions can be recovered from their restriction to the bases of the domains involved. Bases of
continuous domains together with the approximation relations are examples of what is called
abstract basis. The category of these structures is known to be equivalent to the category of
continuous domains.

In this paper it is analyzed how abstract bases and continuous information systems corre-
spond to each other. As we will see, both structures are closely related. Abstract bases form
a bridge between continuous information systems and domains. It will be shown that the cat-
egories of continuous information systems and/or abstract bases are equivalent as well. The
above mentioned equivalence of continuous information systems and continuous domains is a
consequence of both results.

The paper is organized as follows: Section 2 contains the necessary definitions and results
about domains and abstract bases. In Section 3 continuous information systems are introduced
and their relationship with abstract bases is analyzed. By this we obtain that the states
of a continuous information system form a continuous domain with respect to set inclusion.
The analysis defines the object part of the functors that establish the equivalence between
both categories. The morphism part is studied in Section 4. The appropriate morphisms for
information systems are approximable mappings. They correspond to approximable relations
in a natural way. This leads to the just mentioned equivalence.

As has already been said, a continuous information system generates a—not necessarily
pointed—continuous domain. In most computer science application domains are required to be
pointed or satisfy even more restrictive requirements. In Section 5 conditions are derived which
when fulfilled by an information system force the generated domain to satisfy the additional
requirements. In most cases the conditions are not only sufficient but also necessary.

Final remarks can be found in Section 6.



2 Domains and abstract bases

For any set A, we write X Cg, A to mean that X is finite subset of A.

Let (D,C) be a poset. D is pointed if it contains a least element L. A subset S of D is
called consistent if it has an upper bound. S is directed, if it is nonempty and every pair of
elements in S has an upper bound in S. D is a directed-complete partial order (dcpo), if every
directed subset S of D has a least upper bound | | S in D, and D is bounded-complete if every
consistent subset has a least upper bound in D.

Assume that x, y are elements of a dcpo D. Then =z is said to approzimate y, written x < vy,
if for any directed subset S of D the relation y C | |S always implies the existence of some
u € S with x C u. Moreover, x is compact if x < x. A subset B of D is a basis of D, if for each
x € D the set {u € B | u < x} contains a directed subset with least upper bound z. Note that
the set of all compact elements of D is included in every basis of D. A dcpo D is said to be
continuous (or a continuous domain) if it has a basis and it is called algebraic (or an algebraic
domain) if its compact elements form a basis. Standard references for domain theory and its
applications are [9, 8, 1, 15, 2, 6].

Definition 2.1. Let D and D’ be posets. A function f: D — D’ is Scott continuous if for any
directed subset S of D with a least upper bound,

(LS =] £

The above definition demands that f(| |.S) is the least upper bound of the set f(S). As a
consequence one obtains that f is also monotone. Under the stronger assumption that D and
D' are dcpo’s one needs not care about the existence of directed least upper bounds. Instead,
one requires f to be monotone and preserve directed least upper bounds.

With respect to the pointwise order the set of all Scott continuous functions between two

dcpo’s D and D’ is a depo again. Observe that it need not be continuous even if D and D’ are.
Definition 2.2. Let D be a pointed dcpo.

1. A Scott continuous functionf: D — D is said to be finitely separated from the identity
id, on D, if there exists a finite subset M of D such that for any X € D there is m € My
with f(z) C m C 2. One speaks of strong separation if for each x € D there are elements
m,m’ € My with f(z) Cm < m/' C z.

2. D is called an FS-domain if there is a directed collection (f;);cr of Scott continuous
functions on D, each finitely separated from id,, with the identity function as their least

upper bound.

FS-domains are continuous: the set of all points f;(m) with m € My, and ¢ € I is a basis.
Algebraic FS-domains are also called bifinite domains.

By [10, Lemma 2|, for every f;, the function f; o f; is strongly finitely separated from Id,.
Since also | |;c;(fio fi) =1id, we can assume that an FS-domain comes with a strongly finitely
separating function family and hence that the separating sets My, contain only base elements.

As is well known, if D is a continuous domain D with basis B, then B with the restriction

of the approximation relation to it is an abstract basis.



Definition 2.3. An abstract basis is given by a set B together with a transitive relation < on

B, such that the following interpolation law holds for all elements u and finite subsets M of B:
M<u= (Fve B)M <v <u.

Here M < u means that m < u, for any m € M.

Recall that for a transitive relation < on a set B, a subset S of B is called dense if for all
u,v € B with u < v there is some w € S such that « < w < v. If B is dense, one also says that
the relation < is dense. For abstract bases (B, <) we therefore have that < is a dense transitive
relation.

Conversely, if we are given an abstract basis then a continuous domain can be derived from

it by considering all round ideals and ordering them with respect to set inclusion.

Definition 2.4. Let (B, <) be an abstract basis. A nonempty subset I of B is a round ideal if
1. VueB)(Ywel)(lu<v=uecl),
2. Vu,vel)FweI)(u<wAv=<w).

The set RI(B) of all round ideals of B ordered by set inclusion is called the round ideal
completion of B. Let pig: B — RI(B) be the embedding which maps u € B to the principal

ideal | <u.

Proposition 2.5 (cf. [1, 18]). Let (B, <) be an abstract basis. Then the following two state-

ments hold:
1. The round ideal completion RI(B) is a continuous domain with basis pig(B).

2. RI(B) is algebraic exactly if the subset of all reflexive elements is dense, i.e., if for all

u,v € B with u < v there is some w € B so that u < w < w < v.

Proposition 2.6. Let D be a continuous domain with basis B. Then B with the restriction
of the approzimation relation to B is an abstract basis such that the corresponding round ideal

completion is isomorphic to D.

The isomorphism is given by the two functions ilp: D — RI(B) and spp: RI(B) — D which

are inverse to each other:
ilp(z) ={ueBlu<a}, spp(l)=||I
The usual morphisms between abstract bases are approximable relations.

Definition 2.7. A relation R between abstract bases B and C is called approrimable if the
following four conditions hold for all w,u’ € B and v,v’ € C and all finite subsets M of C:

1. (WRvAv>=cv') = uRv,
2. (W e M)uRv" = (Jw € C)(uRw Aw >¢c M),
3. (v = uAuRv) = uRv,

4. uRv = (3w € B)(u > w A wRv).



Obviously, for every abstract basis (B, <), the relation < is approximable. It is the identity
morphism IRz on B.
Let D and D’, respectively, are continuous domains with bases of B and B’. Then for any

Scott continuous function f: D — D', its skeleton
sktn(f) = {(u,v) € Bx B |[v < f(u)}

is an approximable relation between (B, <) and (B’,<’). Conversely, if (B, <) and (B’,<’)

are abstract bases and R is an approximable relation between them, then by setting
frl)={veB | (Fuel)(uv) € R}
one obtains a Scott continuous function fr: RI(B) — RI(B’). Moreover,

f=5spp o fam(poilp  and R = (pig x pig) ' (sktn(fr)).

Theorem 2.8. The category AB of abstract bases and approximable relations is equivalent to

the category CDOM of continuous domains and Scott continuous functions.

3 Continuous information systems

In this section we introduce our notion of continuous information system and study the rela-

tionship of these structures with continuous domains.

Definition 3.1. Let A be a set, Con a collection of finite subsets of A and FC Con x A. Then
(A, Con,F) is a continuous information system if the following six conditions hold for all sets

X,Y € Con, elements a € A and nonempty finite subsets F' of A:
1. {a} € Con,
2. X+ a= XU{a} € Con,

3. YOXANXFa)=Ytaq,
and, defining X FY to mean that X - b, forallb e Y,

4. XFYANYFa= Xta,
5. XFa= (3Z€Con)(X+ZAZFa),
6. X+ F= (3ZeCon)(Z2FAXF Z).

If (A, Con,F) is a continuous information system then the elements of A are usually called
tokens, the sets in Con consistent and the relation - entailment relation. Tokens should be
thought of as atomic propositions giving information about data and consistent sets as repre-
senting consistent finite conjunctions of such propositions. The entailment relation then tells
us which propositions are derivable from what.

As we will see in this section, continuous information systems allow the generation of all
continuous domains. Hoofman [11] introduced a similar structure, also called continuous in-
formation system, that captures exactly the bounded-complete continuous domains. Condi-
tions 3.1(1) and (3-5) are used by him as well'. Observe that Condition 3.1(2) need not hold in

!Note that [11, Definition 19 (5)] should read as (Y € Cony AX CY AXFga)=Y F4a.



his setting [11, Example 3.6]. As is easily verified, every continuous information system in our

sense satisfying the additional requirement that for all finite subsets Y of A and all X € Con,
YCXAXeCon)=Y € Con

is a continuous information systems in Hoofman’s sense.
Note that Conditions 3.1(1), (2) and (4) have already been used by Scott [14].

As we will see next, Conditions 3.1(5) and (6) can be replaced by a single requirement.

Proposition 3.2. Let A be a nonempty set, Con be a collection of finite subsets of A and
FC Con xA such that Conditions 3.1(2, 3) hold. Then Requirements 3.1(5, 6) together are

equivalent to the following statement:
(VX € Con)(VF Cgp A)[ X HFF= 3Ze€Con)(X+FZANZFEF).

Proof. Assume that Conditions 3.1(5, 6) hold. Furthermore, suppose that X F F' and let a € F'.
Then, by 3.1(5), there is some set Z, € Con with X + Z, and Z, I a. With 3.1(6) it follows
that there is some Z € Con with Z D |J{Z,|a € F} and X - Z. Since Z, F a, we also have
that Z F a, by 3.1(3). Thus, X - Z and Z F F.

For the converse implication we only have to show that Condition 3.1(6) holds. Assume
that X = F. Then there is some Z € Con with X - Z and Z F F. Set Y = ZU F. Then
Y € Con, by 3.1(2), and X F Y. O

For X, Y € Conlet X <Y if Y X. Then < is a transitive dense relation on Con, which
shows that (Con, <) is a continuous information systems in the sense of Vickers [16]. These
information systems capture exactly the continuous domains.

When we say that a continuous information system generates a continuous domain, we mean
that the data (the states) that are uniquely described by certain sets of elementary propositions

or tokens form a domain with respect to set inclusion.

Definition 3.3 (cf. [3]). Let (A, Con,F) be a continuous information system. A subset = of A
is a state of (A, Con,F) if the next three conditions hold:

1. (VF Cap 2)(3Y € Con)(F CY AY Cux),
2. (VX €Con)(Vac A)( X CaAXFa=ac€ux),
3. (Va€x)(3X € Con)(X CzAXFa).

It follows that states are subsets of tokens that are finitely consistent (1) and closed under
entailment (2). Furthermore, each token in a state is derivable (3), i.e., for each token there is
a finite subset of the state that entails the token.

With respect to set inclusion the states of A form a partially ordered set which we denote
by |A|.

Similarly to Proposition 3.2 the requirement that ' C Y in 3.3(1) can be replaced by an

entailment condition.

Proposition 3.4. Let (A,Con,t) be a continuous information system and x be a subset of
A such that Condition 3.3(3) holds. Then Requirement 3.3(1) is equivalent to the following
statement:

(VF Cpp 2)(FY € Con)(Y CzAY F F).



Proof. Assume that Condition 3.3(1) holds, let  be a subset of A and F a finite subset of
2. Then, by 3.3(3), there is some consistent subset Z, of x with Z, F a, for every a € F.
Let Z =J{Zs | a € F}. Then Z is a finite subset of x and hence, by 3.3(1), there is some
consistent superset Y of Z that is still contained in z. As Y D Z,, it follows with 3.1(3) that
Y F a, for every a € F.

For the converse implication, let F' be again a finite subset of . Then there is some consistent
subset Y of z with Y - F. Set Z =Y UF. As F is finite, it follows with 3.1(2) and (3) that Z

is consistent. Moreover, F' C Z C x. O

As we will see now, there is a close connection between continuous information systems and
abstract bases such that states and round ideals correspond to each other.

Let (B, <) be an abstract basis and for u,v € B, let v < v if u < v or u = v. Set

Con = { X Cgy B | X directed with respect to <}
and for X € Con and a € B define

Xtas (FceX)a<c
Lemma 3.5. C(B) = (B, Con, ) is a continuous information system.

Proof. As is readily seen, Conditions 3.1(1-5) hold. For the verification of Condition 3.1(6) let
X € Con and F be a finite nonempty subset of B so that X F F. Then there is some ¢, € X
with a < ¢, for every a € F. Since X is directed with respect to =<, there is moreover some
d € X with ¢, <X d, for all a € F. It follows that F' < d. By the interpolation law there is hence
some e € B with FF <e <d. Set Z=FU{e}. Then Z € Con, Z 2D F, and X - Z. O

Lemma 3.6. RI(B) = |C(B)|.

Proof. Let I € RI(B). We need to show that I is a state of C(B). Let to this end F be
a finite subset of I. If F is empty, set Y = {a}, for some a € I. Otherwise, assume that
F = {uy,...,u,}. Then we can inductively find elements v1,...,v, € I with v;1 = u; and
vi—1,u; < v, for i = 2,...,r. Set Y = FU{vy,...,v.} in this case. Then we have in both
cases that Y is a consistent subset of 1.

Next assume that X is a subset of I and u € B with X F u. Then u < v, for some v € X.
Thus v € I and hence also u € 1.

Finally, let © € I. Since [ is a round ideal, there is some v € I with u < v. It follows that
{v} € Con, {v} C I, and {v} F u.

Now, let conversely = be a state of C(B). We have to verify that x is a round ideal. Assume
that v € z and u € B with u < v. Then {v} € Con and {v} I u. Hence u € x, by 3.3(2).

For Condition 2.4(2) let u,v € x. By 3.3(3) there are finite consistent subsets U and V of
x with U F v and V Fv. With 3.3(1) it follows that there is a consistent subset Z of x which
contains both U and V. Hence, Z F {u,v}, by 3.1(3). Since Z is directed with respect to =,

we obtain that u,v < z, for some z € Z. O

By Proposition 2.5(1) it follows that |C(B)] is a continuous domain.
Next we will show that conversely also every continuous information system (A, Con,F)

generates an abstract basis: For X,Y € Con set

Y<X<e XY



Lemma 3.7. B(A) = (Con, <) is an abstract basis.

Proof. By Condition 3.1(4), the relation < is transitive. To see that it also satisfies the inter-
polation law, let Vi,..., V., X € Con with V; < X, for ¢ = 1,...,r. Then we have that X -V},
for each such ¢, and hence that X F J{V;|1<i<r} Set V=J{Vi|1<i<r} With
Proposition 3.2 it follows that there is some Z € Con with X  Z and Z F V. In particular we
have that ZF V;, forall 1 <i:<r. Thus, V; < Z < X, fort=1,...,r. O

Lemma 3.8. 1. Forz € |A], {X € Con| X Cz} e RI(B(A)).

2. For I € RI(B(A)), UI € |A].

Proof. (1) As a consequence of 3.3(2) the set { X € Con | X C z} is downwards closed with
respect to <. To see that it is also directed, let X and Y be consistent subsets of z. By
Proposition 3.4 there is a consistent subset Z of = that contains both X and Y and is such that
Z - X UY, which means that X|Y < Z.

(2) We have to verify the conditions in Definition 3.3. Let F' be a finite subset of | J I. Then,
for each a € F there is some X, € I with a € X,. As I is a round ideal and F' is finite, there
is moreover some Y € I so that X, <Y, for all a € F. Then Y € Con and Y F X, for every
such a. Since a € X,, this implies that Y + F. With Condition 3.1(6) we now obtain that
there is some Z € Con with Y - Z. Moreover, Z DO F. Thus, Z < Y, which means that Z € I.
Hence, Z C JI.

For the second condition let X be a consistent subset of | JI and a be an element of A so
that X + a. Since X is finite, we can again find some Y € I with Y F X. By 3.1(4) we have
that Y F q, that is {a} <Y. Since Y € I, it follows that {a} € I as well. Thus, a € |JI.

For the third condition let a € |JI. Then there is some X, € I with a € X,. As T is a
round ideal, we can moreover find some Y € I with X, < Y. Thus, Y X, which in particular
means that Y F a. Furthermore, Y C (1. O

The last lemma allows us to define functions F: |A| — RI(B(A)) and G: RI(B(A)) — |A4|
by setting
F@)={XeCon|X Cax} and gI)=JI
Obviously, they are both monotone.

Lemma 3.9. The functions F and G are inverse to each other and Scott continuous.

Proof. Let © € |A|. Obviously, J{X € Con| X Cz} C z. For the converse inclusion
let @ € z. Then {a} € Con. Hence, {a} € {X € Con|X C z}, which means that a €
U{XeCom|XCz}Cu.

Next, let I € RI(B(A)). Set I = (JI. Then I C {X € Con | X C I}. Conversely, let
X € Con with X C I. As in the proof of Lemma 3.8(2) we can then find some Y € ConNI
with Y = X, which means that X < Y. Since [ is a round ideal, it follows that X € I.

To show that both functions are Scott continuous, it is now sufficient to show that F
preserves existing directed least upper bounds. Let to this end (z;);cx a directed family of
states. As is readily seen, (J;cx 7 is a state too, in this case. Moreover, it is the least upper
bound of (x;);ex. Since similarly the union of a directed family of round ideals is its least
upper bound in RI(B(A)), we have to show that

{X €Con| X CUjexwi}=|J{X€Con|XCu},
iEK



which is obvious by the directedness of the family (z;);ck. O

As we have seen in Proposition 2.5(1), RI(B(A)) is a continuous domain. It follows that |A]

is a continuous domain as well. The consistent subsets of A generate a canonical basis for |A]|.

Lemma 3.10. 1. For X € Con, X ={a € A| X Fa} is a state of A.

2. For every z € |A|, the set of all X with X € Con so that X C z is directed and z is its

UNLON.

Proof. (1) follows immediately from 3.1(4-6) in this case.

For (2) let A, = J{X | X € Con AX C z}. Because of 3.3(1) A, is nonempty. Morcover,
we have for two consistent subsets X and Y of z that there is a further consistent subset Z
of z that includes both of them. With 3.1(3) it follows that X,Y C Z. Thus, A, is directed.
Obviously, |J A, C z. Let conversely be a € z. Because of 3.3(3) there is some consistent subset
X of z such that X - a. Then X € A, and hence a € |J A,. O

This result allows to characterize the approximation relation on |A| in terms of the entail-
ment relation. The characterization nicely reflects the intuition that x < y if x is covered by

some “finite part” of y.
Lemma 3.11. For x,y € |4],
r<y< (IVeCo)(VIyAV ).

Proof. The “if”-part of the statement is an obvious consequence of the preceding lemma.

For the proof of the converse implication assume that S is a directed collection of states of
A such that y C |J S. By the premise there is some finite consistent subset V of y with « C V.
It follows that V' C |JS. Since V is finite and S directed, there is thus some s € S so that
V C s. As s is a state, we obtain that also 1% C s and hence that z C s. Thus z < y. O

Let us now sum up what we have shown so far.
Theorem 3.12. 1. Let (B, <) be an abstract basis. Then the following two statements hold:
(a) C(B) is a continuous information system.
(b) |C(B)| is a continuous domain with |C(B)| = RI(B).

2. Let (A,Con,t) be a continuous information system. Then the following three statements
hold:

(a) |A| is a continuous domain.
(b) B(A) is an abstract basis.
(c) The domains RI(B(A)) and |A| are isomorphic.

By Proposition 2.6, every continuous domain D gives rise to an abstract basis the round
ideal completion of which is isomorphic to D. The abstract base consists of a fixed basis Bp of

D and the restriction of the approximation relation to Bp.
Corollary 3.13. Let D be a continuous domain. Then the following two statements hold:
1. C(Bp) is a continuous information system.

2. The domains |C(Bp)| and D are isomorphic.



4 Approximable mappings

In a next step we want to turn the collection of continuous information systems into a category.
Similar to abstract bases the appropriate morphisms are not proper maps but relations. They

share essential properties with entailment relations.

Definition 4.1. An approximable mapping H between continuous information systems (A, Con,
F) and (A’,Con’,F), written H: AIF A’, is a relation between Con and A’ satisfying for all
X, X" € Con, Y € Con' and b € A, as well as all nonempty finite subsets F of A’ the following
five conditions, where X HY means that X He, for all c € Y:

1. (XHY AY F b) = XHb,

2. XHF = (3Z € Con')(FC ZAXHZ),

3. (X +X'AX'Hb) = XHb,

4. (X 2 X' A X'Hb) = X'Hb,

5. XHb= (3Z € Con)(3Z' € Con')(X - ZANZHZ' N Z' D).

As has already been mentioned, entailment relations are special approximable morphisms.
For X € Con and a € A set XIda if X F a. Then Id: AI- A such that for all H: A - A,
Hold,, = H =1d, oH, where for approximable mappings H: AlF A" and G: A" |- A” their
composition H o G: Al A” is defined by

X(HoG)c e (3Y € Con')(XHY AYGe).

Let CINF be the category of continuous information systems and approximable mappings.
There is also a close connection between approximable mappings and approximable relations
which turns the connection between continuous information systems and abstract bases studied
the last section into an equivalence between AB and CINF.

Let B, B’ be abstract bases and R be an approximable relation between B and B’. Moreover,
define the relation C(R) C Cong gy x B’ by

XC(R)a < (3¢ € X)cRa.
Lemma 4.2. C(R): C(B) IF C(B’).

Proof. We only consider Conditions 4.1(2) and 4.1(5), the verification of the remaining require-
ments being straightforward. Let to this end X € ConC(B), b € B’ and F be a finite subset of
B

Assume first that XC(R)F. Then we have that for every a € F there is some ¢, € X with
cqRa. Since X is directed with respect to =, it contains a greatest element ¢. It follows that
¢Ra, for all a € F. With Condition 2.7(2) we thus obtain that there is some element b € B’ so
that b > F and ¢Rb. Set Z = FU{b}. Then Z is directed with respect to =<', i.e. Z € Congp.
Moreover, ¢RZ and hence XC(R)Z.

Next, suppose that XC(R)b. Then there is some ¢ € X with cRb. By Condition 2.7(2) there
is thus some element b € B’ such that ¢cRb and b < b. Set Z' = {b}. Then Z' € Cong gy and
Z' Fecpry b. With Condition 2.7(4) we moreover obtain that there is some ¢ € B so that ¢Rb
and ¢ < ¢. Set Z = {¢}. Then we have that Z € Cong g, X t-¢(p) Z and ZC(R)Z'. O
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Now, let A, A’ be continuous information systems and H: AlF A’. For X € B(A) and
Y’ € B(A') let
XB(H)Y' < XHY'.

Lemma 4.3. B(H) is an approzimable relation between B(A) and B(A").

Proof. We only verify Conditions 2.7(2) and 2.7(4), the others being straightforward. Let to
this end X € Con, Y’ € Con’, and be M’ a finite subset of Con’.

Suppose first that for all X' € 9, XB(H)X'. Then it follows with Condition 4.1(5)
that for each such X’ and all a’ € X' there is some Z%, ,, € Con’ such that XHZY, ., and
Z'%: o ' a’. By Conditions 4.1(4) and 3.1(3) we therefore have that there is some Z’ € Con’
with Z' O U{Zx, o | X' €M N € X'}, XHZ" and Z' ' o', which means that XB(H)Z'
and Z' B(A) M.

Next, assume that XB(H)Y’. Then XHad', for all ' € Y’. With Condition 4.1(5) we
obtain that there is some Z,, € Con so that X F Z,» and Z, Hd', for each such o’. By applying
Conditions 3.1(6) and 4.1(2) it follows that there is some Z € Con with Z D |J{Z. | ¢ €Y'},
XF Zand ZHd', for all ' € Y’ . Thus, we have that X >4y Z and ZB(H)Y". O

It is readily seen that C: AB — CINF and 5: CINF — AB are functors. As will be shown
in what follows, they constitute an equivalence between both categories.

For a category C let Z¢ be the identical functor on C. We first show that there is a
natural isomorphism 7:Zag — BoC. Let to this end (B, <) be an abstract basis. Then
B(C(B)) = (Cong gy, <p(c(n))) and for X,Y € Cong z) we have that

X <pemy Y & (Vae X)(FeY)a <b,
which means that for a,b € B,

{a} '<B(C(B)) {b} < a<b.

Define relations Pp and @Q g, respectively, between B and B(C(B)) as well as B(C(B)) and
B by

PB = { (b,X) € B x CODC(B) | X '<B(C(B)) {b}},and

Qp = {X,b) € Cong ) xB | {b} <s(cny X }-

Then Pp and Qg are approximable relations with Pg o Qg = Rl and Qg o Pp = RIB(C(B)).
Set 75 = Pg.

Lemma 4.4. 7 is a natural transformation.

Proof. Tt remains to show that for abstract bases (B, <), (B’, <’) and an approximable relation
R between B and B/,
B OB(C(R)) = ROTB/.

Note first that for X, Y € Conc(B),

XB(C(R))Y < (Va € Y)(3c € X)cRa.

11



Now, let Be Band Y’ € Conc(B,). Then

b(ri 0 BC(R))Y (32 € Cong ) )bruZ A ZB(C(R))Y’
« (3Z € Cong ) ){b} =5(c(n)) Z N ZB(C(R))Y’
o (MB(C(R))Y’
& (32 € BH{OIBC(R){="} A"} =semy) Y
& (32" € BYbRZ N1/ Y!
o b(RoTp)Y".

Let us summarize what we have just shown.
Proposition 4.5. 7: ZTaog — B o C is a natural isomorphism.

Next, we show that there is also a natural isomorphism 7: Zeing — C o B. Let (A, Con,
F) be a continuous information system. Then C(B(A)) = (Con, Conc(B(A)),I—C(B(A))), where
ConC(B(A)) is the collection of all finite subsets of Con that are directed with respect to <p(4)
and
Xhepuay X & (3Z2cX)ZF X,

for X € Cong g4y and X € Con. Set
Sa={(X,Y)€ConxCon|XFY} and
Ta={(X,a) € Conggay XA | X Fesay {at}-
Then Sa: AIFC(B(A)) and T4: C(B(A)) IF A.
Lemma 4.6. 1. SpoTy=1d,,
2. TaoSa=1Idepay)-

Proof. Note that for X,Y € Con, X Y just if {X} F¢(sa)y) Y. Then (1) is a consequence
of the conditions for entailment relations. For (2) let X € Cong g 4)) and X € Con. Then we
have that

X(Ta0S54)X & (3Y € Con)XT4Y AYSAX

& (Y € Con)X Feay Y ANY EX
& (FY €Con)(3Z € X)ZFY AY X
< ((3Zex)ZkHX

s X I_C(B(A)) X.

Set ng = S4.

Lemma 4.7. n is a natural transformation.

12



Proof. We only have to show that for continuous information systems (A, Con,F) and A’, Con’,

F) and an approximable mapping H: A |+ A’
a0 C(B(H)) = H o,

Note to this end that for X € Cong g4y and X' € C(B(A")),
XC(B(H)X' & (3Z € X)ZHX'.

Then we have for X € C(B(A)) and Y’ € C(B(A’)) that

X (14 0 C(B(H)))Y’ « (33 € Cong g 4)) X Sa3 A 3C(B(H))Y
& (33 € Cong(pa)))(VZ € 3)X FZ N (U € 3)ZHY'
& XHY' (1)
& AV € Con ) XHV AV H Y
& X(Hona)Y'.
In line (1) the implication from left to right is a consequence of Condition 4.1(3). For the

converse direction use Condition 4.1(5) to obtain some U € Con such that X - U and UHY".
Then set 3 = {U}. O

Let us summarize again what we have achieved in this step.
Proposition 4.8. 1: Zcing — C o B is natural isomorphism.
Putting Propositions 4.5 and 4.8 together, we obtain what we were aiming for in this section.

Theorem 4.9. The category AB of abstract bases and approzimable relations is equivalent to

the category CINF of continuous information systems and approximable mappings.

Corollary 4.10. The category CINF of continuous information systems and approzximable
mappings is equivalent to the category CDOM of continuous domains and Scott continuous

functions.

5 Special cases

In this section we are going to study for some important kinds of domains how they can be
represented as continuous information systems. Algebraic domains are certainly one of the most

frequently used kinds.

Proposition 5.1. Let A be a set, Con a collection of finite subsets of A and FC Con x A.
Then (A, Con,F) is a continuous information system with |A| being algebraic if, and only if,
(A, Con,t) satisfies Conditions 8.1(1-4, 6) and in addition the following requirement

(VX,Y € Con)[X +Y = (3Z € Con)(X F ZANZ+ZAZFY)]. (ALG)

Proof. We have seen in Section 3 that if A is a continuous information system, then B(A) is an
abstract basis. Moreover, RI(B(A)) and |A| are isomorphic domains. So, if |A] is algebraic the
same holds for RI(B(A)). Condition (ALG) is therefore a consequence of Proposition 2.4(2).
For the converse implication note that Condition 3.1(5) follows from the extra require-
ment (ALG) with Condition 3.1(1). Therefore, A is a continuous information system. Moreover,
RI(B(A)) is algebraic because of Proposition 2.4(2). O
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For a continuous information system Condition (ALG) is obviously satisfied if
(VX € Con)(Va € X)X F a.

This requirement has been used by Scott [14].
In most computer science applications of domain theory one requires the domains to be
pointed. Therefore, we are interested in when |A| has a least and, similarly, when it has a

greatest element.

Proposition 5.2. Let (A4, Con,t) be a continuous information system. Then |A| is pointed if,
and only if, B € Con or there is some a € A with X & a, for all X € Con.

Proof. Let us first assume that |A| has a least state L. If L is empty, then by choosing F = ()
in 3.3(1) we have that there is some X € Con with ) C X C (), which means that § € Con.

Suppose now that L is not empty, say a € L. Then a is contained in every state of A, in
particular in the states X. Thus X + a, for every X € Con.

For the converse implication assume first that ) € Con. Then @ is a state of A. If ¢ € @, ie.,
if 0 ¢, then X I ¢, for any X € Con, by 3.1(3). With 3.3(1, 2) it follows that ¢ is contained
in every state of A, i.e. 0 is its least state.

If, on the other hand, A has some element a with X  a, for every X € Con, then we obtain

again that a is contained in every state of |A|, which implies that {a} is its least state. O

Let A" = {a € A| (3X € Con)X I a} be the derivable kernel of A. Obviously, A" = [J|A].

Moreover, |A| has a greatest element exactly if | J|A]| is a state of A.
Lemma 5.3. |J|A| is a state < (VF Cg, A7)(3X € Con)(F C X A X C A").

Note that the right hand side is Condition 3.3(1) for the set | J|A|. As is readily verified,
Conditions 3.3(2, 3) hold in this case.

Proposition 5.4. Let (A, Con,F) be a continuous information system. Then |A| has a greatest

element if, and only if,
(VF Can AT)(3X € Con)(FC XA X C AN). (TOP)

Observe that A™ may be a proper subset of A, i.e., a continuous information system may
contain tokens that are never entailed. Because of Condition 3.3(3) they are of no use in domain

construction. The following construction shows that they can easily be eliminated.

Definition 5.5. A continuous information system (A, Con,t) is called reduced if for every
a € A there is some X € Con with X F a.

Let (Ared, Con, g, Frea) be defined by

Arja={acA|(Fae A)XFa}l,
Con,y={X €Con|X C Aq}, and
X Freqaa<e X Foa,

where X € Con, 4 and a € A,cq. The next result is now readily verified.

Lemma 5.6. (Ayeq, Con, gy, red) is a reduced continuous information system with |Aveq| = | Al.
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A further type of domains that is often used in computer science are the bounded-complete

ones. As follows from the definition, bounded-complete continuous domains are always pointed.

Proposition 5.7. Let (A, Con, ) be a continuous information system that satisfies the addi-

tional requirement that
(VY Chp A)(VX € Con)[X Y =Y € Conl. (WBC)

Then |A| is bounded-complete.

Proof. Since |A| is directed-complete, it suffices to show that any two states which are bounded
from above have a least upper bound. Note first that because of Proposition 3.4 and Con-
dition (WBC) any finite subset of a state is consistent. Now, let z, 2’ and y be states with

z,r’ Cy. We want to show that
z={a€eA|(@X €eCon)(X CazU'AXFa)}

is also a state and that it is the least upper bound of x and 2’.

Let a € z. Then there is some consistent subset X of x Uz’ with X + a. Since X C y, it
follows that a € y. Thus z C y. As a consequence, any finite subset of z is consistent. Hence,
z satisfies Condition 3.3(1). With Condition 3.3(3) we obtain that x,z" C z. Therefore, by its
definition, z satisfies this requirement as well.

For Condition 3.3(2), let Z C z and ¢ € A with Z F ¢. Then there is some consistent
X, CxU4d/, for each a € Z, with X, F a. Let X be the union of these sets X,. As X Cy, X
is consistent. Moreover, X C z Uz’ and X F a. Hence a € 2.

Finally, let y’ be any other state with , 2’ C ¢’. Then x Uz’ C y. With Condition 3.3(2)
it follows that also z C y/'. O

It would be interesting to find a condition that is also necessary, as we did in the other
cases. Note that Condition (WBC) implies Condition 3.1(6).

In his definition of continuous information system Hoofman [11] uses the above Condi-
tion (WBC) as well as the requirement that for all finite subsets Y of A and all X € Con,

(YCXAXeCon)=Y e Con. (SBC)

He does not use Condition 3.1(2). Observe that (WBC) follows from (SBC) if 3.1(2) is assumed.

A continuous domain which is a complete lattice is called a continuous lattice. If the domain
is even algebraic, one calls it an algebraic domain. Obviously, a poset is a continuous lattice
just if it is a bounded-complete continuous domain with greatest element, correspondingly in

the algebraic case.
Proposition 5.8. Let (A, Con,tF) be a continuous information system.

1. If A satisfies the additional requirements (TOP) and (WBC). Then |A| is a continuous

lattice.

2. If A satisfies the additional requirements (ALG), (TOP) and (WBC). Then |A| is an

algebraic lattice.
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One of the earliest and most important applications of domain theory was in programming
language semantics. Since any advanced algorithmic language allows the formation of function
spaces as data type, only Cartesian closed full subcategories of CDOM are of interest in this
case. Moreover, the domains have to be pointed. As has been shown by Jung [10], there are
just two such maximal subcategories, generated by FS-domains and L-domains, respectively.
We will consider only the first class here. The representation of L-domains by continuous

information systems will be the subject of a separate paper.

Proposition 5.9. Let A be a set and Con a countable collection of finite subsets of A including
the empty set. Then there is a relation FC Con xA such that (A,Con,F) is a continuous
information system with |A| being an FS-domain if, and only if, there exists a directed family
(IF:)ier of relations between Con and A as well as a family (IM;);cr of finite subsets of Con so
that the following eight conditions hold for all indices i € I, sets X, Y € Con, elements a € A
and nonempty finite subsets F' of A:

1. {a} € Con,

2. (FGeXIFja= XU{a} € Con,

3 X YA@jeDY Ik a = X Ik a,

4. Xk F= (3Z € Con)[FC ZAX IF; 7],

5. (G eDXIFYAY Ik a = X Ik a,

6. [ X2YAYIHa=XIka,

7. X s a= (32,2' € Con)(3j,§' € DX -; ZAZ s Z' N Z' k1 d],
8. (3Z € M)[X F ZA(Vbe A)(X Ik b= (3j € 1)Z I b).

Proof. Assume that there is a relation FC Con x A such that (A, Con, ) is a continuous infor-
mation systems and |A| is an FS-domain. Then there is a directed family (f;);er on |A| and a
family (M;);er of finite nonempty subsets of |A| such that the identity on |A| is the least upper
bound of the functions f; and each M; witnesses that f; is finitely separated from id| Al Note
that for X € Con, X = J,c; fi(X). Thus, for a € A,

XtasaeX e (3jelac f;(X)
For i € I, define IF,C Con x A by
X asac fi(X).

Conditions (1) to (7) are now readily verified. For (7) note that X= UA{ Z | Z € ConNZ C )?}
and similarly f;(Z) =J{Z' | Z' € ConnZ' C f:(Z)}.

It remains to define 9; and verify requirement (8). As we has been remarked in Section 2,
we may assume that each set M; contains only base elements, which means in this case that
the elements of the M; are of the form X , for some X € Con. Thus, for every i € I, there are
finite subsets M; of Con with M; = { X | X € M, }. Condition (8) is now obvious.

For the converse implication set = J;.; IFi. Then (A, Con, ) is obviously a continuous

information system. Moreover, for i € I and z € |A|, define

file)={aeA|(3X €eCon)X CaxAXIa}.
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As is easily seen, f; is a Scott continuous function on |A[, for each ¢ € I, and the family of all
these functions is directed with the identity on |A| as its least upper bound. Finally, for i € I,
set M; = {X | X e, }.

Now, let ¢ € I and = € |A|. Since Con is countable, the set of all consistent subsets of
x is countable as well. Because of Condition 3.3(1) we can therefore construct an increasing
sequence (X, ),e, of consistent subsets of « such that for every consistent subset Y of = there
is some v € w with Y C X,,. By Assumption (8) there is some Z, € 9M;, for each such v, such
that X, F Z, and

fi(X,) ={beA[X, b} C Z,.

Because 9; is finite, there must then be some Z' € M; such that for infinitely many indices v,
Z, = 7'. Tt follows that for all v € w, fl()/(\y) C Z' and for some v/ € w, X,» - Z'. Thus we
have that

fi@) = J{fH(Y)| Y €ConAY Ca} CZ' C X, Cu,
which shows that f; is finitely separated from the identity on |A|. O

The next result presents a sufficient condition for a continuous information system to gen-

erate a bifinite domains. The countability assumption on Con is not used in this case.

Proposition 5.10. Let (A, Con,t) be a continuous information system that satisfies Condi-
tion (ALG) as well as the requirement that ) € Con or there is some a € A with X + a, for all
X € Con. Moreover, for each finite subset F' of A let there be a finite family § of consistent
sets that contains all consistent subsets of F' and is such that for all subfamilies & of § and all
Z € Con,

VX e®)ZFX = (Y eFZFYANNVX €)Y - X].

Then |A| is a bifinite domain.

Proof. By Propositions 5.1 and 5.2 we have that |A| is a pointed algebraic domain. Because of
[6, Proposition II-2.20] it remains to show that there is a directed family of Scott continuous
functions that all have finite range and the identity on |A| as their least upper bound.
Let
J={FCain A|(3X €Con)X C F}.

Then J is directed. Now, for F' € J and = € |A|, define
Gp,={XeF|XCx}

and set Q?I-:\m —{X| X € &p,}. Weshow that Q?F\x has a greatest element.

Let G = J®p,. Then G is a finite subset of x. By Proposition 3.4, there is hence some
consistent subset Z of z with Z - G. It follows that Z - X, for all X € & . Thus, there is
some Y € § such that ZFY and Y F X, for all X € &g ,. Since Z is included in z, the same
holds for Y. Moreover, Y € &, and X - 577 for all X € &p 5. Thus Y is the largest element
of Qi/p\z

Set gp(z) = max ®/F\1 Then range(gp) is a subset of the set of all X with X € § and hence
finite. We show next that gp is Scott continuous.

Obviously, gr is monotone. Let S be a directed subset of |A| and assume that gr(|J S) = Y
with Y € &g jg. Then Y C [JS. Since S is directed, there is some state s € S so that ¥ C s.
It follows that gr(s) D Y = gr(US), which implies that gp is Scott continuous.
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Note that for 1, F5 €3, gr,, 9r, E 9murmUU31U3,)- Lhus, the family (9r)rey is directed.
It remains to show that (| |pc5 g9r)(x) = z, for all x € |A].

By the definition of the functions g we have that | J{ gr(z) | F € 3} C x. For the converse
inclusion choose X € Con with X C x. Then X € J. Moreover, X € X, where X is the family
of consistent sets that exists for X by our assumption. It follows that X € &x , and hence
that X C gx(z). Thus,

v=J{Z|ZeCmnzca} | J{gz(z) | Z€Connz Cx} | J{gr(z)| FeT}.
O

Obviously, the results given so far allow the introduction of special categories of information
system such that equivalence results as in Section 4 hold with respect to the corresponding

domain categories. We leave this to the interested reader.

6 Concluding remarks

In this paper a new notion of continuous information system is introduced. As is shown the in-
formation systems of this type generate exactly the continuous domains. This result is obtained
by analyzing the relationship between information systems and abstract bases. It is shown that
both categories are equivalent.

Abstract bases have turned out to be an important tool in domain theory. The main (and
up to isomorphism, only) examples for abstract bases are the bases of continuous domains
together with the restriction of the approximation relation to the basis. As is well known, up to
isomorphism continuous domains are completely determined by their bases. The same is true
for Scott continuous functions and their behaviour on the bases of its domain and codomain.
This basic relationship led to another well known equivalence, that between the categories of
abstract bases and continuous domains.

As a consequence of both equivalence results the equivalence between the categories of
continuous information systems and of continuous domains is obtained.

For most applications continuous domains are far too general. A great variety of important
subclasses has been studied in the literature. For certain rather large subclasses conditions
have been derived in the paper which when fulfilled by a continuous information system force
the generated domain to belong to the class in question. It would be interesting to find similar

requirements for other subclasses.
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