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Task 1: Short Tasks (27 Points)

a) If you have to buy an A /D converter for a data acquisition task, which are the three
most important characteristics of converters that you have to consider. (3 points)

b) Explain the difference between quantization and sampling. Quantization and sam-
pling each can cause one distinct discrepancy between the actual and the measured
data. How are these discrepancies called, explain them briefly (5 points).

c) Explain briefly the physical principles behind the three methods to measure temper-
ature: Thermocouples, PTC and NTC sensors. (5 points)

d) Name two methods used to measure volume (or mass) flow. Explain them briefly. (4
points)

e) Given are 4 step responses (diagrams A, B C, D) with different values for the pa-
rameter a of the following time-discrete system (10 points):

Y(2) b

U(z) z2+a

G(z) =

1) Considering the shape of the step responses, in which region of the the z-plane
does the pole p = —a lie for each step response (inside or outside the unit circle,
on the negative or positive real axis)? Give a brief explanation.

2) Calculate the corresponding differential equation for G(z).

3) All 4 systems have the same value for b. Determine b using the differential
equation and one of the step responses.

4) Determine the parameter a (or pole p = —a) for all 4 systems using the differ-
ential equation and the step responses.
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Task 2: Median Filter (11 Points)

The following figure shows the input signal u; (k).
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A causal median FIR filter of 3" order should be used to filter the input signal u; (k).

a) Write down the equation of this causal 3" median filter in the time domain.

b) Determine and draw the output signal y; (k) of the filter for the given input wu;(k)
for £k > 0.

c) Determine the transfer function G1(z) of a linear filter which also calculates the
output y(k) (task part a)) from the given input u;(k) (no calculation is required).
Explain how it is possible that two different filters yield the same output sequence.

Now another input signal us(k) is given.
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d) Calculate and draw the new output signal yo(k) of the causal 3™ order median filter
applied on us(k) for k£ > 0.

e) Does the linear transfer function G1(z) also lead to the output signal ya(k) (task
part d)) for the given input uy(k). Please give an explanation.
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Task 3: DFT und Aliasing (22 Punkte)

a) The following figure shows the discrete frequency spectrum of a signal recorded with
the measurement frequency of fy = 10Hz. In the given diagram, draw one period
of a continuous-time signal that leads to the frequency spectrum shown. Give the
formula for this signal. In addition, draw 5 samples into the continuous-time diagram
that match the given measurement frequency.
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b) Assume that the sampling theorem did not hold during the recording of the signal
x(k). Which other frequencies could the presented frequency spectrum from task
part a) also belong to. Give a general formula.

¢) Draw the Shannon frequency and 2 other possible frequencies that could lead to the
frequency spectrum from task a) in the given diagram. In addition, draw another
continuous-time signal in the time diagram from task a) that could lead to the
specified frequency spectrum.
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and draw the discrete frequency spectrum.
3

as well as the measurement frequency of the signal. Calculate a DFT for this signal

d) The following figure shows the samples of a periodic signal. Specify the period length
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Task 4: Principal Component Analysis (20 Punkte)

a) Given are the following three datasets. For each, a principal component analysis
(PCA) is performed. Choose for every dataset one of the given sets of singular val-
ues and explain your choice. Additionally, draw the corresponding principal axes
into the diagrams.

A B C
1 1 = 1 M
xﬁgx%xx
#x& X
o~ o~ ¥ . o~
s 0 s 0 R s 0
xé;:g}
ix’j&
-1 -1 . -1
-1 0 -1 -0.5 0 -1 -0.5 0

u1 u1

ID | Singular Values

s1 =10; s5 =9.5
S1 = 8; So9 = 0
S1 = 9, So = 0.7

s1=10; 59 = —1
81:9; 82:2
s1=—1; s9 = -3

OO | W N+~

b) Please mention some possible reasons, why a principal component analysis is per-
formed on a dataset.

c¢) Describe the terms 'feature selection’ and ’feature extraction’. To which term PCA
does belong?
What are the differences regarding the construction/measurement of new datasets?
What does this mean for the PCA?

d) A PCA returns two singular values. The first one is larger than 0. The second one
is equal to 0. Sketch a possible dataset, that fulfills these requirements.
What is the value of the variance of the second principal axis?
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Task 5: Measurement Errors and Statistics (23 Punkte)

The temperature of a fluid in a chemical manufacturing process is measured 5 times. It
can be assumed, that there is in fact no change in the temperature of the fluid at all.
The standard deviation of the disturbance is determined to be o = 0.6. The following
values are obtained:

T[°C] = [45, 44.8, 45, 43.9, 43.8]

Note that subtasks d) and e) can be solved independently from subtasks a)
to c).

a) Calculate the range in which the true temperature will be with an error probability
of 4.55% (confidence interval). Use the given table for this task:

’ Interval \ Probability ‘
fe — 1o, < x < g + lo, 68.27%
Uy — 20, < X < fiy + 20, 95.45%
Uy — 30, < X < fly + 30, 99.73%
e — 1o, < x < iy + 1oy, 99.99%

b) Estimate the instrument’s standard deviation sy due to the temperature distur-
bance with the help of the measured values from above.

¢) Given sr from subtask b), will anything change regarding the confidence interval
calculation compared to subtask a)?

d) The true temperature Ty is to be estimated from N noisy measurements using three
different thermometers. Assume that the measured values are normally distributed.
Sketch the probability densities of the estimated temperature for three different N
(N, = 100, Ny = 200, N3 = 400) for the three following cases:

e 1.) Unbiased and consistent estimator.
e 2.) Asymptotically unbiased and consistent estimator.
e 3.) Biased and non-consistent estimator.
Sketch each case in an individual plot. Mark the true value of the temperature Ty

and make sure to label the axes and label the sketched probability densities with
the respective number of measurement data points.

Hint: Asymptotically biased means that the estimated parameter has a bias for
small values of N, but no bias for N — oc.

e) How does the number of measurements N influence the estimation of (i) the vari-
ance and (ii) the mean value?
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Task 6: Time-Discrete Systems (17 Points)

ITR System Analysis

A system is described by the difference equation
y(k) = bou(k) — ary(k — 1) .
Additionally, two constants, « = —0.6 and § = 2, are given.

a) Calculate the gain of the system for by = 5 and a; = «a.

b) Which property of the system changes, if the algebraic sign of by is changed to
bp = —p7 How does the property change?

¢) Now, the algebraic sign of a; is changed to a; = —a (b returns to it’s original state
byp = [3). Which property of the system changes in contrast to the original system
(original system: a; = « and by = )7 Why does this happen?

d) Now, let a; = é (and by = ). Which property of the system changes in contrast to
the original system (original system: a; = « and by = 3)? Why does this happen?

FIR System Analysis
A first-order FIR filter is described by the difference equation

y(k) = bou(k) + byu(k — 1) .
Additionally, two constants Sy = 0.5 and $; = 0.5 are given.

e) What kind of filter characteristic does the FIR filter have with by = 5y and by = 317

f) What kind of filter characteristic does the FIR filter have with by = 5y and b; =
—b?
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Solution:

Task 1: Short Tasks (27 Points)

a)

If you have to buy an A/D converter for a data acquisition task, which are the
three most important characteristics of converters that you have to consider. (3
points)

Answer: Resolution, speed and cost (complexity).

Explain the difference between quantization and sampling. Quantization and sam-
pling each can cause one distinct discrepancy between the actual and the measured
data. How are these discrepancies called, explain them briefly (5 points).

Answer: Sampling is the discretization of time, quantization the discretization

of the amplitude of a continuous signal. Sampling causes discrepancies in the
frequency content of a signal, this is called aliasing and depends on the sampling
frequency. Quantization introduces the quantization error, which depends on the
resolution of the A/D converter.

Explain briefly the physical principles behind the three methods to measure tem-
perature: Thermocouples, PTC and NTC sensors. (5 points)

Answer: Thermocouples use the effect that two wires made from different materi-

als that are connected at one end produce a voltage proportional to the temperature
at their unconnected ends. PTC and NTC sensors use the effect that electrical resis-
tance depends on the temperature. PTC (positive temperature coefficient) sensors
use the property of ohmic conductors to increase their resistance with tempera-
ture, while it is the other way round using NTC (negative temperature coefficient)
sensors, which are semiconductors.

Name two methods used to measure volume (or mass) flow. Explain them briefly.
(4 points)

Answer: Possible answers (only two needed):

e Differential pressure method: Indirect measurement using the pressure
change in a fluid if the cross section of the flow is changed (usually narrowed
by an orifice, nozzle etc.).

e Volume counter method: The revolutions of a mechanism that is turned by
the flow are counted. If the volume that passes during one revolution (chamber
volume) is known the flow can be calculated.

e Float measurement: The position of a body that is is lifted up by the forces
caused by the the flow is measured. The cross section of the flow increases
when the body is lifted, leading to a relation between volume flow and the
(squared) lifting height.

e Magnetic inductive measurement: For all conducting fluids a voltage can
be induced (and measured) by applying a magnetic field orthogonal to the flow
direction. The induced voltage is proportional to the speed of the flow.

e Coriolis-based measurement: Using a rotating or vibrating pipe Coriolis
forces are generated if the fluid moves perpendicular to the rotation axis of the
pipe. The force is proportional to the speed of the fluid and can therefore be
used to calculate it.
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e Hot wire measurement: An electrically heated wire is cooled by the flowing
medium. The temperature difference between the wire and the fluid depends
proportionally on the mass flow and can therefore be used to determine it.

e) Given are 4 step responses (diagrams A, B C, D) with different values for the
parameter a of the following time-discrete system (10 points):

Ulz) z+a

1) Considering the shape of the step responses, in which region of the the z-plane
does the pole p = —a lie for each step response (inside or outside the unit
circle, on the negative or positive real axis)? Give a brief explanation.

2) Calculate the corresponding differential equation for G(z).

3) All 4 systems have the same value for b. Determine b using the differential
equation and one of the step responses.

4) Determine the parameter a (or pole p = —a) for all 4 systems using the differ-
ential equation and the step responses.
Answer:

1) A and D lie outside the unit circle (unstable), B and C inside (stable). A and
B alternate from every sample to the next. This happens if the pole lies on
the negative real axis. Consequently C and D lie on the positive real axis.

2) The differential equation for G(z) is:

Y(z4a)=bU & y(k+1) + ay(k) = bu(k) < |y(k+ 1) = bu(k) — ay(k)

3) Calculating the value for k = 1:
y(1) = bu(0) —ay(0) @ 1=b-1—a-0&|[b=1]

10
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4) Calculating the value for k = 2:

A y(2) =bu(l) —ay(l) & —025=1-1—a-1<|a=125]orp=—1.25

B: y(2) =bu(l) —ay(1) ©05=1-1—a-1<[a=0.5]orp=—05

C:y(2) =bu(l) —ay(l) & 15=1-1—a-1<[a=—05]or p=0.5
D: y(2) =bu(l) —ay(l) < 225=1-1—a-1<[a=—1.25]or 1.25

11
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Task 2: Median Filter (11 Points)

The following figure shows the input signal uy(k).
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A causal median FIR filter of 3" order should be used to filter the input signal u, (k).

a) Write down the equation of this causal 3" median filter in the time domain.
Answer: The equation of a median filter 3'¢ is given by

y1(k) = median(u(k), u(k — 1), u(k — 2)).

b) Determine and draw the output signal y; (k) of the filter for the given input wu; (k)
for kK > 0.

Answer:
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¢) Determine the transfer function G1(z) of a linear filter which also calculates the
output y; (k) (task part a) ) from the given input u; (k) (no calculation is required).
Explain how it is possible that two different filters yield the same output sequence.
Answer: Due to the monotonically increasing input sequence, the input value of
ui(k — 1) is determined as output y;(k) in the median filter. This results in the
transfer function:

Gi(z) = 27"

12
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Two different linear filters cannot have the same output response to the same input
signal. This is only possible because the median filter is a nonlinear filter.

Now another input signal us(k) is given.
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d) Calculate and draw the new output signal ys(k) of the causal 3™ order median
filter applied on uy(k) for k& > 0.

Answer: Median filter equation can be found in task a).
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e) Does the linear transfer function G(z) also lead to the output signal yo(k) (task
part d)) for the given input uy(k). Please give an explanation.

Answer: No, the transfer function G(z) does not lead to the the output ys(k).
This only holds for monotonic increasing or decreasing input trajectories.

13
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Task 3: DFT und Aliasing (22 Punkte)

a) The following figure shows the discrete frequency spectrum of a signal recorded
with the measurement frequency of fo = 10Hz. In the given diagram, draw one pe-
riod of a continuous-time signal that leads to the frequency spectrum shown. Give
the formula for this signal. In addition, draw 5 samples into the continuous-time
diagram that match the given measurement frequency.
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Answer: From the figure it can be seen that the signal consists only of one fre-
quency component with 2.5Hz. The amplitude at this frequency is 5. From this,
the general formula of a sinusoidal signal with the frequency of f; = 2.5Hz and
amplitude A; = 5 can be derived.

x(t) = Ay sin(2w fit) = 5sin(27 - 2.5Hz - ¢)

14
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b)
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Assume that the sampling theorem did not hold during the recording of the signal
x(k). Which other frequencies could the presented frequency spectrum from task
part a) also belong to. Give a general formula.

Answer: If the sampling theorem does not hold when recording a signal, the

aliasing effect can occur. With this effect, frequencies that lie outside the frequency
spectrum from 0Hz to 0.5fy = 5Hz are mirrored in that range. These additional
frequency spectra are also called shadow spectra. In general, the following shadow
spectra are generated by the sampling process:

fi=f+1lfo mitli=...—2,-1,0,1,2...

For this reason, the frequency spectrum shown may also belong to the following
frequencies:

fo=fi+1fo=25Hz+1-10Hz mitl=...—2,—1,0,1,2...

Draw the Shannon frequency and 2 other possible frequencies that could lead to the
frequency spectrum from task a) in the given diagram. In addition, draw another
continuous-time signal in the time diagram from task a) that could lead to the
specified frequency spectrum.
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Answer: The Shannon frequency is half the measurement frequency f; = 0.5f,, =
5Hz. Two possible frequencies can be derived from the solution of task b).

15
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d) The following figure shows the samples of a periodic signal. Specify the period
length as well as the measurement frequency of the signal. Calculate a DFT for

this signal and draw the discrete frequency spectrum.

ng jg j% j% 7
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N .
time ¢

Answer: Since the signal repeats after 2s seconds, the period of the signal is
T = 2s. The measuring points have been recorded at a time-distance of Ty = 0.5s.

Thus the measurement frequency f, = Tio = 2Hz can be calculated.

For the DFT of a periodic signal only one period of the signal has to be considered.

16
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With a measurement frequency of f, = T% = 2Hz and the period T' = 2s of the
signal, it can be determined that N =T - fy = 4 samples must be considered. For

this purpose, the first 4 samples can be used.

i % * =
—92| ““ .." '-‘ :-' “.‘ .," "_‘ '.'. §
I I TN T N RSN B IR

time ¢]s]

In general, the DFT of a discrete signal can be calculated as follows:

DFT(x(k)) = X(n) = z__j (k)=

With 4 data points to consider, the following matrix equation can be formulated:

X7 11 1 1720
x| 1wy owzowi| e e
x| 71 w2 owi owe| |a@)| mEWv=er
x@ lowd owet v |
mit N =4

X©O] 11 1 17170 0
N I P A B N R
2=1x2)=h -1 1 —1|o| 7] o0

x@3)) 1 i -1 —i) =3 e

For the frequency spectrum, only the magnitude of X is crucial:

0

6
6

This results in the following frequency spectrum:

17
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Task 4:

Principal Component Analysis (20 Punkte)

a) Given are the following three datasets. For each, a principal component analysis
(PCA) is performed. Choose for every dataset one of the given sets of singular
values and explain your choice. Additionally, draw the corresponding principal axes
into the diagrams.

Answer:

A B
1 s
X%%
ii?{(
=N 0 §<
1 Tx
-1 -0.5 0 -1 -0.5
ul u1
ID | Singular Values
1 | 51 =10; s5=9.5
2 §s1=28; s9=0
3 s1=9; 5o =0.7
4 | st =10; s9 =—1
5 §1=9; 59 =2
6 | s1=—1; s9=-3
Dataset | Singular Value ID
A 5
B 3
C 1

No negativ singular values
A: Small variance along u;.

between singluar values larger compared to A.

C: Similiar variance along both dimensions.

19
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B: In comparision to A, larger variance along first principal axis. Therfore, ratio
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b)

Please mention some possible reasons, why a principal component analysis is per-
formed on a dataset.

Answer:

e Reduction of dimensions
e Easier description of a dataset

Describe the terms 'feature selection’ and "feature extraction’ To which term PCA
does belong?

What are the differences regarding the construction/measurement of new datasets?
What does this mean for the PCA?

Answer:

Feature Selection:
e From p original inputs, a smaller number of ¢ features is selected.
e Only the selected features are required afterwards.
Feature Extraction:
e From p original inputs (features), a smaller number of new features is created.
e All new created features are dependend of all p original inputs.

The PCA belongs to the methods of feature extraction. Therefore, all original
inputs are required. If a new dataset should be created, all original inputs must be
measured or simulated.

A PCA returns two singular values. The first one is larger than 0. The second one
is equal to 0. Sketch a possible dataset, that fulfills these requirements.
What is the value of the variance of the second principal axis?

Answer:
If the second singular value is equal to 0, the second principal component has no
influence on the data. The variance of this dimension is zero.

08
0.6
04
0.2
S0k x ox x x ox ox x x x x x X X x x X x X x
-02
-04
-06

-0.8

-1
-1 -0.5 0 0.5 1
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Task 5: Measurement Errors and Statistics (23 Punkte)

The temperature of a fluid in a chemical manufacturing process is measured 5 times. It
can be assumed, that there is in fact no change in the temperature of the fluid at all.
The standard deviation of the disturbance is determined to be o7 = 0.6. The following
values are obtained:

T[°C] = [45, 44.8, 45, 43.9, 43.8]

Note that subtasks d) and e) can be solved independently from subtasks a)
to c).

a) Calculate the range in which the true temperature will be with an error probability
of 4.55% (confidence interval). Use the given table for this task:
’ Interval \ Probability ‘

pe — lo, < <z + 1oy, 68.27%
e — 20, < X < iy + 20, 95.45%
Ly — 30, < T < iy + 30, 99.73%
Uy — Lo, < x < pip + 1o, 99.99%
Answer:

Sample mean: T = 1 320, T(i) = 2225 = 44.5°C.
Standard deviation of the sample mean: o7 = 7 = 25 =0.27.
From the accepted error probability follows a requested confidence level of 95.45%.

This corresponds to ¢ = 2 for the range calculation. The range is

T—cop<T<T+c-of
44.5°C —2-027T < T <445+ 2-0.27
43.96°C < T < 45.04°C

b) Estimate the instrument’s standard deviation st due to the temperature disturbance
with the help of the measured values from above.
Answer:
Sy = \/}1 S, [T6) - T] =06

¢) Given sy from subtask b), will anything change regarding the confidence interval
calculation compared to subtask a)?
Answer:
Even though the estimated and the true standard deviation are equal, the resulting
interval will be different. In the case, where the estimated standard deviation is
used to calculate the range, the factor ¢ has to be determined from a ¢-distribution,
and therefore ¢ will be a greater value.

d) The true temperature Tj is to be estimated from N noisy measurements using three
different thermometers. Assume that the measured values are normally distributed.
Sketch the probability densities of the estimated temperature for three different N
(N, =100, Ny = 200, N3 = 400) for the three following cases:

e 1.) Unbiased and consistent estimator.
e 2.) Asymptotically unbiased and consistent estimator.
e 3.) Biased and non-consistent estimator.

21
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Sketch each case in an individual plot. Mark the true value of the temperature Tj
and make sure to label the axes and label the sketched probability densities with
the respective number of measurement data points.

Hint: Asymptotically biased means that the estimated parameter has a bias for
small values of N, but no bias for N — oc.

Answer:
1) 2.) 3.)
Ty N = 400
e [\ = 200
m— [\ = 100
& & &
ISH SH ISH /
AN /
JK S J//
T T T

e) How does the number of measurements N influence the estimation of (i) the variance
and (ii) the mean value?
Answer:
The number of samples influences the mean linearly and the variance quadratically.

22
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Task 6: Time-Discrete Systems (17 Points)

ITR System Analysis

A system is described by the difference equation

y(k) = bou(k) — ary(k — 1) .

Additionally, two constants, « = —0.6 and § = 2, are given.

a)

b)

Calculate the gain of the system for by = § and a; = «.

Answer:

Calculate the transfer function
y(k) = bou(k) — ary(k — 1)

!

Y(2)(1+a1z) = boU(z)
Y(Z) bo

Glz) = Uz)  |[1T+az!
Calculate the gain
‘ b 3 2
lim(z — 1)H(z) =G(z =1) = = = B

Which property of the system changes, if the algebraic sign of by is changed to
bp = —p7 How does the property change?

Answer:
lim(z— DH(z) = Gz =1) = —0 = —F =2 _
z—r1 14+ a4 l1+a 1-0.6

The gain of the system changes. The absolute value remains but the algebraic
sign of the gain changes.

Now, the algebraic sign of a; is changed to a; = —a (b returns to it’s original state
bp = ). Which property of the system changes in contrast to the original system
(original system: a; = a and by = )7 Why does this happen?

Answer:

The original system does not yield alternating behavior. This is because there is

only one positive real pole (p; = —a; = 0.6), which is located in the complex plane
on the real axis. When the sign of a; is changed, the pole of the system is negative
and still on the real axis (ppew = —0.6). All systems with a real and negative pole

possess alternating dynamic behavior.

Now, let a1 = é (and by = ). Which property of the system changes in contrast to
the original system (original system: a; = o and by = )7 Why does this happen?
Answer:

The original system with a; = a = —0.6 has a stable pole at p; = 0.6 (pole
inside the unit circle in the complex plane). The inverse of any stable pole is
unstable (outside the unit circle in the complex plane). Therefore, the system with
Prew = —Q1 = —é = 1% is unstable.
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FIR System Analysis
A first-order FIR filter is described by the difference equation

y(k) = bou(k) + byu(k — 1) .
Additionally, two constants By = 0.5 and 3; = 0.5 are given.

e) What kind of filter characteristic does the FIR filter have with by = 5y and b = 517
Answer: The FIR filter has a low-pass characteristic (mean filter).

f) What kind of filter characteristic does the FIR filter have with by = Sy and by = — /317
Answer:The filter is now a difference filter. Therefore, it has high-pass character-

istic.
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