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1. Introduction

The possibility to solve recursive domain equations is an important
requirement for categories of spaces used in model constructions
for higher-order logic and programming language semantics.

Here, we show how the techniques that are used to solve such
equations in the categories of complete partial orders can be
modified in order to obtain such solutions in the category of
effectively given topological spaces.



2. Framework

Let 7 = (T,7) be a topological Ty space with countable basis
B={ByBi,...}

and
<pC w X w

be transitive.



Definition
1. <p is a strong inclusion if
m<g n= B, C B,.

2. The space 7 = (T, T,B,<p) is effectively given if the strong
inclusion relation <p is semi-decidable.

Note that <p is not semi-decidable, in general, if we choose <pg to
be set inclusion.



3. Standard Examples

3.1 Effectively given metric spaces.

Let M = (M, 0) be a separable metric space with dense subspace

Mo = {Xg,Xl,...}.
Set
Bim ={y € M[d(x,y)<27™}
and

(i,m)y <g (j,n) < d(xi;,x;) +27 " < 27"

Note that the relation < on the computable real numbers is
semi-decidable.



Definition
M is effectively given if
> 4§ Mo X Mo — Rcomp,
» There is some computable function d € R(? so that
8(xi, x;) = Yd(ij)»

where + is a standard indexing of the computable reals.



3.2 Effectively given domains

Let D = (D, C) be an w-continuous complete partial order
(domain) with basis

Do={z,z,...}.

Set
Bm:{yGD\z,-<<y}
and

m<pn& z, < Znp.

Here, < is the way-below relation.

Definition

D is effectively given if the way-below relation < is semi-decidable.



4. The Smyth-Plotkin approach

Let C be a category and F: C — C be a functor.
The equation
X = F(X)
has a solution in C if
» C has an initial object .

» 1 — F(L) — F?(L)—--- hasa colimit.
€LF(L) Flel,r))

» F is w-continuous.



Consider the chain

T0—>T1—>T2—>"-
€0 €1

where

» 7, effectively given Tgy space,

> e, effectively continuous and 1-1.

Goal: Construction of a colimit.



Construction of a colimit

> Take
@ 7. (disjoint union)

acw

with the canonical topology.

> Set
T =T/~

acw

with the quotient topology,

where
(a,y) ~(c,z) e [a<chex(y)=z]V[c<anea(z)=y]

and
€3c = €c_10---0e, fora<c, eaa:idTa.



Problems:

» How can we obtain a canonical enumeration of the basic open
sets?

» How can we define a strong inclusion relation <., in terms of
<57

Using only 1-1 continuous maps as embeddings gives not enough
information!



Consider the case of algebraic domain again:

e
D= D,
P

where
poe=idp, eopCidp, .

It follows that
z € D is finite = e(z) € D’ is finite,
{yeD|zCy}~{uecD |e(z)E u}.

Note that these sets are basic open.



Definition
Let 71,7, be effectively given Ty spaces. (e, 8): 71 — Tz is an
embedding if
» e: T1 — T, effectively continuous, 1-1,
> &: B1 — By effective, i.e.
there is some computable function & with &(B}) = Bg(n),

v

e '[&(B;)] = B;,

(VO € m)e[BY] € O = &(B}) C O,
> m <1 m<= e(m) <z e(n),

BL N Bl =0 — &(BL)N&BL) =0

v

v



Definition
An open set O € T is Lacombe open if there is some
semi-decidable set A C w so that

0=|J{BnlncA}.
Any r.e. index of A is a Lacombe index of O.

This gives rise to an indexing L™ of the Lacombe open sets.

Definition
A map f: T — T’ is effectively continuous if there is a
computable function f so that

It follows that the notion of embedding is actually a point-free
notion.



Note.
> e[B}] C &(B}).
» e is monotone with respect to the specialization orders <,
and <.
Let TOPZg with

» objects: effectively given Ty spaces

» morphisms: embeddings.



Consider
7° — 7V — 72— ...

(e0,%) (e1,81)
and take again
T =71/~
acw

with the canonical topology.

Lemma
For all a,n > 0,

U{er x !Bl u{a} x B3 U [ J{c} x &c(B)

c<a a<c

is open in @, T? and closed with respect to ~.



Let 7. be the canonical projection associated with ~ and set

Bl = m~(J e} x el [Bi1U{a} x B U [ {c} x &xc(BY)).

c<a a<c

Lemma

Bisny € Biemy <= [a < chéxc(By) C Br]V[c < aABj C éq(Bg)].

(a,n (c,m

Definition

(a,n) <o (€, m) <= [a < cNeac(n) <c m|V[c < aAn <, €c(m)].

Call the chain (772, (e, éa))aEw effective if the effectivity
requirements for 72 and (e,, &) hold uniformly in a.



Theorem

Let (T2, (es 85)),.,, be an effective chain in TOPgg. Then

€
> T = (T%,7%°,B%, <) is effectively given.

> T is a colimit of (T2, (e,,&,))

acw’



Initial Object in TOPgg:
Without restriction assume for 7 € TOPg that
PeB,  By=0, 0=<go0.

Set
B'=0(new) and =p=w xw.

n

Then
(@, {@}) {®}7 —<®) € Topgff'

Let (T,7,B,<g) € TOPg. Then

0 —

(0,(0—0))

9

where (0, (0 — 0)) is an embedding.
It follows that (0, {0}, {0}, <y) is initial in TOPg.



Call a functor F: TOPSs — TOPE effective, if there are
computable functions ob, mory, mory such that:

> If i € wis an r.e. index of <gr, then ob(/) is an r.e. index of
< BF(T)

» If i is a Godel number of the function witnessing that e is
effectively continuous, then mor; (i) is a Godel number of the
function witnessing that F(e) is effectively continuous.

» If i is a Godel number of the function witnessing that € is
effective, then mory(i) is a Godel number of the function
witnessing that F(&) is effective.



Let F: TOP — TOPSy be effective. Then the chain

0 — F@O) — F*(})— ---
(0.,(0—0)) F(0,(0-0))

is effective. Hence it has a colimit 75 € TOPS;. With the result
of Smyth and Plotkin we therefore have:

Theorem
Let F: TOPSy — TOPg, be effective and w-continuous. Then

7F = F(TF).



Application:

Let (T, 7) be a finite Ty space, fix an enumeration B of a
topological basis B, set

m<pgn<= B, C B,.

Then
» (T,7,B,<p) is effectively given.

» (Uniform) chains of finite Ty spaces have a colimit in TOPS.



