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Master thesis
Approximation function analysis for explicit optimal control of electric

drives
In optimal control of electric drives one can either implicitly optimize the control input at discrete-
time steps by solving the underlying control problem on a receding horizon or one can try to explicitly
find a control policy function which directly maps measured states to control actions. The latter
approach is often referred to as explicit optimal control and requires using approximation functions
to address continuous (i.e., infinite) state and action spaces. Once the (approximate) optimal control
policy has been found, the inference is typically much faster than in the implicit case where an
online optimization process must be carried out at each controller cycle. Since controller decision
time intervals are in the sub-millisecond range for electric drives, the fast online inference of explicit
optimal control is a compelling feature. Here, the potential control policy approximation functions
span a wide range of function classes, such as neural networks, Gaussian processes, or Laguerre
polynomials [1]. The control policy can be learned both from data (e.g., reinforcement learning [2])
or based on an available plant model (differential predictive control [3]). In both cases, the topology
of the approximation function plays a crucial rule in the performance of the control policy as well
as the resulting numerical complexity during the training and inference phase. While the specific
choice of an approximation function is often based on ad-hoc heuristics, the question of how to
systematically select the best approximation function for a given control task remains largely open.
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Fig. 1. DPC method.

system identification or physics-based modeling. Next, we
construct a differentiable closed-loop system model by com-
bining the state space model and neural control policy in
a computational graph. Finally, the neural control policy is
optimized via backpropagation of the gradients of the MPC
objective function and constraints penalties, formulated as soft
constraints, through the unrolled closed-loop system dynamics.

A. Differentiable Predictive Control Problem Formulation

Compared to MPC, instead of directly optimizing for control
actions u, the DPC problem is optimizing the learnable
parameters, W, of a neural control policy πW : Rnx+nξ → Rnu ,
i.e., an explicit mapping from system states x and parameters
ξ to control actions u. Beware of an unfortunate collision
of terminology between the machine learning, optimization,
and control communities here. Unlike policy parameters W,
problem parameters ξ is a set of loss function r, state constraint
ph, input constraint pg, and system model parameters θ , that
together with the initial conditions x0 define the following
pOCP:

min
W

Ex0∼Px0 ,ξ k∼Pξ

( N−1∑
k=0

�(xk, uk, rk) + pN(xN)
)

(1a)

s.t. xk+1 = fθ (xk, uk), k ∈ NN−1
0 (1b)

uk = πW(xk, ξ k) (1c)

h(xk, phk) ≤ 0 (1d)

g(uk, pgk) ≤ 0 (1e)

x0 ⊂ Rnx , ξ k = {rk, phk, pgk, θ} ⊂ Rnξ . (1f)

Here, N represents a prediction horizon, and k is a discrete
time step. The loss function terms are the parametric MPC
objective � : Rnx+nu+nr → R with terminal penalty term,
pN : Rnx → R, to promote stability of the underlying
MPC problem. The parametric state and input constraints are
given via (1d), and (1e), respectively. The formulation (1)
implemented as a differentiable program allows us to obtain
a data-driven solution of the corresponding parametric pro-
gramming problem by differentiating the loss function (1a)
backwards through the parametrized closed-loop dynamics
given by the system model (1b) and neural control policy (1c).
This formulation allows one to use the SGD and its variants to
minimize the loss function (1a) over the initial conditions and
problem parameters sampled from distributions Px0 , and Pξ ,
respectively. In the following paragraphs, we elaborate on key
components of the proposed DPC problem formulation (1).

B. Differentiable Closed-Loop System

The core idea of DPC is parametrization of the closed-loop
system composed of differentiable system dynamics model and
neural control policy as shown in Fig. 1. One major difference
between implicit MPC and DPC (1) is that the MPC solution
returns an optimal sequence of the control actions U =
u0, . . . , uN−1, while solving DPC yields optimized weights
and biases W = {H1, . . . , HL, b1, . . . , bL} parametrizing the
explicit neural control policy πW : Rnx+nξ → Rnu given as

πW(xk, ξ k) = HLzL + bL (2a)

zl = σ (Hl−1zl−1 + bl−1) (2b)

z0 = [xk, ξ k] (2c)

where zi are hidden states, Hi, and bi represent weights
and biases of the ith layer, respectively. The activation layer
σ : Rnz → Rnz is given as the element-wise application of a
differentiable univariate function σ : R → R.

This article assumes a discrete-time nonlinear dynamical
system model (1b). In a nominal case with z0 = xk we obtain
a full state feedback formulation of the control problem (1),
where the system model (1b) and control policy (1c) together
define the closed-loop system dynamics as

xk+1 = fθ (xk, πW(xk)). (3)

Here, the N-step ahead rollout of the system (3) is conceptually
equivalent to a single shooting formulation of the MPC
problem [26]. Please note that in the extended case, we can
consider the features of the policy to be augmented with vector
ξ k = {rk, phk, pgk, θ} consisting of reference signals, state
and input constraints parameters, as well as system model
parameters. Thus allowing for generalization across model
scenarios, tasks with full reference preview, and dynamic
constraints handling capabilities as in the case of classical
implicit MPC.

C. Differentiable Loss Function

The proposed DPC method is an offline PO algorithm that
requires an estimate of the expected values of the pOCP’s
objective function (1a) and (1d) and (1e). For this purpose, we
construct the Lagrangian of the pOCP (1) using well known
penalty method. This allows us to compute the DPC loss LDPC
as weighted average of the Lagrangian by sampling m-number
scenarios of the initial conditions xi

0 ∼ Px0 and problem
parameters ξ i

k = {ri
k, ph

i
k, pg

i
k, θ

i} ∼ Pξ , given as

LDPC = 1

mN

m∑
i=1

(
N−1∑
k=0

(
Ql�

(
xi

k, ui
k, ri

k

)

+ Qhpx(h(xi
k, ph

i
k))

+ Qgpu
(
g
(
ui

k, pg
i
k

))) + QNpN
(
xi

N

))
. (4)

The first term of the differentiable Lagrangian loss function
LDPC represents the main performance metric and can be
defined, for instance, as a reference tracking term

�(xk, uk, rk) = ||xk − rk||22 + ||uk||22 (5)

(a) Differential predictive control overview [3].
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A. Example 1—Stabilizing Unstable Double Integrator

Here, we demonstrate the capabilities of DPC to learn a
stabilizing neural feedback policy for an unstable system with
known dynamics. We control the unstable double integrator

xk+1 =
[

1.2 1.0
0.0 1.0

]
xk +

[
1.0
0.5

]
uk. (13)

Subject to state and input constraints given as xk ∈ X :=
{x | −10 ≤ x ≤ 10}, and uk ∈ U := {u | −1 ≤ u ≤
1}, respectively. For the DPC PO, we consider the following
objective:

LDPC = 1

mN

m∑
i=1

N−1∑
k=0

(
||xi

k||2Qx
+ ||ui

k||2Qu

)
. (14)

As a benchmark we synthesize an eMPC policy solved with
classical multiparametric programming solver using MPT3
toolbox [74] with prediction horizon of N = 10, and weights
Qx = 1, Qu = 1, for whose the surface is shown on the left
in Fig. 2.

1) Training: In the case of DPC, we learn a full state
feedback neural policy uk = πW(xk) in the closed-loop
system (3) via Algorithm 1 for whose the surface is shown on
the right in Fig. 2. A side by side comparison in Fig. 2 shows
almost identical control surfaces of compared policies. For
the DPC policy training we used the MPC loss function (14)
subject to state xk ∈ X , input uk ∈ U , as well as terminal set
constraints xN ∈ Xf := {x | −0.1 ≤ x ≤ 0.1}. All constraints
are implemented using penalties (6) with weights Qh = 10,
Qg = 100, QN = 1, while for the control objective (14) we
consider prediction horizon N = 1, and weights Qx = 5,
Qu = 0.5. We train the neural policy (2) πW(x) : R2 →
R with 4 layers, 20 hidden states, with bias, and ReLU
activation functions. We use a training set of 3333 normally
sampled initial conditions x0 fully covering the admissible
set X .

2) Closed-Loop Performance: Fig. 3 shows resulting con-
verging trajectories of the closed-loop system dynamics
controlled by a stabilizing neural policy learned using DPC
formulation with terminal constraints. Finally, on the left hand
side of Fig. 4 we visualize the DPC loss function (4) (left)
for a trained policy over a state space to demonstrate that it is
indeed a Lyapunov function. While on the right of Fig. 4 we
evaluate the contraction constraint (15) showing state space
regions with contractive α < 1 (blue) and diverging α > 1
(red) dynamics

||xk+1||p ≤ α||xk||p, α < 1. (15)

B. Example 2—Reference Tracking of Two Tank System

We consider a canonical nonlinear control problem, a
system of two connected tanks controlled by a single pump
and a two way valve. The system is a simplified model of a
pumped-storage hydroelectricity which is a type of hydroelec-
tric energy storage used by electric power systems for load

Fig. 2. Surfaces of PWA eMPC policy (left) and neural DPC policy (right)
for double integrator system (13).

Fig. 3. Closed-loop trajectories of system (13) controlled by stabilizing neural
feedback policy trained using Algorithm 1 with DPC problem formulation (1),
including terminal constraint xN ∈ Xf .

Fig. 4. DPC loss function (4) on the left, and on the right, regions with
contractive (blue) and divergent (red) dynamics plotted over state space of a
double integrator system (13) controlled by stabilizing neural feedback policy
trained using DPC Algorithm 1.

balancing. The nonlinear ordinary differential equation (ODE)
model2 has the following form:

dh1

dt
= c1(1.0 − v) p − c2

√
h1 (16a)

dh2

dt
= c1vp + c2

√
h1 − c2

√
h2 (16b)

With system states h1, and h2 representing levels of liquid
in tank 1 and 2, respectively. Control actions are pump
modulation p, and valve opening v. The ODE system is
parametrized by inlet and outlet valve coefficients c1 and c2.
We solve the continuous-time system model (16) by using a

2https://apmonitor.com/do/index.php/Main/LevelControl

(b) Example policy mapping states to actions [3].

Key research questions:

• What policy approximation functions are best for explicit optimal control of electric drives?

• Can we automate the selection of the best approximation function for a given control task?

• What are the differences in terms of performance and computational complexity compared to
(exact) implicit control approaches with established optimization solvers?

Necessary requirements:

• Finished course work on data or model-based optimal control

• Ideally: finished course work on electric drives

• Solid skills in scientific programming languages (e.g., Julia, JAX, PyTorch)
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WP 1: Literature research [3 weeks]
Scanning the scientific literature for relevant publications and patents related to explicit optimal
of electric drives and related fields is the first step. Also, getting familiar with typical constrained
optimization problems in the drive control domain is part of this WP. Moreover, relevant (open-
source) software work in the field (e.g., NeuroMANCER) should be considered. This also includes
the identification of relevant keywords as part of the search strategy. Relevant work will be stored
in a literature review software (e.g., JabRef) and summarized in the thesis.

WP 2: Machine control [5 weeks]
A typical use case for electric drive control with the need of long horizon optimal control are induction
machines (IMs) due to their relatively large rotor time constant. This is a particular challenge in
the domain of IM torque control [4], where implicit optimal control methods (in particular MPC)
struggles to achieve the desired performance. The goal of this WP is to analysis the torque control
problem of an IM and to develop an end-to-end differentiable model of the control problem. Hence,
a software toolchain should be developed that allows training and evaluating different approximation
functions for the control policy. The training data should be generated by solving the optimization
problem for a set of random reference trajectories and different drive conditions.

WP 3: Policy function analysis [5 weeks]
While black box neural networks are often used as approximation functions for control policies, the
question arises if more interpretable and especially numerically lightweight function topologies can
be used for the control policy approximation. This WP aims to analyze different function classes
(e.g., Gaussian processes, Laguerre polynomials) for the control policy approximation. The analysis
should focus on the performance of the control policy as well as the numerical complexity during
training and inference. A possible starting point could be to solve the underlying control problem in
an implicit way to get a reference for the performance of the explicit control policy and an idea how
the associated control policy could look like in terms of function topology.

WP 4: Features [2 weeks]
In order to reduce the complexity of the control policy approximation function, the state space
selection could be enhanced by selecting a set of relevant features. This WP aims to identify a set
of relevant features for the control policy approximation such that the overall numerical complexity
of the control policy is reduced while remaining at the same performance level.

WP 5: Hyperparameters [3 weeks]
The explicit optimal control solvers (e.g., stochastic gradient descent as part of the DPC) as well as the
approximation functions have a set of hyperparameters that need to be tuned. The hyperparameter
optimization (HPO) can be automated using available open-source toolboxes and should also focus
on the complexity vs. accuracy trade-off by identifying the Pareto front between these two objectives.
Depending on the computational load of this WP, the HPO can be parallelized on a high-performance
computing cluster.
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WP 6: Embedded deployment [4 weeks]
Since a special focus of this thesis is on fast online inference, the trained policies should be deployed
on an embedded system (e.g, a dSPACE rapid control prototyping platform). This requires the
conversion of the previously learned policies to a format that can be executed on the embedded
system. The performance of the embedded optimizer should be evaluated in terms of calculation
speed and accuracy based on a software-in-the-loop scenario.

WP 7: Documentation [3 weeks]
All work packages should be reported in a structured way within the thesis. A LaTeX template
should be used for this purpose: https://github.com/IAS-Uni-Siegen/thesis_latex_template.
Writing instructions can be found within the provided template source files. Based on the previous
empirical findings, conclusions should be drawn, and future research directions should be outlined.

Gantt chart
The planned timetable is shown in the Gantt diagram below.

Weeks

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

WP 1: Literature research

WP 2: Machine control

WP 3: Policy function analysis

WP 4: Features

WP 5: Hyperparameters

WP 6: Embedded deployment

WP 7: Documentation

Figure 2: Gantt chart for the thesis.
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