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Abstract

A constitutive model for orthotropic elastoplasticity at finite plastic strains is discussed and basic concepts of its
numerical implementation are presented. The essential features are the multiplicative decomposition of the deformation
gradient in elastic and inelastic parts, the definition of a convex elastic domain in stress space and a representation of the
constitutive equations related to the intermediate configuration. The elastic free energy function and the yield function
are formulated in an invariant setting by means of the introduction of structural tensors reflecting the privileged di-
rections of the material. The model accounts for kinematic and isotropic hardening. The associated flow rule is inte-
grated using the so-called exponential map which preserves exactly the plastic incompressibility condition. The
constitutive equations are implemented in a brick-type shell element. Representative numerical simulations demonstrate

the suitability of the proposed formulations.
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1. Introduction

Many elastoplastic materials exhibit anisotropic
behavior due to their textured or generally orien-
tation dependent structure. The response of aniso-
tropic materials can be described with scalar-valued
functions in terms of several tensor variables, usual
deformation or stress tensors and additional
structural tensors, which reflect the symmetries of
the considered material. Based on representation
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theorems for tensor functions the general forms can
be derived and the type and minimal number of the
scalar variables entering the constitutive equations
can be given. These forms are automatically in-
variant under coordinate transformations of ele-
ments of the material symmetry group. For an
introduction to the invariant formulation of an-
isotropic constitutive equations based on the con-
cept of structural tensors and their representations
as isotropic tensor functions see [1-3].

For a state-of-the-art review of the recent pro-
gress in the theory and numerics of anisotropic
materials at finite strains we refer to the papers
published in a special issue of the International
Journal of Solids and Structures, vol. 38, 2001,

0927-0256/$ - see front matter © 2003 Elsevier B.V. All rights reserved.
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EUROMECH Colloquium 394, and the references
therein.

The essential features of this paper are sum-
marized as follows:

(1) In our formulation the multiplicative decom-
position of the deformation gradient in elastic
and inelastic parts is assumed to apply. A
yield function, related to the intermediate
configuration is expressed in terms of the so-
called Mandel stress tensor and a back stress
tensor for kinematic hardening.

(i) The constitutive equations for elastoplastic
orthotropy are formulated in an invariant set-
ting. So-called structural tensors describe the
symmetries of the material in the elastic free
energy function and the yield condition. The
latter is expressed in terms of the invariants
of the deviatoric part of the relative Mandel
stresses and of the structural tensors.

(ii1) The set of constitutive equations is solved by
applying a general return method based on
an operator split into an elastic predictor
and a following corrector step. Plastic incom-
pressibility is fulfilled exactly by means of the
exponential map.

(iv) For finite element simulations of engineering
problems in structural mechanics we use a for-
mulation of a brick-type shell element, docu-
mented in [4], that overcomes artificial
stiffening effects, called locking, by means of
special interpolation techniques. Thus, the el-
ement is well suited for the numerical analysis
of thin structures.

(v) We investigate two representative numerical
examples: The necking of a circular bar for el-
astoplastic isotropy; for orthotropic material
behavior we consider the bending of a circular
plate.

2. Kinematics and constitutive framework

The considered body in the reference configu-
ration is denoted by % C R®. It is parametrized in
X and the current configuration . C R* is para-
metrized in x. The nonlinear deformation map
@, :#— S at time t € R, maps points X € #

onto points x € .. Hence, the deformation gra-
dient F is defined by F(X) := Grad ¢,(X) with the
Jacobian J(X) := detF(X) > 0. The index nota-
tion of F is F{ := 0x“/0X*. Next, the right Cau-
chy-Green tensor is introduced by C = F'F with
coefficients Cy3 = FF)g.,, where g, denotes the
coefficients of the covariant metric tensor in the
current configuration.

2.1. Multiplicative elastoplasticity

Motivated by a micromechanical view of plastic
deformations one postulates a multiplicative de-
composition of the deformation gradient

F(X) = F(X)F"(X) (1)

with the elastic and plastic parts F° and F?, re-
spectively. Eq. (1) implies a stress-free intermediate
configuration, which is in general not compatible.
It is well known that the decomposition is uniquely
determined except for a rigid body rotation su-
perposed on the intermediate configuration. Ori-
ginal references dealing with (1) can be found in
the textbook [5]. Furthermore, the plastic incom-
pressibility constraint

detFP(X) = 1 (2)

is assumed to hold. The constitutive equations are
restricted by the second law of thermodynamics in
the form of the Clausius—Duhem-inequality, which
reads under the assumption of isothermal defor-
mations with uniform temperature distribution

I=S:E—y>0. 3)

In this local form the dissipation & denotes the
difference between the stress power and the rate of
the free energy per unit volume in the reference
configuration. S and E are the Second Piola—Kir-
chhoff stress tensor and the material time deriva-
tive of the Green-Lagrangian strain tensor
E =1(C —1), respectively. Here and in the fol-
lowing 1 denotes the second order unit tensor.
Introducing the free energy y = y(C% ) as a
function of the elastic Right Cauchy—Green tensor
C° :=F"F° and the internal variables y—consid-
ered to be in general a set of tensors and scalars
and represented as a vector—the associated rate is
given by
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The strain rate E = %C is derived by considering
the multiplicative decomposition (1). One obtains,
see e.g. [5],

C =FT[C° + 2(C°LP) JF®  with LP = FPFP !,
(5)

where LP denotes the plastic velocity gradient and
(), describes the symmetric part of a tensor. Since
inequality (3), considering (4) and (5), must hold
for all admissible processes in the material, stan-
dard arguments in rational thermodynamics with
internal state variables yield the constitutive
equations

0 0
LA ©)

oC oy

Here, S — FPSF"" denotes the Second Piola—Kirch-

hoff stress tensor relative to the intermediate con-

figuration and = the internal stress vector

conjugate to x. Furthermore, one obtains the re-
duced local dissipation inequality

=X :LP—E >0, (7)

S=»2

where we call £ := C°S the Mandel stress tensor,
which for anisotropic elasticity is in general non-
symmetric.

The evolution equations for the inelastic strain
tensors can be derived by using the principle of
maximum plastic dissipation. If the elastic domain
E defined by the yield function @ <0 is convex, a
standard result in convex analysis shows, that,
along with the loading-unloading conditions, the
following normality rules for the rate equations of
inelastic strains must hold:

oo Rl

p_ 27 — 3=
WP =i, =iz (8)

In the following we specify the vector E by intro-
ducing the scalar, stress-like hardening variable &
and the back stress tensor  for isotropic and ki-
nematic hardening, respectively. Furthermore, we
assume that the free energy function is additively
decoupled in an elastic part ¥, a plastic part y**°
due to isotropic hardening and Y™™ due to kine-
matic hardening of Melan—Prager type. The yield

criterion @ is formulated in terms of the relative
stresses 6 := X — if and the isotropic hardening
stress &. According to (8) the evolution of the
plastic deformation gradient F® and of the internal
variables y are given with @ as a plastic potential.
Here, y contains the tensor valued a, conjugate to
the back stress ii as well as the scalar-valued
equivalent plastic strain eP, conjugate to &.

2.2. Isotropic tensor functions for the representation
of anisotropic material response

In case of anisotropy we introduce a material
symmetry group ¥, characterizing the anisotropy
class of the material. %; is defined with respect to
the reference configuration, and we assume that it
remains unchanged during plastic deformations.
The elements of ¥, are denoted by the unimodular
symmetry will be formulated for an orthotropic
elasticity law, which is related to the intermediate
configuration and therefore is expressed in terms
of the elastic Green strain tensor E¢ = (C°—1)/2.
Based on our assumption this concept requires
that the elastic material response must be invariant
under transformations on the intermediate con-
figuration with elements of the symmetry group %
V(QTEQ) = Y (E) vQe %, Er. 9)
We call the function y° a %;-invariant function.
Without any restrictions for solid materials we set
9, C SO(3). Based on the mapping X —>AQTX,
applied to the intermediate configuration X, for
arbitrary rotation tensors Q € SO(3) we have,
in view of a coordinate free representation, to
fulfill the transformation rule Q'S(E%, ¢)Q =
S(Q"EQ, ) VQ € SO(3), where (o) denotes ad-
ditional tensor arguments. In order to construct an
isotropic tensor function for the anisotropic con-
stitutive behavior, the %;-invariant function must
be extended in a manner, that it becomes invariant
under the special orthogonal group; this is done by
the introduction of the so-called structural tensors
reflecting the material symmetries. Recall here,
that a second order tensor M is a structural tensor
of an anisotropic material characterized by a
symmetry group % if Q"MQ = M for all Q € %,.
Orthotropic materials can be characterized by
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three symmetry planes, described by three struc-
tural tensors 'M|_,,;. Thus, the constitutive
equation can be expressed as an isotropic scalar-
valued tensor function in the arguments
(E°,'M,*M,*M) in the form

‘/;e(ﬁea iM|i:1,2A3) = ‘pe(QTEeQa QTiMQ|i:1,2,3)
vQ € S0(3), (10)

which fulfills the above postulated transformation
rule for the stresses.

2.3. Orthotropic elastic free energy function

The material symmetry group of the considered
orthotropic material is defined by ¥,:=
{I;S1,S,,S;}, where S, S,, S; are the reflections
with respect to the basis planes (*a, *a), (*a,'a) and
('a,2a), respectively. Here, ('a,?a,3a) represents
an orthonormal privileged frame. Based on this,
we obtain for this symmetry group the three
structural tensors

M:='ag'a, M:=2a®%a and

M :=’a®’a, (11)
which represent the orthotropic material symme-
try. Due to the fact that the sum of the three
structural tensors yields 5°) , 'M = 1 we may dis-
card *M from the set of structural tensors (11). The
integrity basis is given by 2 :={J;,...,J;}. The
invariants J;, Ja, J; are defined by the traces of
powers of E°, i.e.,

Jyi=tES, = t[(E)Y], Js = tr](E%)).
(12)

The irreducible mixed invariants are given by
'M(E®)]
PM(E)] |

see e.g. [3]. For y° we assume a quadratic form,
viz.,

J4Z
Jﬁ:

= tr[[ME®], Js:= 13)
= trPME® ,

! tr
[ZME ] J;=1tr

lpe = %Ulz + ,UJz + %“1]5 + %OCzJé + 20(3]5
+ 2“4‘]7 + 065.]4.]1 + OC6J6J1 + OC7J4J6. (14)

For the Second Piola—Kirchhoff stresses related to
the intermediate configuration we have

S = 21+ 2uE° + 00 J5'M + a0 Jg>M + 2015 (i:e‘M + ‘Mf:e)
+204 (E2M 4 2ME®) + 25(/i'M + J41)
+oi6 (1M + Jg1) + a7 (J2M + Jg' M)
(15)

In this special case the second derivative of /°
yields the constant fourth-order elasticity tensor

+20(3K1 + 20(4|K2 + 0(5(1M ® 1+1 ® 1M)
+o0s*M®R1+1Q°M) + ;M Q@ 'M + 'M ® M)

(16)

C=101+2ul +0,'M&'M + 0,°M ® M }

with 1k, = 00,1, K}JKL = (31K1MJL + 5JL1M/K and
K2, = O*My, + 3. Mk The elasticity parame-
ters (A4, p,04/i = 1,...,7) can be identified using the
matrix notation

§11 C]] C]z C]3 0 0 0 ETI
522 Chr Cyp Cyx O 0 0 Egz
Sx» | Ci3 Cyp Css 0 0 0 E§3
Sp| |0 0 0 Cu O 0 |]|2ES
ol Lo o 0 0 ¥ oo|E

| 2E5,

(17)

with the elasticity constants C;;. Choosing the
preferred  directions as 'a=(1,0,0)" and
2a= (0,1, 0)T we obtain the material parameters 4,
U, 0y, O, 03, O, s, O iN terms of components C;;.
In case of isotropy the only remaining constants
are 4 and u.

2.4. Orthotropic yield criterion

In the following, we consider an orthotropic
pressure insensitive yield condition using isotropic
tensor functions. It is assumed that @ depends on
the symmetric part of the relative stresses
6, := (X — B)q only. As a consequence the follow-
ing relations hold for the plastic velocity gradients:

L’ =L", D’:=sym(L") =L",
WP = skew(LP) = 0. (18)

This assumption and its implications will be dis-
cussed below.
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The integrity basis in terms of the deviatoric
part of the relative stresses deva, and the struc-
tural tensors 'M and 2M is given by

I, := tr[(devay)?], L = tr['M(devé,)7],
I = trM(devé,)’], 1L := tr['Mdeva,],
Is := tr[*Mdev ], I := tr[(deva,)’].
(19)

The orthotropic flow criterion is formulated as an
isotropic tensor function
®(deva,,'M,’M) = (Q" devs,Q.Q"'MQ,Q"’MQ)

vQ € SO(3). (20)

Discarding the cubic invariant /5 in @ we arrive at
a quadratic form in terms of the invariants and six

independent material parameters 7;|,_; g, respec-
tively
® = 1y + by + 13l + 0Ly + 051 + nelals
. 2
£(er)
-1+ : (21)
( 1y

Remark. It can be shown, see [6-8], that under
rigid body rotations Q superposed on the current
configuration and—simultaneously—rigid body
rotations Q on the intermediate configuration the
following transformation rules apply

F — F = QF = QF°Q QF° = QF F,

()= ()=Q)Q forC,SLD" (2
L’ - L” =QL’Q +QQ',

where we have restricted ourselves to tensorial
quantities of the intermediate configuration play-
ing an eminent role in the present formulation.
Invariance of constitutive equations under rigid
body rotations superposed on the current config-
uration is generally required by the principle of
material frame indifference, the latter invariance
requirement is due to the well known fact, that the
multiplicative decomposition is uniquely defined
except for a rigid body rotation superposed on the
intermediate configuration; the identity Q Q can
always be inserted, in between F° and F?, see (22);.

As a consequence of the constitutive assumption,
that only the symmetric part 6, enters the yield

function, the flow rule reads D? = 105, @, which is,
see (22),, invariant with respect to the arbitrary
choice of Q, whereas this is not true for the plastic
velocity gradient LP due to the expression @T in
(22)5.

As a further consequence of the yield function
in terms of & the six independent material pa-
by three tension tests and three shear tests, re-
spectively, which are independent of each other.

Each test leads to a set of values for the invar-
iants. Evaluating the flow criterion for all six dis-
tinct tests yields a system of linear equations with
terms of the physicél yield stresses.

The constitutive equations are now summarized
as follows:

elastic strains Ce =FT'cP
free energy =V, Je)
PP + Y (a),

stresses S = 20 Yt L= CS,
back stresses B = 0P,

isotropic hardening &= Do h™™°,

relative stresses o, =X, — ifs,

yield function O=&(,...,15¢),
associated flow rule DP = /oy, @,
evolution of « a= —/1635@7

evolution of &P

2
P — ./ ZIIDP
o=\

optimization conditions A>=>0, #<0, 1@ = 0.
(23)

Now we consider pure isotropy as a special case
of orthotropy. For isotropic elasticity X = X'
holds and therefore LP =DP. In this case our
constitutive assumption for @ being a function
merely of the symmetric part of X is fulfilled by the
elasticity law itself. If we set for the yield normal
stresses Y. = Y° for i =1,2,3 and for the yield
shear stresses V) = Y°//3 for i#j with i,j=
1,2,3 we arrive at the isotropic von Mises yield
criterion
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N2 . 2
@(@m,g):i('%ﬁf”) - <1+5<§> <0.

(24)

In one of the computational benchmark problems
in Section 5 we apply a nonlinear isotropic hard-
ening function well suited for a fitting of experi-
mental data

E(eP) = heP + (Y — Y°)(1 — exp(—deP)), (25)

where % is the linear hardening parameter and
where the expression in terms of Y*°, Y and ¢ in
(25) 1s of saturation type.

3. Integration algorithm and algorithmic elasto-
plastic moduli

To solve the set of constitutive equations at a
local level, a so-called operator split along with a
general return mapping is applied; for time inte-
gration a backward Euler scheme with an expo-
nential map is used. For the solution of the
nonlinear finite element equations on a global level
a Newton iteration scheme is used, which requires
the consistent tangent matrix. For this reason a
simple numerical differentiation technique is ap-
plied.

Based on the definition (5), of LP, and taking
L? = DP into account, we write the flow rule (23)g
for DP as

Rl

F° = D’F® = NF® with N := —.
w1 ox.

(26)

Within a typical time step [t,,%,,1] with time
increment At :=t,,, — t, we integrate (26) by the
implicit backward Euler algorithm along with an
exponential shift

Fsﬂ = eXp ["/ax ¢n+1]Fp

n’

(27)
where y := At4,,, denotes the consistency param-
eter. For N we use the corresponding tensor of the
trial step defined below. For deviatoric N, i.e.
tr[N] = 0, and applying the identity det(exp[N]) =
exp[tr(N)], it is obvious that the exponential map
(27) preserves plastic incompressibility in the cur-
rent time step, given that det F¥ = 1 holds for the

previous step. The rate equations for a and eP are
integrated using a standard backward Euler algo-
rithm. Thus, the procedure for time integration is
first order accurate and unconditionally stable.
Considering the multiplicative decomposition we
obtain for the update of the elastic Cauchy—Green
tensor

e FpT—l Cn+1Fp—l

n+l — Tyl n+1

trialyg~e trial trial
i) Gt exp[=7, N

(28)

= eXpT [_’yn-HN

where we have introduced by definition CZ[* :=
FET*IC,,HFE*I as elastic trial strains. It is well
known that for the case of isotropic elasticity N,
and C; , commute, i.e. they have the same prin-
cipal directions, which allows for a stress update
formula that is identical to the classical return
mapping algorithm of the geometrically linear
theory, see [9,10].

With the trial values for the Mandel stresses

ial e trial e : .
Ema =2C 0 ial and for the internal vari-
n+1 ntl Ve v,

ables, i.e. the back stresses % = 0, " " and the

equivalent plastic strain e’ J:fi"‘l = 0 Y™*° we obtain
a trial value for the yield criterion in terms of the
deviatoric part of the symmetric relative stresses
deve, as follows:

B = @(devel™, M, ). (29)
The time discrete consistency condition reads in
the case of plastic loading @,,; = 0, which can be
solved for y,,; by applying a Newton solution
scheme. At the end of each local iteration the in-
termediate configuration, described by F)_, and
the internal variables a,,; and e}, , have to be
updated. A summary of the general return map-
ping algorithm is given in (33).

As we use a Lagrangian formulation of the
weak form, which is outlined in Section 4, the
Second Piola—Kirchhoff stress tensor must be de-
termined by pull back transformation S =
FP'SFPT"!. The nonlinear finite-element equa-
tions are solved by using a Newton iteration
scheme. For this purpose the so-called consistent
tangent matrix

Cep = 20S/0C = C*Pe 0 e @ ec @ ep (30)
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is approximated by numerical differentiation. To
this end a simple perturbation technique is applied
using the forward difference formula

2
CABCD = [SAB(CECD)) _ 48] (31)
The perturbed Cauchy—Green tensor is computed as
Cicp) == C+ AC(, with

AC{p) = < ec®ep+ep®ec), (32)

5 (

where ¢;, I = 4,B,C,D denotes a fixed Cartesian
basis. Computations have shown, that ¢ = 1077
provides a good choice for the perturbation pa-
rameter. As the numerical differentiation requires
six additional stress computations, it costs more
CPU time than the analytical computation of the
moduli. Nevertheless, the numerical determination
of consistent algorithmic moduli is advantageous
for its simplicity, robustness and for being inde-
pendent of the material model. It serves as an in-
terface for implementing complicated constitutive
models without tedious analytical derivations of
tangent operators.

1. Trial step: elastic predictor

e trial T—1 -1
Cevil — prTIC,, R

n+1

e p.kin
erlal Cctrml alp ptrial __ al//
n+1 — n+1 etrial ’ n+1 —
oC: ! Oat,
~ mal Emal ptrial trial __ 0P
n+l = n+1 n+1? n+l 7 aztnal

sn+1
2. Check yield condition

if ®(deve™ "M, e?) >0 go to 3.

sn+12 Y ¥n

else exit
3. Return mapping : corrector step

0 0 0
set V;(H)l =0, eEErl) =ey, °‘£z+)1 =%

(a) C:(Ji)l — exp [ VnHNmal]Cctml exp[ ynHNtnal}

n+1 n+l

n+1_ +Vn+1\/7||N;Tll

(1) trial
<xn-%—l = + y’l+an+l

pr () a‘//p'km
b = 2C¢! , B = )
( ) n+1 @C,,H p +1 6“531
5(1) B al//p,lso
n+l — /
od]

() ), = 2(\)),

i I i
O~ (DL +€) — B()] e
if |<15n+1| tol go to 4.
(I+1)
(d) ))njl - yn+1 - cpn+l/¢n+1 g0 to (a)

4. Update intermediate configuration

and internal variables

P trial1gpp p _ p()
F +1 — exp[/n+an+l]F en+l - en+17

Xy = o) (33)

n+1

Remark. For an efficient computation of the ex-
ponential function of a (generally nonsymmetric)
second order tensor we use an recursive algorithm,
see [11,12].

4. Variational formulation

Let # be the reference body of interest which is
bounded by the surface 04. The surface is parti-
tioned into two disjoint parts 0% = 0%, |J 0%,
with 04, ()04, = (). The equation of balance of
linear momentum for the static case is governed by
the First Piola—Kirchhoff stresses P = FS and the
body force b in the reference configuration

Div[FS] +b = 0. (34)

The Dirichlet and Neumann boundary conditions
are given by u = i on 04, and t = t = PN on 04,.
With standard arguments of variational calculus
we arrive at

G(u, 8u) = / S:SEdV + G (35)
with

G™(du) := / b dudV — / t-dudd4, (36)
0%,
where SE :=1(3F'F + F'0F) characterizes the
virtual Green—Lagrangian strain tensor in terms of
the virtual deformation gradient 6F := Grad ou.
The equation of principle of virtual work (35) for a
static equilibrium state of the considered body
requires G = 0. For the solution of this nonlinear
equation a standard Newton iteration scheme is
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applied, which requires the consistent linearization
of (35) in order to guarantee quadratic conver-
gence rate near the solution. Since the stress tensor
S is symmetric, the linear increment of G denoted
by AG is given by

AG(u, 3u, Au) := / (3E : AS + ASE : S)dV, (37)

B
where ASE := 1 (AF'SF + 3F'AF) denotes the lin-
earized virtual Green—Lagrange strain tensor as a
function of the incremental deformation gradient
AF := Grad Au. The incremental Second Piola—
Kirchhoff stress tensor AS can be derived as
AS = C,AE with AE := 1 (AF'F + F'AF) and the
consistent tangent matrix Cep.

5. Numerical examples

The algorithmic formulation of the orthotropic
constitutive model is implemented in an extended
version of FEAP, a finite-element code docu-
mented in [13]. Two sets of simulations are con-
ducted to test the behavior of the proposed
orthotropic model as well as the robustness of the
numerical methods. The simulations were run with
an 8-node brick-type shell element using the ANS-
method and a 5S-parameter EAS concept
(Q1A3EYS), see [4].

5.1. Necking of a circular bar

The necking of a circular bar is an example
widely investigated in the literature, see e.g. [14] or
[4]. The geometrical data are R = 6.413 mm,
R, = 0.982R and L = 26.667 mm. To initialize the
necking process we use the reduced radius R, at
z =26.667 mm as a geometrical imperfection. The
material data for isotropic elasticity and the iso-
tropic von Mises yield condition (24) with non-
linear isotropic hardening (25) are given as
follows: E = 206.9 GPa, v =0.29, Y° = 0.45 GPa,
Y>* =0.715 GPa, 6 = 16.93.

The finite element discretization of half the bar is
depicted in Fig. 1. Atz = L we impose the symmetry
boundary conditions w = 0 mm, whereas in a dis-
placement controlled computation the axial elon-
gation w(z = 0 mm) is prescribed. Furthermore, we

Fig. 1. Geometry and finite-element mesh.

consider symmetry conditions in the cross-section
of the plane. Thus, one eighth of the entire bar of
total length 2L is discretized with 960 elements. Fig.
2 displays the deformed structure at w = 7 mm and
the equivalent plastic strain, which concentrate in
the necking zone. The results are in very good
agreement with the computational reference solu-
tions in [4,14] (see Fig. 2). Before the onset of
necking the result of our finite-element analysis is in
accurate accordance with the experimental results
reported in [15]; it captures pretty well the load
bearing capacity of the bar of 79.2 kN, whereas for
elongations w > 4 mm it is somewhat too weak.

5.2. Simply supported circular plate with uniform
load

We now consider the elastoplastic deformation
of a circular plate under dead load. The plate is
simply supported in the z-direction at the bottom
of the edges so that horizontal displacements and
rotations at the edges may occur. Fig. 3 depicts the
geometry of the problem and its finite-element
discretization. With respect to symmetry only one
quarter of the plate is discretized. The mesh is
chosen with one element through the thickness and
192 elements in plane for each quadrant. The
material is assumed to be isotropic in elasticity
(u=80.19 GPa and /4 = 110.74 GPa) but ortho-
tropic in its yield properties. The x- and y-axes of
the coordinate system in Fig. 3 coincide with the
axes of orthotropy. Two different materials are
considered for orthotropic yielding. For material
A the shear stresses dominate in the yield criterion,
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we set Y, =0.5- va/\/§ In contrast to A, for
material B the normal stresses are predominant in
yielding: for the shear yield stress we choose
Y, =20-Y,/ v/3 which is twice the isotropic value.
For both materials Y, = Y,, = 0.45 GPa holds.
Fig. 3 (right) depicts the load deflection curves
where the load factor 1 in p.(1) = Ap is plotted as
a function of the vertical displacement of the
center point of the circular plate. Remarkably, the
results of the proposed multiplicative model and

those obtained by a theory based on generalized
stress—strain measures for parameter m = 0, which
leads to logarithmic strains and conjugate stresses,
are in very good agreement. For details of the
latter formulation, we refer to [16]. The deflection
of the plate at the load levels 1 = 400 for material
A and 1 = 600 for material B is shown in Fig. 4.
As expected the plastic strains concentrate for
material A at a 45° angle in the (x, y)-plane and for
material B along the x- and y-axes. Our finite-
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element simulation renders physically reasonable
results concerning loci and number of the ears.

6. Conclusions

In this paper a multiplicative formulation of
orthotropic elastoplasticity at finite inelastic
strains is presented and aspects of its finite-element
implementation are addressed. The governing
constitutive equations, formulated in an invariant
setting by the introduction of structural tensors,
are formulated relative to the intermediate con-
figuration. A quadratic yield function is expressed
in terms of the symmetric part of the Mandel
stresses. A general return algorithm along with an
exponential map is applied, the latter fulfills plastic
incompressibility exactly. In a representative nu-
merical example we demonstrate the predictive
capacity of our finite-element simulations to cap-
ture anisotropic phenomena such as ‘earing’ clo-
sely related to deep-drawing processes of sheet
metals.
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