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Abstract

A logic-oriented representation of L-domains in the style of Scott’s information sys-
tems is introduced. The category of these new (L-)information systems with approx-
imable mappings is shown to be equivalent to the category of L-domains with Scott
continuous functions. As a consequence it is Cartesian closed. In the paper direct con-
structions for products and exponents of L-information systems are presented.

1 Introduction

Information systems and approximable mappings have been introduced by Dana Scott [12]
as a logic-oriented approach to domain theory. As was shown by Larsen and Winskel [11], the
category of bounded-complete algebraic domains with Scott continuous functions is equiv-
alent to the category of information systems with approximable mappings. Information
system allow the exact solution of domain equations. As is well known, using domains such
solutions are only obtained up to isomorphism.

In the sequel similar structures were introduced to represent various other important
classes of domains, like dI-domains, coherence spaces or SFP domains [16, 5, 17, 19, 20], to
mention just a few.

Nearly all these formalisms represent only subclasses of algebraic domains. Hoofman
[8] and Vickers [15] were the first to present a generalization of information systems to
the continuous case. Hoofman’s continuous information systems are in the spirit of Scott’s
information systems. They consist of a set of tokens representing bits of information, a
consistency predicate on finite sets of tokens and an entailment relation between consistent
sets of tokens, but they capture only the bounded-complete continuous domains. Vicker’s
approach is more general and allows to represent all continuous domains. However, it is not
Scott style: he considers transitive dense relations.

In [13] a Scott-style treatment of the general case was presented. Continuous information
systems were introduced and the equivalence of the category of these information systems
with approximable mappings with the category of abstract bases and approximable relations
was derived. As is well known, the latter category is equivalent to the category of continuous
domains and Scott continuous functions [1]. Moreover, the continuous information systems
corresponding to several important types of continuous domains were characterized. The
case of L-domains, however, was left open.
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L-domains were independently introduced by Coquand [3] and Jung [9]. As was shown
by Jung [9, 10], they form a maximal Cartesian closed full subcategory of the continuous
domains. In the present paper a subclass of continuous information systems, called L-
information systems, is defined capturing exactly the L-domains.

It is shown that the category of L-information systems and approximable mappings is
equivalent to the category of L-domains and Scott continuous functions. As a consequence
many important properties such as the existence of a terminal element, finite products and
exponents carry over from L-domains to L-information systems. We will, however, present
direct constructions in all these cases.

Scott’s original motivation for the introduction of information systems was to provide
a more concrete approach to (abstract) domain theory. Therefore, he presented informa-
tion system analogues of the domain constructions usually needed in giving a denotational
programming language semantics.

Especially, the construction of exponents requires special attention in our case. Due to the
rather weak conditions which in the L-domain case allow the construction of step functions
from single-step functions, it turned out to be not just a straightforward generalization of
Scott’s construction for algebraic bounded-complete domains.

Note that a logic-oriented approach to L-domains has also been presented by Zhang
[18]. However, the representation considered in that paper is motivated by Gentzen-style
proof systems and therefore differs from Scott’s original approach. Moreover, only algebraic
L-domains are captured.

The results of the present research have been presented at the workshops “Logic and
Information: From Logic to Constructive Reasoning”, Berne, 2007, and “PCC—Proof, Com-
putation, Complexity”, Swansea, 2007.

The paper is organized as follows: Section 2 gives a short introduction to domains. In Sec-
tion 3 continuous information systems are defined and important facts from [13] are recalled.
Moreover, a terminal object and finite products are constructed. L-information systems
are introduced in Section 4. It is shown that under the relationship between informations
systems and domains considered in [13], L-information systems and L-domains correspond
to each other. In Section 5 approximable mappings are studied and the equivalence be-
tween the category of L-information systems and approximable mappings and the category
of L-domains and Scott continuous functions is derived. The function space construction
is presented in Section 6 and in Section 7 it is verified that the L-information system thus
obtained is indeed the categorical exponent. As a consequence the Cartesian closure of the
category of L-information systems follows. Final remarks can be found in Section 8.

2 Domains: basic definitions and results

For any set A, we write X Cg, A to mean that X is finite subset of A.

Let (D,C) be a poset. D is pointed if it contains a least element L. For an element
x € D, |z denotes the principal ideal generated by z, i.e., [t = {y € D |y C x}. A subset
S of D is directed, if it is nonempty and every pair of elements in S has an upper bound in
S. D is a directed-complete partial order (dcpo), if every directed subset S of D has a least
upper bound | | S in D.

Assume that =,y are elements of a dcpo D. Then z is said to approrimate y, written
x < y, if for any directed subset S of D the relation y C | | S always implies the existence
of some u € S with x C u. Moreover, x is compact if x < x. A subset B of D is a basis
of D, if for each x € D the set {u € B | u < x } contains a directed subset with least upper



bound x. Note that the set of all compact elements of D is included in every basis of D. A
decpo D is said to be continuous (or a continuous domain) if it has a basis and it is called
algebraic (or an algebraic domain) if its compact elements form a basis. Standard references
for domain theory and its applications are [7, 6, 1, 14, 2, 4].

Definition 2.1 Let D and D’ be posets. A function f: D — D’ is Scott continuous if it is
monotone and for any directed subset S of D with existing least upper bound,

| |res)=r( ]9

With respect to the pointwise order the set [D — D] of all Scott continuous functions
between two dcpo’s D and D’ is a dcpo again. Observe that it need not be continuous even
if D and D’ are. This is the case, however, if D’ is an L-domain [1].

Definition 2.2 A pointed continuous domain D is an L-domain, if each pair x,y € D
bounded by z € D has a least upper bound x LU? y in |z.

As has been shown by Jung [9, 10], the category L of L-domains is one of the two maximal
Cartesian closed full subcategories of the category CONT | of pointed continuous domains
and Scott continuous maps. The same holds for the category aL of algebraic L.-domains with
respect to the category ALG | of pointed algebraic domains. The one-point domain is the
terminal object in these categories and the categorical product D x E of two domains D and
FE is the Cartesian product of the underlying sets ordered coordinatewise.

Lemma 2.3 ([4]) Let D be an L-domain and x1,x2 € D with upper bounds y,z € D. Then
the following two statements hold:

1. If y, z have an upper bound in D, then x1 WY xo = x1 U? x2.

2. If v1 <y and o < y, then x1 LY x93 < y.

3 Continuous information systems

As has been shown in [13], continuous domains can be represented in a logic-oriented way
by information systems.

Definition 3.1 Let A be a set, Con a collection of finite subsets of A and FC Con x A.
Then (A, Con, ) is a continuous information system if the following six conditions hold for
all sets X,Y € Con, elements a € A and nonempty finite subsets F' of A:

1. {a} € Con,

2. XFa= XU{a} € Con,

3. YOXAXFa)=YFta,

4 (XFYAYFa)= X Fa,

5. XFa= (3Ze€Con)(X+ZAZFa),

6. XHF=(3ZecCon)(ZDFAX} Z),



where X FY means that X - b, for allbe Y.
Note that Conditions 3.1(5) and (6) can be replaced by a single requirement.

Proposition 3.2 ([13]) Let A be a nonempty set, Con be a collection of finite subsets of A
and FC Con X A such that Conditions 3.1(2, 3) hold. Then Requirements 3.1(5, 6) together
are equivalent to the following statement:

(VX € Con)(VF Cgp A)[ X FF = (3Z€Con)(X+ZANZFE F)|.

If (A, Con, ) is a continuous information system then the elements of A are usually called
tokens, the sets in Con consistent and the relation F entailment relation. Tokens should
be thought of as atomic propositions giving information about data and consistent sets as
representing consistent finite conjunctions of such propositions. The entailment relation then
tells us which propositions are derivable from what.

In this formalism each element of a data structure corresponds to the set of all atomic
statements that can be made about it. Characteristic properties of such collections of tokens
are that any finite subcollection is consistent, the collection is closed under deduction, and
any of its tokens is derivable from some finite consistent subcollection.

Definition 3.3 Let (A, Con,t) be a continuous information system. A subset z of A is a
state of (A, Con, ) if the next three conditions hold:

1. (VF Cgp2)(FY € Con)(F CY AY Cx),
2. (VX e€Con)(Vac A)( X CexAXFa=acu),
3. (Vaex)(3X € Con)(X CaxAXFa).

Similarly to Proposition 3.2 the requirement that F' C Y in 3.3(1) can be replaced by an
entailment condition.

Proposition 3.4 ([13]) Let (A,Con,t) be a continuous information system and z be a
subset of A such that Condition 3.3(3) holds. Then Requirement 3.3(1) is equivalent to the
following statement:

(VF Cap 2)(FY € Con)(Y CxAY F F).

With respect to set inclusion the states of A form a partially ordered set which we denote
by |A|.

Proposition 3.5 ([13]) Let (A4, Con,F) be a continuous information system. Then D(A) =

(|Al, ©) is a continuous domain with basis Con = {X|XeCon}, where X ={acA| X+
a}. Moreover, for x,y € |A],

r<Ly< (Ve Con)(VCyAVE ).
If, conversely, (D, C) is a continuous domain with basis B, set
Con = { X Cg, B| X directed with respect to C }

and define
Xtuse (FveXuku,

for X € Con and u € B. Then the next statement follows as in [13].



Proposition 3.6 Let D be a continuous domain with basis B. Then C(D) = (B, Con, ) is
a continuous information system so that the domains D(C(D)) and D are isomorphic.

The isomorphism is given by the two functions ds,, € [D — |C(D)|] and sp,, € [|C(D)| —
D] which are inverse to each other:

dsp(z) ={ueBlu<gz}, spp(z) :|_|z.

The next two results characterize those continuous information systems that generate
algebraic and/or pointed domains.

Proposition 3.7 Let (A, Con,t) be a continuous information system. Then |A| is algebraic
if, and only if, (A, Con,t) satisfies the following requirement

(VX,Y € Con)[X Y = (3Z € Con)(X F ZAZFZANZFY)). (ALG)

Obviously, the extra requirement (ALG) entails Condition 3.1(5). A continuous informa-
tion system satisfying Condition (ALG) is also called algebraic information system.

Proposition 3.8 Let (A,Con,t) be a continuous information system. Then |A| is pointed
if, and only if, ) € Con or there is some a € A with X & a, for all X € Con.

Definition 3.9 Let (A, Con,t) be a continuous information system. A truth element of A
is an element t € A satisfying the following two conditions:

1. (VX € Con)X Ft
2. (VX € Con)(Vee A)[lUU{t}Fc=Ut (|

Next we will show how the one-point domain and the product of continuous domains can
be generated from continuous information systems.

Proposition 3.10 Let T' = ({o},{{e}},{({e},®)}). Then T is an algebraic information
system and |T| is the one-point domain.

Now, let (Ag, Cony,Fo) and (A1, Cony,t1) be continuous information systems and pr,
and pry, respectively, be the canonical projections of Ay x A; onto the first and second
component. Set Ay = Ay x Aq,

Con, = {X Cgy Ax | pry(X) € Cony Apr,(X) € Con, }
and for X € Con, and (ag,a1) € Ax define
X Fx (ao,a1) € pry(X) Fo ag Apry(X) Fas.

Then (Ax,Con,,Fx) is a continuous information system, the product of (Ag, Congy, o) and
(Al, CODI, |—1).

Lemma 3.11 For z € |Ax| and i = 0,1 the following two statements hold:
1. pr;(z) € |A;].

2. z = pry(z) x pry(z).



Proof: (1) Without restriction let ¢ = 0 and z be nonempty. We only verify Condition
3.3(2), the other two being obvious. Let Yy € Con, be a subset of pr,(z) and ag € Ag with
Yy Fo ag. Then there is some X € Con, with X C z. Let a; be some element of pr,(z). By
Condition 3.3(3) there is some Z C z with Z € Con, so that pr,(Z) i1 a1. Apply Condition
3.3(1) to obtain some V € Con, with X UZ CV C 2. It follows that V F (ag,a1), which
implies that (ag,a1) € z. Hence ag € pry(2).

(2) follows similarly.

Proposition 3.12 Let (Ao, Cony,to) and (A1, Cony, 1) be continuous information sys-
tems. Then (Ay,Con,,Fx) is a continuous information system as well and the domains
|Ax| and |Ag| x |A1| are isomorphic. Moreover:

1. If both Ay and Ay have a truth element, so does Ax.

2. If Ay and A1 are both algebraic, then Ay is algebraic too.

4 L-information systems
The following definition captures essential properties of local least upper bounds.

Definition 4.1 Let (A, Con,F) be a continuous information system and F Cg, A. Define
Sup(F') to be the collection of all sets Z € Con with F' C Z such that for all Y € Con with
F CY, if for some V € Con, VF ZUY, then

1. ZUY € Con,
2. (VX € Con)[X F Y = X I Z],
3. Vee A)[ZUY Fe=Y k.

As follows from the correspondence between continuous information systems and contin-
uous domains, finite sets in Con represent existing finite least upper bounds in the corre-
sponding domain. In L-domains least upper bounds of arbitrary finite sets need exist only
relative to principal ideals. Thus, different representations of a least upper bound must be-
have consistently in this case. This is expressed in Condition (1). The second requirement
says that an upper bound of an upper bound of some finite set must be an upper bound of
the supremum of the set.

Lemma 4.2 1. If F € Con then F € Sup(F).

2. If A has a truth element t, then {t} € Sup(0).

The sets in Sup(F’) are thought of as representations of local least upper bounds of the
finite set represented by F. A least upper bound of finitely many elements of a principal
ideal may have several representations, but they should at least be equivalent.

Definition 4.3 Let (A, Con, ) be a continuous information system and F' Cg, A. Two
consistent sets Y and Z are equivalent with respect to F', written Y ~ Z, if the following

conditions are satisfied:

. FCYAFCZ,



2. (VU € Con)[YUU € Con< ZUU € Conl,
3. (VX € Con)[X FY & X + Z],
4. (VU € Con)[YUU,ZUU € Con= (Vee A)[YUUFc< ZUU F (.

Lemma 4.4 Let F Cgy A and Z,Z' € Sup(F) such that V = Z U Z', for some V € Con.
Then Z ~ zZ'.

Let us now introduce the notion of an L-information system. The definition is motivated
by the second statement in Lemma 2.3.

Definition 4.5 A continuous information system (A, Con, ) is an L-information system if
it contains a truth element and the following condition (L) holds for all X € Con and all
nonempty finite subsets F' of A:

X+ F=(3Z € Sup(F))X + Z. (L)

Obviously, Condition (L) strengthens Condition 3.1(6). An algebraic information system
that has a truth element and satisfies Condition (L) is called algebraic L-information system.

Proposition 4.6 Let D be an L-domain. Then C(D) is an L-information system.

Proof: As is easily verified, the smallest element of D is a truth element of C(D). Because
of Proposition 3.6 it remains to show that Condition (L) is satisfied. Let to this end F' be a
nonempty finite subset of A and X € Con with X F F.

Without restriction, let F' ¢ Con. Since X is directed, its least upper bound | | X exists
in D. Moreover, u < | | X, for all u € F. Hence F has a least upper bound z in || | X.
Moreover, z < | |X. Set Z = FU{z}. Then Z D F. Moreover, Z is directed. Hence
Z € Con.

Now, let Y € Con with Y O F and assume that V Y U Z, for some V € Con. We have
to verify Conditions 4.1(1-3).

(1) Since Y and V, respectively, are directed finite subsets of D, they contain a greatest
element, say v and y. Then we have that y,z < v. Moreover, y and z are upper bounds
of F. Let 2’ be the least upper bound of F in |v. Then 2’ C 2. Hence 2’ < | | X, which
implies that 2’ = z. As a consequence we have that z C y. Thus Y U Z is directed, i.e.
Y UZ e Sup(F).

(2) Let X € Con with X Y. Then y <« =z, for some z € X. As we have just seen,
z Cy. Thus, z < x as well, i.e. X - Z.

(3) Let ¢ be a base element of D with ZUY F ¢. Then ¢ < y, as y is the greatest element
of ZUY. Consequently Y I c.

It follows that Z € Sup(F'). Since z < | | X we also have that X - Z.

Conversely, we have that every L-information system generates an L-domain.
Proposition 4.7 Let (A, Con,t) be an L-information system. Then D(A) is an L-domain.

Proof: Because of Propositions 3.5 and 3.8 we only have to show that finite least upper
bounds exist in every principal ideal of D(A).
Let 21, 29, € |A] with 21,29 C z and set

z={a€A|(IF Cap 21 U2)(3X € Con)(IZ € Sup(F))(X CxAXFZANZFa)}.

Then z C x. We will show that z is the least upper bound of z; and z in |x.



Claim 1 z; C z, for i =1, 2.

Let a € z;. Then, by 3.3(3), there is a consistent set Y C z; with Y F a. Since z; C =z,
we obtain that also Y C x. By Proposition 3.4, there is then a consistent set X C z with
X FY. Note that Y € Sup(Y'). Moreover, Y C z; U z9. It follows that a € z.

Claim 2 z € |A|.

We have to verify Conditions 3.3(1-3).

(1) Let G Cqp 2. We will show that there is a set Y € Con with G C Y C z.

For any a € G there are sets I, Cpn 21 U 22, X, € Con and Z, € Sup(F,) so that
Xo bk Zay Xo €2 and Z, - a. Set F = U{F!aEG}andX—{X|a€G} Then
X Cgn x. Hence there is some X € Con with X C X C z. It follows that X - Z,, for every
a € G. Since Z, D F,, we thus have that X - F. By Condition (L) there is some Z € Sup(F)
with X - Z. Then Z D F D F,, for every a € G. Since X F Z, and Z, € Sup(F,), we
obtain for each ¢ € A with Z, - ¢ that also Z I ¢. Thus Z F G. With 3.1(6) we have that
there is some consistent superset Y of G with Z Y. B B

It remains to show that Y C z. Let c € Y. Then Z I ¢. Since F Cgp 21Uz, Z € Sup(F)
and X € Con such that X F Z and X C z, it follows from the definition of z that ¢ € 2.

(2) Let X € Con and a € A with X C z and X F a. We need to show that a € z.

As above we have for any ¢ € X that there are sets F. Cgy 21 U 29, X € Con und

Z. € Sup(F) such that X, C z, X. F Z. and Z. I ¢ Set F = |J{F.|ceX} and
X =U{Xc|ceX} Then X Cg, 2 and hence, by 3.3(1), there is some X € Con with
XCXCux. SlnceXDXc,X FZ.and Z. D F,, force X, WehavethatX}—Fc, for every

c € X, ie. X - F. Apply Condition (L) to obtain a set Z € Sup(F) with X  Z. Then
Z DO F D F,, foreach c € X. Since X F ZU Z. and Z. € Sup(F,), we have for all b € A
with Z. - b that also Z - b. Remember that Z. I ¢, for all c € X. Thus Z - X, from which
we obtain that ZtFa, as X _F a, by our assumption. In addition we have that X € Con,
FChnz1Uz and Z € Sup(F ) with X C z and X F Z. It follows that a € z.

(3) Let a € z. We have to show that there is some Y € Con with Y C z and Y I a.

Since a € z, there are sets F' Cgy 21 U 29, X € Con and Z € Sup(F) so that X C =z,
X+ Z and Z F a. With Condition 3.1(5) we moreover obtain that there is some Y € Con
with Z Y F a. It remains to show that Y C z. Note hereto that Z F b, for every b € Y,
Z eSup(F), FCap 21 Uzg, X F Z and X C z.

Claim 8 (Vy € |A])[z1,22 Cy Cax =z Cy.

Let y € |A| with 21,20 C y C z and a € z. Then there are sets F' Cg, 21 U 29, X € Con
and Z € Sup(F) so that X C z, X F Z and Z F a. Since z1,290 C y, it follows that
F Cqn y. By Proposition 3.4 there is therefore some Y € Con with Y C y and Y F F.
With Condition 3.1(6) we obtain the existence of some set V' € Con such that V DO F and
Y F V. Then V C y, by 3.3(2). Since y C x, we have that X UV Cg,, x. Thus there is some
X € Con with X C z and X - X UV. It follows that X - Z U V. Remember that Z F a
and Z € Sup(F). Therefore V I~ a as well. Because V' C y, we obtain that a € y.

Obviously the one-point information system 7T is an L-information system.

Proposition 4.8 Let (Ag, Cony,to) and (A1, Cony,b1) be L-information systems. Then
(Ax,Con,,Fx) is also an L-information system.

Note here that for F' Cg, Ag x Ay and Z; € Sup,(pr,(F)) (i =0,1), Zy x Z1 € Sup, (F).



Lemma 4.9 Let (A, Con,F) be an L-information system and U, X1, ..., X, € Con such that
Ut X; and X; B Xy, fori=1,....n. Then Y FY, for all Y € Sup(Xj U---UX,,) with
UrY.

Proof: SinceY D X jU---UX, and X; - X;, fori=1,...,n, we have that Y - X U---UX,,.
Therefore, by Condition (L), there is some Z € Sup(X; U---U X,,) with Y + Z. Because
UlY, it follows that U Y U Z. Thus

~

X1U---UX,,

)

by Lemma 4.4. As Y F Z, we obtain that Y F Y.

5 Approximable mappings

In order to study the relationship between information systems and domains from a category-
theoretic point of view, appropriate morphisms between information systems have to be
introduced.

Definition 5.1 Let (A, Con,F) and (A’,Con’,I-') be continuous information systems. An
approximable mapping H between A and A’, written H: A - A, is a relation between Con
and A’ satisfying for all X, X’ € Con, Y € Con’ and b € A’, as well as all nonempty finite
subsets F of A’ the following six conditions, where Condition (6) is only required, if A and
A’ have truth elements ¢ and t’, respectively:

1. (XHY AY H b) = XHb,
2. XHF = (3Z € Con')(F C ZANXHZ),
3. (X - X'AX'Hb) = X Hb,
4. (X D X'AX'Hb) = X'Hb,
5. XHb= (3Z € Con)(3Z2' € Con')(X - ZANZHZ' N Z' ' b),
6. {tyHt
where X HY means that XHc, for all c €Y.

As follows from Definition 3.1, entailment relations are special approximable morphisms.
For X € Con and a € A set XIda if X F a. Then Id: A IF A such that for all H: Al A,
Hold,, = H =1d, oH, where for approximable mappings H: A - A" and G: A" |- A” their
composition H o G: Al A” is defined by

X(HoG)c < (3Y € Con')(XHY AYGe).

Let LINF be the category of L-information systems and approximable mappings and
aLINF the full subcategory of algebraic L-information systems.

Proposition 5.2 The one-point information system T is a terminal object in aLINF and
LINF.



Proof: Let (A, Con,F) be an L-information system and F' = Con x{e}. It suffices to show
that F': AlFT. We will only verify Condition 5.1(5), the other ones being obvious.

Let to this end X € Con and t € A be a truth element of A. Then X F ¢t. Moreover,
{t} € Con, {t}F{e} and {e} -7 e.

For two L-information systems (Ag, Cony,Fo) and (A, Cony,t1) define the relations
Pr, C Con, xA; (¢=0,1) by
X Pr;a; & pr,(X)F; a;

Lemma 5.3 Fori=0,1, Pr;: A, IF A4;

Proof: Again, we only verify Condition 5.1(5). Let X € Con, and a; € A; with X Pr; a;.
Then pr,(X) F; a;. Hence there are Z;, Z] € Con; so that pr;(X) ; Z; - Z! i a;. Let
t1—; be a truth element of Ay_;. Then pry_,(X) Fi1—; ti—;. Set Z = Zy x {t1}, if i = 0, and
Z = {to} x Zi, otherwise. We obtain that X -y ZPr; Z] - a;.

Proposition 5.4 For L-information systems Ay and Ay, (Ax,Pry, Pry) is their categorical
product.

Note that for approximating mappings Fy: A IF Ag and Fy: A IF A; the mediating mor-
phism (Fp, F1): AlF Ay is given by

X(Fo, F1>(CLO, (11) = prO(X)F()CLQ A pry (X)Flal.

As we have seen above, there is a close connection between L-information systems and
L-domains. It can be extended to the corresponding morphisms, i.e. approximable mappings
and Scott continuous functions, so that we obtain an equivalence between LINF and L.

Let D and D’ be L-domains with bases B and B’, respectively. For f € [D — D'] define
the relation C(f) C Cong(py x B’ by

XC(f)a e (3c € X)a < f(c).
Lemma 5.5 C(f): C(D) I-C(D")
Next, let A, A’ be L-information systems and H: A IF A’. For z € |A| set
D(H)(x)={be A’ | (3X € Cony)(X CxzAXHbD)}.
Lemma 5.6 D(H) € [D(A) — D(A")].

Both results follow as in [13]. It is readily seen that C: L — LINF and D: LINF — L
are functors. As will be shown in what follows, they constitute an equivalence between both
categories.

For a category C let Z¢ be the identical functor on C. We first show that there is
a natural isomorphism 7: Zf, — Do (. Let to this end D be an L-domain with basis B.
Then D(C(D)) = (|B|,<). As we have seen in Section 3, the domains D and D(C(D)) are
isomorphic via the functions ds;, € [D — |B|] and spj, € [|B| — D]. Set 7p = ds,.

Proposition 5.7 7: Zy, — D o C is a natural isomorphism.
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Proof: It remains to show that for L-domains D and D’ with bases B and B’, respectively,
and a function f € [D — D',

oo f =D(C(f)) o Tp.
Let x € D and remember that 7p(z) = {v € B |v < = }. Then

o (f(x)) ={ue B |u< f(r)}
={ueB | (veB)(vgrhu f(v))}
={ueB | (Fvem))u flv)}
={ue B[ (3X € Congp))(X C 7p(z) A (Fv € X)u <" f(v))}
={ue B[ (3X € Congp))(X C 7p(z) A XC(f)u) }

=D(C(f)(p(x)).

Next we show that there is also a natural isomorphism 7: Zyyng — C o D. Let (A, Con, )
be an L-information system. Then C(D(A)) = (Con, Congp(ay) Fe(p(a))), where Congp 4y

is the collection of all finite subsets of 6(;1 that are directed with respect to set inclusion,
and ~ ~ )
X bepay X  (3Z € X)(3U € Con)(Z+U AU F X),

for % S COHC(D(A)) and X € C/-(;l Set

Sa={(X,Y) € ConxCon | {X} Fepiay ¥},
Ta = {(X,a) € Congipay xA | (3Z € X)Z - a}.

Lemma 5.8 1. S4: Al-C(D(A)).
2. Ty: C(D(A)) IF A.

Proof: (1) Conditions 5.1(1-4, 6) are readily verified. We only verify the remaining one.
Let to this end X € Con and Y € Con with XS4Y. Then {X} Fepa)) Y. Hence there is
some 3 € Cong(pay) such that {X} Fepay) 3 Fepay) Y- The first of the two entailment
statements means that { X} Fep(ay) Z, for all Z € 3. It follows that there are Uz, UIZ € Con,
for each Z € 3, with X - Uz = U ’2 F Z. As a consequence there is some V' € Con such that
VoU{U;|Ze€3}, XFV and VI—U'E}—Z. So we have that there is some V' € Con and

some 3 € CODC(D(A)) with X -V {V} l_C(D(A)) 3and 3 l_C(D(A)) Z.

(2) Again we only consider Condition 5.1(5). Let X € Cong(p(4)y and a € A with XTya.
Then there is some X € X with X F a. It follows that there are U,V,Z € Con so that
XFUFVEFZbFa Thus X FUF V. Set 3 = {‘7} Then we have that X F¢(pa)) 3,
3T4Z and Z F a.

Lemma 5.9 1. SpoTy=1d,.
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Proof: (1) Let X € Con and a € A. Then we have that

X (Sa0Ta)a = (3 € Congpay)(XSaD AYTaa)
< (3P e ConC(D(A)))(VY € @)({X} Fe((ay) Y A (EIY €V)Y Fa)
& (3P e COHC(D(A)))(VY eP)(3IU € Con)(X FUAUFY A(FY €)Y Fa)
< X Foa.

The left-to-right implication in the last line is obvious. For the converse direction note that
from X F a we obtain that X - U I Z |- a, for some U, Z € Con. Set 9 = {Z}.
(2) Next, let X € Congp(ayy and X € Con. Then we obtain
X(TA o SA)X = (HY S COD)(%TAY A YSAX)
& (Y € Con)(3Z € X)(ZF Y AMY} Fepay X)
< (FY €Con)(FIZ2e€X)(ZFY AU € Con)Y FUAU X’)
& (3Z € X)(AU € Con)(Z+HU AU F X)
& Xhepay X

Let na = Sa.
Proposition 5.10 7: Zy,inge — C o D is a natural isomorphism.

Proof: We only have to show that for L-information systems (A, Con,F) and (A’, Con’, )
and an approximable mapping H: A |- A’

naoC(D(H)) = Hona.

Note to this end that for X € Congp(4)) and X’ € C(D(4')),

—

XC(D(H)X' & (3Z € )X <pay D(H)(Z)
& (3ZeX)(3V e Cot)(V CDH)(Z)AV H X))
& (3Z € X)(IV € Con') (AU € Con)(U C ZAUHV AV H X7
& (3ZeX)(3V e Con')(U € Con)(Z+UAUHV AV H X))
& (3Z € X)(3V € Con')(ZHV AV H X7).

Then we have for X € Con and Y’ € C(D(A4")) that
Xmmcw@mﬁ%@emem%(wmx&mAma(Hm%
& (3B € Congp(a))) (X} Fep(ay T ABC(D(H))Y')
& {X}C(D(H ))Y’
& (AV € Con')(XHV AV H Y7)
& @AW,V € Cot ) (XHW AW H VAV H YY)
& (3W € Con')(XHW AW} ke YY)
& (3W € Con)(XHW AW S4YY)
~ X(H o T]A/)if\,.
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Together with Proposition 5.7 we now obtain what we were aiming for in this section.

Theorem 5.11 The category LINF of L-information systems and approzimable mappings
is equivalent to the category L of L-domains and Scott continuous functions.

Corollary 5.12 The category aLINF of algebraic L-information systems and approximable
mappings is equivalent to the category aL of algebraic L-domains and Scott continuous func-
tions.

6 The function space construction

As has already been mentioned, the categories L and aLi are Cartesian closed. Because of
the equivalence of these categories with LINF and aLINF, respectively, we know that the
latter categories are Cartesian closed as well. However, this means that in concrete cases we
have to pass back and forth between information systems and domains in order to construct
the exponent of two L-information systems. In this and the next section we show how this
can be done within LINF and aLINF, respectively. To this end we show how the collection
of approximable mappings between two L-information systems can be represented as an L-
information system again. We start with discussing what will be the tokens of this new
information system.

Let (A1, Cong, o) and (Aq, Cony,F1) be L-information systems. Moreover, for U Cgy,
Cony x Con; and Y € Con, set

ET, (Y, D) = J{X € pry() | Y o X },
ET, (Y, D) = | J{E € Con, | (3X € Cony)((X,E) € BAY o X) }.

Definition 6.1 Let U Cg, Con, x Con,. 20 C Con, x Con, is a joinable extension of U, if
0¥ C 2T and the following five conditions hold:

1. For all Y € Con, there are S € Supy(ET,(Y,2)) and T" € Sup,(ET,(Y,)) so that
Y ko S and (S,T) € 20.

2. For all (S,T) € 20 either (S,T) € ¥ or there is some Y € Con, such that S €
Supy(ET, (Y, D)), Y ko S, and T € Sup, (ET, (Y, D).

3. For all (S,7),(S",T") € 20\ ¥ and all Y € Con,,

(S ~ SAT ~ THY=(ST)=(9T).
ET, (Y, ) ET, (Y,)

4. For all (S,T),(5,7") € 20, if there are Y)Y’ € Con, such that S €
Supy(ET,(Y,)) and T € Sup,(ET,(Y,D)) as well as S’ € Sup,(ET,(Y’,Q)) and
T’ € Sup,(ET,(Y’,9)), and if Y" /g S U S’, for some Y” € Con,, then there is some
Z € Cony with Z+; TUT'.

Let JE() be the set of all joinable extensions of U.

Lemma 6.2 Let U Cg, Cong x Cony, 2 € JE(U) and Y € Con,. Then the following two
statements hold:

1. {(X,E) e W |Y ko X} is finite.
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2. ET,(Y,20) € Con,, and ET,(Y,20) € Con,.

Proof: (1) Let (X', E'), (X", E") € W\ Y with Y k¢ X’ U X”. Then there are YY" €
Con, such that Y’ k¢ X', X' € Sup,(ET,(Y',)) as well as E' € Sup,(ET,(Y’,)), and
Y o X", X" € Supy(ET,(Y",)) as well as E” € Sup,(ET{(Y"”,2)). Assume that
(X epry(D) | Y Fo X} = {X €pry(V) | Yo X }. Then ET,(Y', D) = ET, (Y, V) (=
G, say) and ET, (Y, 90) = ET,(Y",0) (= H, say). Since Y k¢ X’ U X", it follows with
Lemma 4.4 that X’ ~ X". Moreover, because of 6.1(4), there is some V € Con, with

V 1 E' U E". Therefore we also have that E’ ~ E". Thus (X', E") = (X", E"), by 6.1(3).

This shows that the number of pairs (X, E) € 20\ U with Y F¢ X is bounded by the
cardinality of the powerset of pry (). Since U is finite, the powerset of pr, () is finite as
well. Consequently, there are only finitely many (X, F) € 20 with Y ko X.

(2) By Condition 6.1(1) there is some (S,7T") € 2 such that Y g S, S € Sup,(ET,(Y, D)),
and T € Sup, (ET,(Y,9)). In particular we have that S € Con, and 7' € Con,. As we have
seen in (1), there are only finitely many (X, E) € W with Y ¢ X, say (Xo, Ep), ..., (Xn, Ep).
Without restriction, let (Xo, Eog) = (S,T) and assume for ¢ < n that XoU--- U X; € Con,
as well as Eg U --- U E; € Con,.

By construction (X;41, Fit+1) € U or there is some Y e Con,, such that Y o Xiv1, Xi41 €
Supy(ET, (Y, D)) and E;41 € Sup, (ET,(Y,D)). In the first case, X;41 C ET (Y, U) C X,
and Ei+1 - ETl(Y, Q}) - E().

In the other case, if (U,V) € U with Y o U, then U C X;y1. Thus, Y k¢ U, which
implies that ET(Y, Q) C ET,(Y,¥) C Xo C XoU---UX; and ET,(Y,T) C ET,(Y,D) C
EqU---UE;. Moreover, Y g XoU---U X;41. As we have just seen, for j =1,...,7+ 1,
(Xj, E;) is such that either X; C Xy and E; C Ey, or (X;,E;) € 20\ Y. Therefore, by
Condition 6.1(4), there is some Z € Con, so that Z 1 EyU---U E;;. With 4.1(1) we
thus obtain that Xo U ---U X;41 € Cony and Ey U ---U E;11 € Con;. This concludes the
induction. For i = n we obtain that ET (Y, 20) € Con, and ET,(Y,20) € Con;,.

Lemma 6.3 Let tyg and ty, respectively, be truth elements of Ay and Ay, and (X,Z) €
Con,, x Con, such that Z' 1 Z, for some Z' € Con,. Then {(X,2)} € JE({(X,2)}), if
Y ko X, for all Y € Cony. Otherwise, {(X,Z),({to},{t1})} € JE{(X, 2)}).

Lemma 6.4 Let ' Cg, Cony x Cony and U be a family of pairs (Xy, Zy) € Con,, x Cony,
for' Y € Con,, with the following properties:

1. Y ko Xy,

2. Xy € Supy(ET, (Y, l')),

3. Zy € Sup, (ET,(Y,')),

4. (WY, Y'Y € Con,y)(3Z € Cony)(Y bo Xy UXyr = Z by Zy U Zyr).
Then there is some $h € JE(U') such that

1. ucyuy,

. (Y(X,2) e th(3(S, T =) X o~
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Proof: For every Y € Cony, let { (S;,T;) | i € Iy } be a system of representatives of the set
{(S,T) € s | S € Supy(ETy(Y,W)) AT € Sup, (ET,(Y,U)) } with respect to the equivalence
relation

~ X ~

ET,(V,&) ET, (V)

Set U= U{(S;,T;) | (3Y € Cony)i € Iy }. We will show that Ll € JE(U).

By construction, &' C 4. The remaining conditions in Definition 6.1 are satisfied as well:
For (1) let Y € Con,. Then there is some (Xy, Zy) € t with the required properties. It
follows that the corresponding representative in { has the same properties. Conditions (2)
and (3) hold by construction and (4) is a consequence of Assumption (4).

Now define

Ag — A; = {20 C Con, x Cony | (B Cqn Cong x Con, )W € JE(Y) },
Con_, = {W Cg, A9 — A1 | (VY € Con,) ET,(Y,UW) € Con, },

WE_ B & (V(Y,Z) € B)ET, (Y, W) F1 Z.

Lemma 6.5 Let W € Con_, and 4,0 € Ag — A such that 2 +_, U and L C L. Then
WE_ A

Proposition 6.6 Let (Ag, Cony,to) and (A, Cony,b1) be L-information systems. Then
(Ao — A1,Con_,,F_,) is an L-information systems as well.

Proof: We first have to verify Conditions 3.1(1-5).
Claim 1 (Ap — A1, Con_,,+_,) satisfies Condition 3.1(1).

Let 0 € Ag — Aj and Y € Con,. Then ET,(Y,20) € Con,, by Lemma 6.2(2), which means
that {20} € Con_,.

Claim 2 (Ap — A1, Con_,,+_,) satisfies Condition 3.1(2).
Assume that W F_, 0. Then we have for all (Y, Z) € U that

ET, (Y, W) i Z. (1)

We have to show that for all Y € Con,, ET,(Y,UW U {D})) € Con,. Let to this end
Y € Cony. Then

ET, (Y, Jwu{p})) = ET, (v, W) UET, (Y, D).
Note that ET, (Y, ) is finite, by Lemma 6.2. Since W € Con__, we have that ET,(Y,UW) €
Con,. With (1) and Conditions 3.1(2, 3) it follows that also ET,(Y,[JW) U Z € Con,.
Claim 3 (Ag — A, Con_,,F_,) satisfies Condition 3.1(3).

Let U, W € Con_, and U € Ay — A; such that / O W and W F_, ¥. We have to show that
also U -, . Let for this (Y,Z) € ¥. Then ET,(Y,UW) F_. Z. Since U O W, we have
that ET,(Y,UW) C ET,(Y,UJU). Thus ET(Y,JU) 1 Z.

Claim 4 (Ag — Ay, Con__,F_,) satisfies Condition 3.1(4).
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Let U, W € Con_, and U € Ay — A; and assume that 4 -, W F_, 0. We need to show
that U -_, U. Let (Y, Z) € U. Then ET(Y,UW) F_. Z. For W € W and (X, E) € 20 we
moreover have that ET(X,|JU) 1 E. Since

J{ET,(X,Ul) | (3 € W)(X € pry (W) AY o X) } CET (Y, Ju),

it follows that ET, (Y, JU) -1 ET,(Y,|UW) and hence that ET, (Y, JU) I Z.
Claim 5 (Ap — A1, Con_,,+_,) satisfies Condition 3.1(5).

Let W € Con_, and U € Ag — A; with W F_, 0. We have to construct some U € Con_,
so that W _, U +_, U. Let again (Y,Z) € U. Then ET,(Y,UW) 2 Z. Because of
Condition 3.1(5) there is thus some N, € Con,, for each a € Z, with ET(Y,[JW) 2 N,
a.

In the same way we have for each 20 € W, each X € pr,(20) with ¥ ko X, and each
d € X that there is some M;’X € Con, so that Y kg M;X Fo d. Because of Lemma 6.2,
ET,(Y,20) is finite. Since also W is finite, it follows that ET(Y,|JW) is finite as well. By
Proposition 3.2 there is thus some MY € Con,, such that

MY D J{ M |de ET (Y, UW)} and Y kg MY o ET,(Y, [ W).
Moreover, for every (Y, Z) € 90 there is some N¥Z € Con, so that
N7 S| J{Nala€Z} and ET|(Y,[ JW) b N7 2,

Let U’ Cgy, Cony x Con, with U € JE(U') and define &' = { (MY, NY'Z) | (Y, Z) € T'}.
Then Y Cg, Con, x Con,. Now, let Y € Con, and (MY, N¥"Z) € ' with Y ko MY. Then
we have for every X € pry(UW) with Y ko X that MY ¢ X. Hence ET,(Y,UW) C
ET,(MY,[JW). Therefore,

ET, (MY, W) k1 NV7, (2)

which implies that ET,(Y,JW) k1 NY-Z. By Condition (L) it follows that there are sets
Sy € Supy(ET, (Y, 4)) with Y t¢ Sy, and T € Sup, (ET,(Y,4')) with

ET, (Y, W) h Ty (3)

Set t = { (Sy, Ty) | Y € Cong }. Then the requirements in Lemma 6.4 are satisfied. For
Condition (4) let Y,Y’ € Con, and (Sy,Ty), (Sy’,Ty+) € i such that Y ¢ Sy U Sy, for
some Y € Con,. Then ET (Y, ) UET,(Y’,&) C Sy U Sy, which implies that for all
X € pry(W) with Y ko X or Y’ ¢ X also Y ko X. Since by (3), ET, (Y, W) F1 Ty as well
as ET,(Y',UW) k1 Ty, we obtain that ET,(Y,UW) b1 Ty U Ty-.

Let 4 € JE(Y) be constructed from 4 and i as in Lemma 6.4. Then $f € Ay — A;y. Tt
remains to show that Wk_, {{} -_, .

Let to this end (Y, Z) € U. If (Y, Z) € U’ then we obtain by the above construction that
there is some (MY, NY'?) € ¢ such that N¥*% - Z as well as Y o MY . It follows that
also ET, (Y, ) - Z.

If (Y,Z) € U\ Y, there is some Y € Con, so that Y o Y, Y € Supy(ET,(Y,Y’))
and Z € Sup,(ET,(Y,%’)). As we have just seen, for every (X,FE) € U’ there is some
(MX,NYE) ¢ o with NXF - E and X ko MX. Assume that Y g X. Since X C Y in
this case, it follows that also Y o M. Since {4 € JE(U'), there is some (Sy,Ty) € U such
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that Y ko Sy, Sy € Supy(ET,(Y,4)) and Ty € Sup,(ET,(Y,)). Then N¥F C Ty and
hence Ty t1 E, which shows that Ty 1 ET, (Y, ). Because of Condition (L) there is thus
some Z' € Sup, (ET,(Y,9)) with Ty 1 Z'.

By the construction of i and (3), ET,(Y,(JW) k1 Ty. Since W F_, U, we moreover
have that also ET,(Y,UW) k1 Z. With Lemma 4.4 it follows that

A ~ Z.
ET,(Y,0)

Thus also Ty 1 Z. Consequently we have that ET(Y,4) 1 Z.

This proves that {{{} F_, . It remains to show that W _, 4 as well. Let to this end
(S,T) € 4. If (S,T) € &, there is some (Y, Z) € ¥’ with S = MY and T = N¥'?. By (2)
we have that ET (MY, W) 1 NY'Z.

If (5,T) € 4, there is some Y € Con, such that S = Sy with Y ¢ Sy and Sy €
Supy(ET, (Y, ), as well as T' = Ty with Ty € Sup, (ET;(Y,4')). Because of (2) we have
for (P,Q) € W with Y o P that ET,(P,JW) k1 Q. Since for all such P, P C Sy,
we also have that ET,(Sy, UW) t1 ET,(Y,4). By Condition (L) there is then some
R € Sup,(ET,(Y,d)) with ET,(Sy,UW) k1 R. Because Y Fq Sy, we obtain that
ET,(Sy,UW) C ET,(Y,UW) and hence that ET,(Y,[JW) k1 R. As a consequence
of Lemma 4.4 and (3),

Ty ~ R
(ET, (Y,40)
It follows that also ET,(Sy,JW) k1 T5-. This shows that W F_, 4l
Claim 6 (Ap — Ai1,Con_,,+_,) has a truth element.

Let to and t1, respectively, be truth elements of Ayp and A;. Define t = {({to},{t1})}. As
is readily verified, t € Ag — A; and W F_, ¢, for all W € Con_,. Moreover, we have
for W € Con_, and U € Ay — A; with WU {t} F_, U that W F_, L. Note here that
for (Y,Z) € U, ET{(Y,UW U {t})) = ET,(Y,UW) U {t1}. Thus, tis a truth element of
AO — Al.

Claim 7 (Ap — A1, Con__,_,) satisfies Condition (L).

Let W € Con_, and F Cgqy A9 — A such that W F_, §. We need to construct a Z €
Sup_,(§) with W t_, Z. Without restriction we assume that F ¢ Con_.
We have for all ¥ € F and all (P, Q) € U that

ET, (P, W) H Q. (4)

For every U € F fix some U’ Cg, Con, x Con; with U € JE(Y') and let 7’ be the
collection of these %’. Then Jpr,(lJF’) and Jpr, (U F') are finite.

Let Y € Cony. According to the definition of Con_, ET,(Y,(JW) € Con,. As a
consequence of (4) we obtain that for all (P,Q) € |JF' with Y ¢ P, ET,(Y,UW) F1 Q.
By Condition (L) there are therefore Sy € Supy(ET,(Y,UF’)) with Y ¢ Sy, and Ty €
Sup, (ET,(Y,UF")) so that

ET, (Y, W) b Ty (5)

Construct the set 37 by applying Lemma 6.4 to | JF' and { (Sy,T%) | Y € Con, }. Then
37 € JE(UF'), which implies that 37 € Ay — A;. We show that W F_, 3«.

17



Let to this end (P, Q) € 3. In case (P,Q) € |JF', (4) is what needs to be shown. Oth-
erwise, there is some Y € Con,, so that (P, Q) = (Sy, Ty), where Sy € Sup,(ET, (Y, JF"))
with Y ko Sy, and T € Sup, (ET, (Y, JF)).

By (4) we have for (P',Q") € UF' with Y ko P’ that ET(P',(UW) k1 @'. Since all
these sets P are contained in Sy, it follows that ET, (Sy, W) F1 ET, (Y, F’). Because
of Condition 3.1(6) there is now some R € Con, such that R 2 ET,(Y,|JF’) and

ET, (Sy, (W) k1 R.

Since Y ko Sy, we have that ET,(Sy, W) € ET,(Y,UW). Hence ET,(Y,JW) F1 R.
With Lemma 4.4 and (5) we therefore obtain that also ET, (Sy, W) 1 T3

This shows that W F_, 37. Set Z2 = FU{3r}. As W F_, F by assumption, it follows
that W |_0 Z.

It remains to show that Z € Sup_ (F). First, we prove that Z € Con_,. Let F =
{V1,...,0,,}. We show by induction on ¢ that {37,U1,...,0;} € Con_,.

Since 37 € Ag — Aj, Claim 1 tells us that {37} € Con_,. Assume that {37,01,...,9;} €
Con_, for i < n. We need to show that then {37,%01,...,0;11} € Con_, as well.

Let to this end Y € Con,,. We have to prove that ET,(Y,3 UL U---UD;;1) € Con,
and we know that ET(Y,37UT; U---UY;) € Con,.

Assume that U, 11 € JE(U'i41) with U';41 € F'. By Lemma 6.2(1) there are only finitely
many (X, E) € U, 41 so that Y ¢ X, say (X1, E1), ..., (Xomisr» Emiyy). We will show that

ETl(?,S}‘ Uy, u---UG; u {(Xl,El),. ce (Xj,Ej)}) S COIll (6)

by induction on j. Let to this end j < m;1 and suppose that (6) holds.

If (Xj+1,Ej+1) € %’iH, then (Xj+1,Ej+1) € 37. Otherwise, if (Xj+1,Ej+1) € Ui \
2; 11, then there is some Y € Con, with Y ¢ X1 such that X;;1 € Supy(ET(Y, Y i11))
and Ej+1 € Supl(ETl(K m/“_l)). Since ETO(Y, ‘ZT’Z-H) g Xj+1 and ? |—0 Xj+1, we obtain
for X' € pry(W'it1) with Y o X’ that also Y ko X’. As moreover U';11 C 37, we have that

ETl(Y, ’ﬂ’iﬂ) - ETl(?, 3]_‘ Uy, u--- UG u {(Xl,El), RN (X],E])})

By assumption, W F_, F. In addition, we have shown that W F_, 3r. Because
1,...,0;11 € F, it therefore follows for (X, E) € 37UYy U---UD;4q that

ET,(X,| JW)H E.

Hence ET1<?, UW) F Ejq U ETl(?, 3rUYPU---UY; U {(Xl, Ey),..., (Xj, E])})
With Condition 4.1(1) we thus obtain that

ET1(7,3fUQ71 U---Ug;u {(Xl,El), cee (Xj+1,Ej+1)}) S Conl .

For j = m;1 it follows that ETl(?, 3rUB L U---UDB;4q) € Cony, which concludes our
main induction. Consequently, ETI(?, UZ) € Con,, for all Y € Cong, i.e. Z € Con_,.

It remains to verify Conditions 4.1(1-3). Let to this end V,) € Con_, so that ) O F
and V+F_ YUZ.

Note that |JF' C |JF C JY. Therefore (X, FE) € J(Y U 2), exactly if (X,E) € JY
or (X,F) € 37\ UF'. By construction we have for any (X,E) € 37\ |UF that there
is some Y(X:F) € Con, such that Y& 1y X, X € Sup,(ET,(YF) (JF')) and E €
Sup, (T, (Y(55), U 7).

18



(1) Let U € Con,,. We need to show that ET,(U,|J(Y U Z)) € Con,. By Lemma 6.2(1)
there are only finitely many (X, FE) € 37\ UF with U ¢ X, say (X1, E1),...,(Xn, Ey).
We will prove by induction on ¢ =0, ...,n that

ET, (U, JY)UE, U---UE; € Con, .

Observe that ET,(U,|JY) € Con,, by the definition of Con_, Now, let i < n and assume
that ET,(U,UY)UE1U---UE; € Con,. Since V F_, YU Z, we have for (P,Q) € J(Y U 2)
that ET,(P,UV) 1 Q. For those (P, Q) € J(Y U 2Z) with U ¢ P we thus obtain that
ET,(U,JV) F1 Q. It follows that ET,(U,JV) 1 ET,(U,JY) UE{ U---U E;41. Note that
ET, (Y XenEi) | JF) C ET,(U,UJY)), as UF € UV, ET (Y X Fe) JF) C X
and U ko X;41. Because of Condition 4.1(1), we therefore have that ET(U,JY) U E; U
-+ UFE;;1 € Con,.

(2) Let U € Con_, with U F_, Y. We have to demonstrate that & -_, Z. Obviously, it
suffices to prove that U F_, 37\ UF, i.e., we must show that for any (X, E) € 37\ JF/,
ET,(X,JU) - E.

Let (X, E) € 37 \UF'. Sinced -_, Y, we have for all (P,Q) € JY that ET,(P,JU) k1
Q. This is true in particular for those (P,Q) € |JY with Y(XE) 4 P, Thus

ET, (Y y) - BT, (YEE) ).
Similarly, by considering only (P, Q) € |JF’ with Y(*F) -5 P and using that
ET, (Y%, JF) € X,

we obtain that ET,(X,JU) F1 ET,(YF) JF'). As the information system A; satisfies
Condition (L), there is thus some 7' € Con, such that 7' € Sup, (ET, (Y5 [JF')) and

ET, (X, JU) i T (7)
Remember that Y (X:) -5 X. Then we also have that ET,(YF) | JU) ) T. Hence,
ET, (YY) | Ju) - ET (Y5 | Jy)uT. (8)

By our general assumption, V F_, YU Z. In particular V F_, 37 and V F_, Y. It follows
that ET(X,UV) k1 E and consequently

ET, (YY) (V) B (9)

Moreover, we obtain as above that ET, (Y (X)) (JV) + ET, (Y |JY). Note that
ET, (YR JY) 2 ET,(YXF) | JF'). With (8) and Condition 4.1(2) it now follows that
ET,(YXE) (JV) by T. Because of (9), Lemma 4.4 implies that

ET, (Y(X:E) | JF)

Therefore, as a consequence of (7), we have that ET|(X,JU) 1 E.

(3) Let 20 € Ag — A such that YU Z F_, 20. We need to prove that also Y F_, 20, i.e.
we must show for (X, F) € 20 that ET|(X,JY) 1 E.

By our assumptions we have for (X, E) € 20 that

ET, (X, JYUuZ)H E (10)
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and for (P,Q) € U(Y U 2) that ET{(P,JV) F1 Q. In particular we have for (P,Q) €
U(Y U Z) with X +q P that

ET, (X, V) F1 Q. (11)

Let (X, E) € 20 and remember that (P, Q) € (Y U Z), just if (P,Q) € |JY or (P,Q) €
37 \UF'. By Lemma 6.2(1) we know that there are only finitely many (P,Q) € 3\ JF’
with X o P, say (P1,Q1),...,(Py,Qp). Fori=1,...,n, set

?i:ETl(Xau:)})UQlU”'UQn—i-

By induction on ¢ we show that 57; F E.

Because of (10) the statement holds for ¢ = 0. Assume that it holds for i < n. By
definition, Y; = Yi41 U Q. Note that ETy(Y(Pr—i@n=s) |JF') C P,; and X k¢ P,_;.
Therefore,

ET, (Y Pr-i@n-d) | JF) CET (X, JF) € Yir.

Since Qy,—; € Sup, (ET, (Y (Fn—:@n=i) | JF")) it follows with Condition 4.1(3) and the induc-
tion hypothesis that Y11 1 F.

Proposition 6.7 Let (Ag, Cong, o) and (Aq, Cony, 1) be algebraic L-information systems.
Then (Ag — Ai,Con_,,F_,) is algebraic as well.

Proof: Because of Lemma 4.9 it suffices to show for W € Con_, and U € Ay — A; that there
is some Y € Con_, with Wk_ U F_ U +_ . Let V' Cg, Con, x Con, with U € JE(Y')
and (Y, Z) € U’'. As shown in the proof of Claim 5 of the preceding proposition, there are
MY ¢ Con, and NY-Z ¢ Con, such that

Y ko MY FET (Y, JW) and ET,(V,[JW) i N7+, Z.
By Condition (ALG) there are MY € Con, and NYZ ¢ Con, with
MY =g MY o MY 1 BETo(Y,| JW) and  ET,(Y,( W) by N¥7 by N2 1) N2

Construct Y € Ay — A; as in the proof of Claim 5 by using (MY, NY'Z) instead of
(MY, NYZ). Then it follows as above that W F_, {{} F_ 2. It remains to prove that
{U} =2 4

Let (S,T) € 4. Then S o S and T 1 T, by Lemma 4.9. Hence T' C ET, (S, 4l) which
means that ET, (S, 4) 1 T', as was to be shown.

Let f € |[Ag — Ai|. Then f C Ag — Ay, i.e., fis a subset of the powerset of Con, x Con,.
We will now show that the states of Ay — A; correspond to the approximable mappings
between Ay and A; in a one-to-one way.

Lemma 6.8 For f € |[Ag — Ay, let AM(f) =U f. Then AM(f): Ao IF A;.

Proof: In order to show that AM(f) is an approximable mapping we need to verify Condi-
tions 5.1(1-5).

(1) Let X € Cony, Y € Con, and b € A; with (X,Y) € AM(f) and Y 1 b. We must
show that (X, {b}) € AM(f).
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Since (X,Y) € AM(f), there is some U € f with (X,Y) € U. Moreover, because of
3.3(3), there is some W € Con_, with W C f and W _, U. Therefore, ET,(X,UW) 1 Y,
from which it follows that also ET,(X,JW) F1 b. Apply the construction in Lemma 6.3
to (X, {b}). Then we have for the resulting set {f that W F_, {{. With Condition 3.3(2) we
obtain that 4 € f, i.e., (X, {b}) € AM(f).

(2) Let X € Cony and F be a finite subset of A; with (X, {b}) € AM(f), for all b € F.
We need to construct a Z € Con, so that ' C Z and (X, Z) € AM(f).

As (X,{b}) € AM(f), for all b € F, there is some U, € f with (X,{b}) € Uy, for
each such b. By Proposition 3.4 there is moreover some W € Con_, such that WW C f and
W F_, 0y, for all b € F. Hence, we have for all such b that ET, (X, (W) F2 b. It follows
that ET(X,JW) k2 F. Because of Condition 3.1(6) there is thus some Z € Con, with
F C Z and ET{(X,UW) k2 Z. Now, apply the construction in Lemma 6.3 to (X, Z). We
obtain a set 4 € Ay — A; with W F+_, 4. Since W C f, it follows that & € f as well.
Consequently, (X, Z) € AM(f).

(3) Let X, X" € Cony and b € Ay such that X ¢ X" and (X', {b}) € AM(f). We need
to show that (X, {b}) € AM(f).

As (X', {b}) € AM(f), there is some U € f with (X', {b}) € L. Moreover, there is some
W € Con_, so that W C fand W _, B. It follows that ET, (X', [JW) F2 b. Since X Fq X,
we have that ET,(X’,UW) C ET,(X,JW). Thus, ET,(X,UW) k1 b. As in the case of
Condition 5.1(1), we obtain that (X, {b}) € AM(f).

(4) follows similarly.

(5) Let X € Con, and b € Ay with (X, {b}) € AM(f). We have to show that there are
X’ € Con,, and Y € Cony such that X Fq X', (X',Y) € AM(f) and Y t b.

Let U € f with (X,{b}) € U and W € Con_, with W C f and W F_, . Then
ET,(X,UW) k1 b. Because of Condition 3.1(5) there is some Y € Con, so that Y F; b and
ET,(X,UW) F1 Y. As a consequence of Lemma 6.2(1) we have that there are only finitely
many pairs (P,Q) € W with X k¢ P, say (P1,Q1),...,(Pn,Qn). Then X o PLU---UP,.
With Proposition 3.2 it follows for some X’ € Con,, that X ko X’ and X' g Py U--- U P,.
Then ET, (X, JW) C ET,(X’,[JW) and therefore ET, (X', |JW) F1 Y. As above it follows
that (X',Y) € AM(f).

(6) We have seen in the proof of Claim 6 of Proposition 6.6 that t = {({to},{t1})} is a
truth element of Ag — A;. By Condition 3.3(2) a truth element is contained in any state.
Thus, t € f, i.e. ({to},{t:1}) € AM(f).

Lemma 6.9 For G: Ag - Ay let ST(G) ={V e Ay — A1 | B CG}. Then ST(G) € |Ag —
Ayl

Proof: In order to verify that ST(G) is a state of Ag — Aj, we need to check Condi-
tions 3.3(1-3).

(1) Let F be a nonempty finite subset of ST(G), say F = {U1,...,T,,}. We have to
show that there is some Z € Con_, with F C Z C ST(G).

For ¢ = 1,...,m, let ¥'; Cgq, Conyx Con; such that U; € JE(U';). Set F/ =
{U'1,...,9,}. Then F CG.

Now, let Y € Con,. By Condition (L) there is some Sy € Supy(ET,(Y,JF’)) with
Y o Sy. It follows for (P,Q) € F' that P C Sy. Since, in addition, PGQ, we have that
SyGQ. Thus, SyGET,(Y,F’). Note that all ¥, and hence |JF’ are finite. Consequently,
there is some Z € Con, such that Z +; ET(Y,|UF’) and SyGZ. With Condition (L)
we obtain some Ty € Sup,(ET,(Y,JF’)) with Z -y Ty. Thus SyGTy. By applying
Lemma 6.4 to |JF' and { (Sy,Ty) | Y € Con, } we obtain some set 37 € JE((JF’). Then
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3r € Ag — Ay, Set Z = FU {3]:)}. Then it follows as in the proof of Claim 7 of
Proposition 6.6 that Z € Con_,. By construction, 3 C G. Hence F C Z C ST(G).

(2) Let W e Con_, and U € Ay — A; with W C ST(G) and W _, U. We need to show
that 0 € ST(G).

Let (X,Y) € U. Then ET,(X,(JW) k1 Y. Moreover, let (P1,Q1),..., (P, Q) be the
finitely many pairs (P,Q) € W with X ¢ P. Then ET{(X,UW)=Q1U---UQy. Since
W C ST(G), we have that P,GQ;, for i = 1,...,n. Because X k¢ P;, for these i, it follows
that XGET,(X,JW) and hence that XGY. This shows that U C G, i.e. U € ST(G).

(3) Let U € ST(G). We have to show that there is some W € Con_, such that W C ST(G)
and W FH_, 0.

Note that U C G and let U € JE(Y') with U’ = {(P1,Q1),...,(Pn,Qn)}. Then there
are P; € Con;, and Q, € Con,, for i = 1,...,n, such that P; P;, P,GQ, and Q; 1 Q,.
Set U’ = {(Pla Ql)v T (Pn7 Qn)}

Now, let (X,Y) € U\ Y. Then there is some U € Con, such that U o X, X €
Sup,(ET,(Y,%’)) and Y € Sup, (ET,(U,Y’)). It follows that X Fo ET (U,4'). Therefore,
by Condition (L), there is some Siy € Sup,(ET,(U, ') with X ¢ Sy. Then SyG ET, (U, ).
Thus, there is some V' € Con, so that SyGV and V 1 ET, (U, ). Applying Condition (L)
again we obtain some Ty € Sup, (ET,(U,')) with V F; Ty.

Since Ty b1 ET,(U, %), it follows with Condition (L) that there is some E' €
Sup, (ET,(U,Y’)) with Ty k1 E'. Thus XG(E U E’). Hence, there is some Z € Con,
with XGZ and Z +; (E' U E’). With Lemma 4.4 it follows that
~ F
ET,(U,2)

from which we obtain that Ty F1 E as well.

Construct 4 by applying Lemma 6.4 to {' and { (Sy7, Ty7) | U € Cong }. Then i € JE(LV),
which means that 4 € Ag — A; and {4} € Con_,. It remains to show that {{} F_, U.

If (P,Q) € U’ then we have for some (P,Q) € {’ that P g P and Q F; Q. Thus
ET,(P,Y) k1 Q. If, on the other hand, (X,Y) € U\ Y’, we have for some (Sy,Ty) € U that
X to Sy and Ty 1 E. Therefore ET, (X, ) 1 E again. This shows that {4} -_, .

Lemma 6.10 1. ST(AM(f)) = f, for all f € |Ag — A1l
2. AM(ST(G)) =G, for all G: Ay I+ A;.

Proof: (1) Obviously f C {U € Ay — A; | T C AM(f) }. Conversely, if U € AM(f), then
there is some 4XY) € f with (X,Y) € UXY) for every (X,Y) € U. Moreover, there is
some U’ Cgn Cony x Con; with U € JE(Y'). Since U’ is finite, we obtain some W € f such
that W F_, U9 for all (P,Q) € . Thus, ET,(P,UW) F1 Q, for each such pair (P, Q).

Now, let (X,Y) € U\ Y. Then there exists U € Con, so that U g X, X €
Supy(ET(U,Y’)) and Y € Sup,(ET,(U,Y’)). It follows that ET,(U,Y’) € X. Thus,
ET,(X,UW) 1 ET{(U,%’). By Condition (L) there is hence some Z € Sup,(ET,(U,¥’))
with ET, (X, W) k1 Z. In addition, as WU {t(X:Y)} Cq f, there is some V € Con_, with
VC fand VE_ WU LX) Tt follows that ET,(X,|JV) F1 Y U Z. Consequently,

Y ~ Z
ET, (U,2)

by Lemma 4.4, which implies that ET, (X, |JW) k1 Y. This shows that W _, 0. Therefore,
G € f.
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(2) By definition, AM(ST(G)) C G. Conversely, let (X,Y) € G. Note that there is some
Z € Cony with Z 1 Y by Condition 5.1(5). Thus, Lemma 6.3 can be applied again and we
obtain that (X,Y) € AM(ST(G)).

Proposition 6.11 Let (Ag, Cony,to) and (A1, Cony, 1) be L-information systems. Then
the states of Ag — Ay and the approximable mappings between Ag and Ay correspond to each
other in a one-to-one way:

1. {Uf | f €|Ao — Ai]} is the set of approzimable mappings from Ay to A;.

2. |Ag — Ay is the collection of all sets { U € Ag — A1 | B C G}, where G is an approz-
imable mapping between Ag and Aj.

In Section 5 we have already studied how approximable mappings between two infor-
mation systems Ag and A; correspond to Scott continuous functions from |Ag| to |A;|, and
vice versa. As we will see now, this correspondence establishes an isomorphism between the
domains [Ag — Ai| and [|Ag| — |A1]]-

Let f € |Ag — A1|. Then AM(f): Ag IF A; and hence D(AM(f)) € [|Ao| — |A1]]. Set

fet(f) = D(AM(S)).
Then fct € HA(] — A1| — HA(]| — |A1|H Note that for x € |A0|,

fet(f)(x) ={be A1 | (3X € Cony) X C z A (X,{b}) € AM(f)}
={bec A | (X €Cony)(FVc Ay — A1) X Cax AV e fA(X,{b}) eV}
={be A | (3X € Cony)(FV € Ag — A)(IW e Con_ )X CaAWCf
AWE_LBAX{b}) €D}
={be A1 | (3X € Cony)(IW € Con_)X Ca AW C fAET(X,UW)F1b},

where the equality in the last line follows with Lemma 6.3.
Conversely, let g € [|Ag| — |A1|]. Then C(g): C(]Ao|) IF C(|A1]) and Sa,0C(g)oT 4, : Ay —
Al. Set
st(g) ={B € Ao — A1 [T C Sa,0C(g) o Ta, }-

By the preceding proposition, st(g) € |Ag — A;|. Asis readily verified, st is Scott continuous.
We will show now that the functions fct and st are inverse to each other.

Lemma 6.12 stofst =id 4 4,

Proof: Let f € |Ap — Ai|. As we have seen in the proof of Proposition 5.10, S4, o
C(D(AM(f))) = AM(f) o S4,. Moreover, S4, and T4, are inverse to each other. With
Lemma 6.10(1) we therefore obtain that

st(fet(f)) = {B € Ag — A1 | B C Sa, 0 C(D(AM(f)) 0 Ta, }
={VecAy— A |TCAM(f)}
= f.

Lemma 6.13 fstost = ld“Ao‘—»‘Al”
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Proof: Let g € [|Ao| — |A1]] and note that D(S4,) = 74, and D(T'a,) = sp,4,|, where the
function SP|a, | defined in Section 3 is the inverse of 7)4,|. As we have seen in the proof of
Proposition 5.7, 714,109 = D(C(g)) 0 7|4,|- With Lemma 6.10(2) we hence obtain for z € [Ag|
that

fet(st(g)) () = D(J{ D € Ag — A1 | T C Sa, 0C(g) 0 T, }) (=)

=D(S54,°C(g) 0 Ta,)(z)

= D(T'4,)(D(C(9))(D(Sa,)(2)))
= 5P 4, (D(C(9))(T140/(%)))

= SP\A1|(T\A1|(9(93)))

= g(z).

Proposition 6.14 Let (Ag, Cony,to) and (A1, Cony, 1) be L-information systems. Then
the domains |Ay — A1| and [|Ag| — |A1]] are isomorphic.

7 Cartesian closure

We will show now that for two L-information systems (Ap, Congy, o) and (A;, Cony, 1),
Ag — Ay is the exponent of Ay and A; in the category LINF.
For Z € Con(AoﬁAl)on and b € Con, let

ZEVb < ET( prA UperﬂAl 1 b.
Lemma 7.1 EV: (4g — A1) x Ap IF A;.

Proof: We only verify Conditions 5.1(3, 5), the others being obvious.

(3) Let X, X" € Cony_ 4,)x4, and b € Ay so that X F(4,.4,)xa, X'and X"EVb. We
need to prove that X EV b.

We have that pr, (X) Fo pry, (X’) and ET, (pr, (X'),Uprs, 4, (X)) F1 0. Tt follows
that also ET (pr (X),Upry, ., (X’)) F1 b. Moreover, we have that pr, _ , (X)Fa,—4,
Pry, o, (X'). Thus ET (P,Upry, .4, (X)) b1 Q, for all (P,Q) € Upry, .4, (X’) with
pr 4, (X ) Fo P. As a consequence,

1 (pry, (X U Pr 4y 4, (X)) F1 ET (pry, ( U Pr g, (X

Hence ET (pr» (X),Upra, . 4,(X)) F1 b, i.e. XEVb.

(5) Let X € Con(y,_,4,)xa, and b € Ay with X EVb. We have to show that there are
Z e Con(AoaAl)on and U € Con; such that X b0 a,)x4, £, ZEVU and U 1 b.

By assumption, ET,(pr4 (X),Upra, 4, (X)) F1 b. According to Lemma 6.2(1) there
only finitely many (P, Q) € Upr,, 4, (X) with pry (X) Fo P, say (P1,Q1),. .., (Pn, Qn)-
Therefore, because of Condition 3.1(5), there is some Y € Con, such that pr Ao (X) ko
Y ko PrU---UP, Thus ET,(Y,Upry, 4, (X)) = ET (pry, (X),Upra, 4, (X)), which
implies that ET,(Y,Uprs, . 4,(X)) F1 b. This shows that pry 4 (X) Fa,—a, U, where
U € JE({(Y,{b})}) as in Lemma 6.3. It follows that pr, . (X) Fa,—a, V Fa,—a, 4, for
some V € Cony 4 . Hence ET|(Y,JV) 1 b. Using Condition 3.1(5) again we obtain
some U € Con, so that ET{(Y,JV) k1 U 1 b. Set Z =Y x V. Then we have that
X F(ag—nryxdo Z> ZEVU and U Fy b.
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Let (A, Con,,F2) be a further L-information system. For H: Ay x Ag I- Ay, V € Con,
and Y € Ay — A define

VAH)TD < V(X,E) e V)(Vx X)HE.
Lemma 7.2 A(H): Ay IF Ay — A;.

Proof: Again we have to verify Conditions 5.1(1-6).

(1) Let V€ Cony, W € Cony,_, 4, and U so that VA(H)W and W k4,4, V. Moreover,
let (P, Q) € U. We have to show that (V x P)HQ.

Since W Fa,—a, U, ET{(P,UW) F1 Q. Moreover, we have that (V x X)HE, for
all (X,E) € UW with P kg X. Thus, (V x ET,(P,UW))HET,(P,UW). As P kg
ET,(P,|JW), we obtain that (V x P)HQ.

(2) Let V € Con, and F Cg, A9 — Ay with VA(H)F. We have to construct some
Z € Cony, 4, such that Z O F and VA(H)Z. Without restriction we assume that F ¢
Cony, 4, -

By our assumption we have for (P,Q) € |JF that (V x P)HQ. Now, for ¥ € F, fix
some ' Cg, Ag X Ay with U € JE(U') and let F’' be the collection of these 2B’. Then
Upry, (UF) and Upr,, (UF') are finite.

Let Y € Con,. Then Y ko ET,(Y,JF’). By Condition (L) there is thus some Xy €
Sup,(ET,(Y,UF’)) with Y k¢ Xy. It follows that (V x Xy)HET,(Y,JF’). Hence there
is some U € Con; with (V x Xy)HU and U +; ET,(Y,|JF’). Using Condition (L) again
we obtain some Ey € Sup, (ET,(Y,JF)) with U i1 Ey.

Now construct the set 3 by applying Lemma 6.4 to |JF" and { (Xy,Ey) | Y € Con, }.
Then 37 € JE(UF'), which implies that 37 € Ay — A;. By construction (V x X)HE, for
all (X,F) € 3r. Set Z =FU{35}. Then VA(H)Z. As in the proof of Proposition 6.6,
Claim 7 it follows that Z € Cony 4, -

(3) Let V, V' € Con, and U € Con, 4 so that V i V' and V'A(H)P. We have to
verify that for all (X, E) e Y, (V x X)HE.

Let (X, E) € U. Then there is some U € Con,, 4, With (V' x X)) Fa,x4, U and UHE.
It follows that V 5 V' I3 pry (U) and X ¢ pry (U). Therefore V' 5 pr,, (U) and hence
(V x X) Fa,xa, U, which implies that (V x X)HE.

(4) is obvious, as is (6).

(5) Let V € Con, and U € Ay — A; with VA(H)Y. Then

(V x X)HE, (12)

for all (X, E) € U. We have to construct Z € Con, and Z € Con, 4, so that V I Z,
ZA(H)Z and Z 4,4, .

Let U’ Cg, Cony x Cony with U € JE(Y’). Then we have for all (P,Q) € U’ that
(V x P)HQ. Hence there are M (PQ) ¢ Cony,, 4, and NPQ) € Con, so that (V x P) Fa,xa,
MPQ MPAHNPQ) and NP by Q. It follows that V by pr, (M PD), for all (P,Q) €
%', Thus, there is some Z € Con, so that Z D [J{ prAQ(M(RQ)) | (P,Q) eV }and V iy Z.
Moreover, Z x pr 4 (MPNYHNERQ) for all (P,Q) € U,

Now, let (X,E) € U\ Y. Then there is some Y € Con, such that ¥ ¢ X, X €
Supy(ET(Y,%9’)) and E € Sup, (ET,(Y,Y’)). For (P,Q) € U’ with Y k¢ P we have that
X ko pry (MPQ), as P C X. Thus, X o J{pr,, (MP) | (P,Q) €W AY o P}. By
Condition (L) there is hence some MY € Sup,(U{pr,, (MPRN | (P,Q) € V' AY o P})
with X o MY. It follows that (Z x MY)H|J{NPQ | (P,Q) € W' AY ¢ P}. Conse-
quently, there is some TV € Con, with (Z x MY)HTY and TV D U{NFQ) | (P,Q) €
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V' AY ko P}. Applying Condition (L) again we obtain some NY € Sup,(J{ NP@) |
(P,Q) € 'AY ¢ P})and TY 1 NY. Furthermore, since N 1 ET, (Y,2’), there is some
E' € Sup, (ET,(Y, %)) with NY I-; E’. Because of (12) we have that (V x X)H(NY U E).
Thus there is some U € Con, with (V x X)HU and U 1 (NY U E). Hence U -, (EU E').
With Lemma 4.4 we obtain that also N* - E.

Construct U € JE(U') with Lemma 6.4 by starting from ' = { (pr 4 (MPR)) NFQ)) |
(P,Q) €Y'} and { (MY ,NY)|Y € Cony }. Then we have that

V X Praguny Z xprg(MP@), Z xpr, (MPOYENPQ)  and NPQ |- @,
for (P,Q) € ' and
VX X Fagxay Zx MY, Zx MYHNY and NY ki E,

for (X,F) € B\ Y and Y € Con, such that Y g X, X € Supy,(ET,(Y,%¥’)) and E €
Sup, (ET,(Y,9")). Since N¥ C ET,(X,4), we also have ET,(X,) b1 E. It follows that
V by Z, ZAH)S and {4} Fa,_a, 0.

Lemma 7.3 (A(H) x1d, )oEV = H, for all H: C x Ag IF A;.

Proof: Let U € Cony,, 4, and b € Ay with U((A(H) x Id, ) o EV)b. Then there is some
U’ € Cony,, 4, such that U Fa,xa, U and U'((A(H) x Id, ) o EV)b. It follows that for
some Z € Cony 4,y 4, U'(A(H) x1dy )Z and ZEV b. Thus, pr», (U)A(H) pry,_, 4, (2),
pr 4, (U') Fo pry, (Z) and ET,(pry (Z),Upra, .a,(Z)) F1 b. By definition of A(H) we have
that (pr,,(U’) x X)HE, for all (X, E) € Upry, 4, (Z). Hence

(PYAQ(U/) x ETo(prAO(Z)7 UperﬂAl(Z)))HET1<prAO(Z)7 UperﬂAl(Z»-

Since pr, (U') Fo pry,(Z) Fo ETy(pry,(Z),Upry, . 4,(Z)), it follows that (pr, (U’) x
pr 4, (U'))Hb and thus that UHb.

Conversely, if UHb, there are U',U" € Con,,, o and V € Con; such that U Fa,x4,
U' Fayxa, U, U'Hb and V 11 b. Let 4 € JE({(pry,(U"),V)}) according to Lemma 6.3.
Then 4 € Ag — Ay and pry, (U")A(H)U. Thus U(AH x 1d, )Z, for Z = {4} x pr, (U').
Note that ET (pr4,(U’),4) 2 V. Therefore, we have that U(AH x Id, )Z and ZEV b, i.e.
U((AH x 1d,,,) o EV)b.

Lemma 7.4 A((G x1d, ) oEV) =G, for all G: Az IF Ag — A;.

Proof: Let V € Con, and U € Ag — A with VA((G x1Id 4, ) o EV)D. Then (V x X)((G x
Id, ) o EV)E, for each (X, E) € U. It follows that there is some Z(XEB) ¢ Con 4 4,)x Ao
for each such (X, E), so that (V x X)(G x IdAO)Z(X’E) and Z(XF) EV E, which means that
VGpry, 4 (ZXF), X o pry (ZXF) and ET, (pr, (Z55),Upr 4,4, (Z5F)) H E.
Thus,
ET, (X, | Jpra,_a, (Z5P) H E, (13)

for all (X, FE) €.

Now, let U’ Cg, Cony x Con; with U € JE(U'). Then there is some U € Con, 4, with
VGU and U D prAOHAl(Z(P’Q)), for all (P, Q) € U’. Moreover, by (13), we have for all such
(P, Q) that

ET, (P, Ju) F1 Q. (14)
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Next, let (X,E) € U\ Y. Then there is some ¥ € Con, so that ¥ ¢ X, X €
Sup,(ET,(Y,%’)) and E € Sup,(ET,(Y,%’)). With (14) it follows that ET(X,JU) 1
ET,(Y,2’). Because of Condition (L) we obtain some 7" € Sup, (ET,(Y,Y’)) with

ET, (X, JU) 1 T

As VGUUDT,, 4, (ZXE))), there is some U’ € Cony, 4, WithU' DUUDT, 4 (Z(X:E)y
and VGU'. Tt follows that ET, (X, JU’) -1 T U E. By Lemma 4.4 we therefore have that

ET, (Y, 2)

As a consequence, ET, (X, JU) - E.

This shows that U F4,—4, . Since moreover VGU, we obtain that V GJ.

Conversely, if VG, then there is some Z € Cony, 4, with VGZ and Z F4,4, V. It
follows that for all (X, F) € U, ET{(X,|JZ) k1 E. Since X ko ET(X,J Z) and the latter
set is finite by Lemma 6.2(1), we obtain some X’ € Con, with X k¢ X’ ¢ ET(X,J 2).
Then ET, (X', Z) = ET, (X, £). Therefore, ET,(X’,|J Z) I E. Set Z = Z x X'. Then
Z € Cong_a,yxny (V X X)(G x1dy,)Z and ZEV E. Thus, VA((G x 1) o EV)D.

Proposition 7.5 Let Ay and Ay be L-information systems. Then (Ag — Ai,EV) is their
exponent in LINF.

With Propostion 6.7 we moreover have that if Ag and A; are both algebraic, then (49 —
A1, EV) is their exponent in aLINF.

As we have already seen, LINF as well as aLINF contain a terminal object. Moreover,
we have shown how to construct the categorical product of information systems.

Theorem 7.6 The category LINF of L-information systems and approximable mappings as
well as its full subcategory aLINF of algebraic L-information systems are Cartesian closed.

A well-known result of Jung [9, 10] states that the categories L and aL are maximal
among the Cartesian closed full subcategories of CONT; and ALG |, respectively. As
was shown in [13], CONT, is equivalent to the category CINF}, of continuous information
systems with truth element and ALG is equivalent to the category AINFy of algebraic
information systems with truth element. Note here that the functors involved in establishing
the equivalence result in the present paper are restrictions of those used in [13].

Theorem 7.7 The categories LINF and aLINF, respectively, are maximal among the
Cartesian closed full subcategory of CINF¢ and AINFy.

8 Concluding remarks

In this paper the information system representation of L-domains was studied. Continuous
information systems were introduced in [13], the equivalence of their category with the
category of continuous domains was shown and the information systems of many important
classes of domains were derived. The L-domain case, however, was left open.

In information systems base elements of domains are represented by finite consistent sets
of tokens. The main problem in finding an information system description of L-domains was
the characterization of those consistent sets that represent local suprema, i.e., the least upper
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bounds a finite set can have with respect to different principal ideals. As was demonstrated,
the category of L-information systems with approximating mappings is equivalent to the
category of L-domains with Scott continuous functions, which shows that the right notion of
L-information system was found. By this result many important properties like the existence
of exponents transfer from L-domains to L-information systems. In concrete cases, however,
one has to go back and forth between information systems and domains in order to construct
the exponent of two information systems. Instead, we presented a direct construction within
L-information systems in this paper.

In the case of information systems for bounded-complete domains [12, 8] tokens in Ay —
A; correspond to single-step functions (u N\, v) and finite consistent sets of tokens correspond
to the least upper bounds of finite bounded sets of such functions, i.e. step functions. In the
case of L-domains such sets do not define a function, in general. Consider e.g. the domain
D defined by the diagram in Figure 1.

Figure 1: An infinite L-domain D

\ /

L

CTL+1 I

Then (a \, b) as well as (b \, a) are single-step functions in [D — D], but (a \, b) LU (b \,
a) is not defined. What e.g. should be the value for ¢;? Unfortunately, this problem can not
be solved by adding finitely many single-step functions, e.g. (¢; \, ¢;+1), as is the case for
SFP domains. For every ¢; one has to add what should be the corresponding function value.

This information can no longer be described by a finite set in Con. Therefore we have
taken the descriptions of such functions as elements of the information system Ay — A;. The
finiteness of the starting objects which is characteristic for information systems is hidden in
the fact that these objects now correspond to functions which are generated from a finite set
of single-step functions by adding pairs of least upper bounds.
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