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METHOD OF LINES APPROXIMATIONS TO CAUCHY
PROBLEMS FOR ELLIPTIC EQUATIONS IN TWO
DIMENSIONS

M. CHARTON! AND H.-J. REINHARDT"

Abstract — In this paper, the method of lines approximation for a rather general
elliptic equation containing a diffusion coefficient is considered. Our main results are
the regularization of the ill-posed Cauchy problem and the proof of error estimates
leading to convergence results for the method of lines. These results are based on the
conditional stability of the continuous Cauchy problem and the approximation by ap-
propriately chosen finite-dimensional spaces, onto which the possibly perturbed Cauchy
data are projected. At the end of this paper, we present and discuss results of some of
our numerical computations. There are multiple applications in material sciences, ther-
modynamics, medicine etc.; related problems are shape optimization problems which
are important, e.g. for nondestructive testing, crack location, thermal tomography,
and other applications.
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1. Introduction and Problem Setting

We consider the following Cauchy problem for an elliptic partial differential equation on a
rectangle © := (0,1) x (0, L),

0u 5, Ou
- - = in Q 1.1
o050 + 5 (e gl ) = fla) (1)
with boundary conditions
u=f; on X;, 1=1,2,3, (1.2)
ou
a_y = ¢1 on Zla (13)

where
S1={(z,0) e R*0<z <1}, B={(0,y) eR*0<y<L},
<y <

SY<
23:{(179)6R2|0 Y L}7 Z4={($,L)€R2\O<x<1},

Here one tries to identify v and du/dy on ¥4. The functions fi,¢; are the given Cauchy
data (see Fig.1.1).
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This is a well-known improperly posed problem. In 1923 J. Hadamard [15] gave a classical
example showing that the solution of the problem is not continuously dependent on the
Cauchy data.

U= fo div (a(z)Vu) = f u = f3

ou
u = _— =
fl? ay ¢1
Fig. 1.1. Cauchy problem for an elliptic equation

It is impossible to solve this improperly posed problem by the classical theory of partial
differential equations and, therefore, it has required the attention of many mathematicians in
the last 50 years. M. M. Lavrent’ev [23] discussed bounded solutions of the Laplace equation
with the Cauchy data in a special two-dimensional domain where the bounded solutions
depend continuously on the Cauchy data. Fursikov [12] extended this approach later to
domains in R” proving an optimal stability estimate with respect to the H%norm. The
latter is analogous to Hadamard’s classical estimate for analytic functions which forms the
content of the three-circles theorem. L. E. Payne [26,27] studied the solutions of more general
second-order elliptic equations which are continuously dependent on the Cauchy data under
some restrictions on the domains and on the solutions. In 1975, L. E. Payne outlined this
problem in [28]. H.Han considered problem (1.1)-(1.3) in [16] in a somewhat more general
setting and gave an H(f2)-stability estimate.

R.S.Falk [9] presented a three-lines theorem for the two-dimensional Laplace equation
with the Cauchy data, for which a certain stability estimate is given. M. Kubo [21] obtained
an H'-stability estimate for the Cauchy problem for the Laplace equation on a doubly
connected bounded domain. K.S.Fayazov and M. M. Lavrent’ev [11] studied the Cauchy
problem for elliptic equations with operator coefficients in space. Using the method of
logarithmic convexity, they proved the uniqueness and the H-stability estimate. In 1995,
S. 1. Kabanikhin and A. L. Karchevsky [19] presented an optimization method for solving the
Cauchy problem for an elliptic equation numerically.

In the paper of H. Han and H.-J. Reinhardt [17], a series of stability estimates for problem
(1.1) — (1.3) in Sobolev spaces are given, from which several regularization methods can be
proposed for computing numerical approximations (see [30]).

Very recently, similar ideas as in our approach have been used by Zhi Qian and Chu-Li
Fu [39] where two regularizations are studied, namely adding a fourth-order term multiplied
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by a small parameter to the Laplace equation as well as a truncated series of sine and cosh-
terms. Dinh Nho Hdéo et al. [7] considered a similar problem as ours and proved stability
estimates of the Holder type for general L,-norms. In [7], the Cauchy problem is studied in
the frequency space and the mollification method is used to regularize the problem.

Using the method of lines approximations by discretizing the x-variable, the Cauchy
problem is similar to the problem of determining a function by its Fourier coefficients. The
latter problem is well-known to be ill-posed and can be regularized by various approaches as
shown in the famous book of Tikhonov and Arsenin [37, Ch.V]. In the book of Samarskii
and Vabishchevich [32, Ch. 7], the Cauchy problem for elliptic equations is studied under
perturbations of the initial conditions as well as of the elliptic operator itself. For these,
regularization algorithms are presented including difference schemes where both variables
are discretized by the second-order difference quotients. Vabishchevich et al. [38] have con-
sidered the Cauchy problem for Laplace’s equation on a circle using the idea of a regularized
Fourier series as in [37] by appropriately defined stabilizing functionals. Contrary to the
above-mentioned approaches our regularization is based on the stability estimate obtained
by logarithmic convexity (see Sect.3). Consequently, the optimal regularization parameter
derived in Sect. 5 depends, among others, on the logarithm of reciprocal of the magnitude of
data perturbations.

Especially, for the Laplace equation we have presented our results for the method of lines
approximation in a short paper [5]. The basis for this and the present paper is the doctoral
thesis [4].

This work is organized as follows. In Section?2, the method of lines approximation is
introduced with lines perpendicular to the sides of the rectangle with the Cauchy data. The
method of lines leads to a system of ordinary differential equations which can be decoupled
when one solves an eigenvalue problem beforehand. The given Cauchy problem is shown to
be conditionally well-posed by using the technique of logarithmic convexity (cf. Section 3).
For the representation of the solution, the technique of separation of variables together with
the well-known results for the Sturm — Liouville eigenvalue problem are utilized. The
subject of Section4 is the convergence of the eigenvalues and eigenvectors of discretized
Sturm — Liouville eigenvalue problems. For the proofs of Theorem 4.1 and 4.3, we refer to
the literature.

In Section 5, the main results concerning the convergence of the method of lines approx-
imation are formulated and proved. In the first step, the data function ¢ is projected into
the space D), of functions of truncated Fourier sine series of dimension M. We even allow
perturbed data functions ¢§ such that ||¢1 — &5z, < . In this situation it is clear that, in
general, ¢ ¢ D), even if ¢; € Dy;. Then one has to estimate the projection error of the
projected data and, additionally, the error between the true solution and the method of lines
approximation with projected data in D,;. For the convergence, the magnitude of pertur-
bations should depend on the discretization parameter by h = O(&?) and the dimension of
Dy has to be chosen in an optimal way.

In Section 6, we discuss several computational results for two examples. It can be shown
that the choice of the regularization parameter M is essential for a good numerical approxi-
mation and the choice in Theorem 5.5 is indeed optimal. Finally, an appendix with 12 figures
conclude this work.

The left-hand side of (1.1) defines a linear differential operator. It is well-known that
one can set f = f; = fo = f3 = 01in (1.1)—(1.3). Indeed, the solution of the latter plus the
solution of a (well-posed) direct problem gives the solution of the general inhomogeneous
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problem. Moreover, the Cauchy problem is ill-posed, which means that its solution is not
continuously dependent on the Cauchy data.

Thus, in the following we seek a solution u € C?(2) N C(Q) of (1.1)~(1.3) with f = 0,
fi=f>=f3=0. We assume that a € C*([0,1]) satisfies

a(x) =21, >0 z€]l0,1]. (1.4)
We denote the upper bounds of a and |d/| as follows,

a(z) < R, and |d'(z)| < R, xz€][0,1]. (1.5)

2. Method of lines approximation

In this section, the well-known technique of approximating an elliptic equation on a rectangle
by the method of lines is outlined. One obtains a system of ordinary differential equations
which can be decoupled when one solves an eigenvalue problem beforehand. The method of
lines approach was successfully applied also to other types of ill-posed problems, e.g. inverse
heat conduction problems in [29].

We use the well-known method of lines to approximate the elliptic boundary value prob-
lem. One has two choices, namely lines parallel to the x- or y-axis. Our approach requires
that the lines should be chosen parallel to the y-axis or, in other words, perpendicular to
the part X; of the boundary where the Cauchy data are given. With mesh points x; = ih,
i=20,...,N,h = 1/N, we approximate %a(x)% in the Laplace operator in (1.1) analo-
gously to the central difference quotient of 2-nd order. Therefore, approximations u;(y) for
the solution w(z;,y) of (1.1), (1.2) with fo =0, f3 = 0, f = 0 (see Fig.2.1) can be obtained

by the solution of the following system of ordinary differential equations, uy = uy = 0,

1
ﬁ(&iﬂuiﬂ - (ai + &Hl)ui -+ aiui,l) -+ aiu;/ = O, 1= 1, ey N — 1, (21)
with the initial conditions
Yy
L
U'l+ AU 0
u =0 u=0
— h —
0 U = fl 7ul - ¢1 1 -CE

Fig. 2.1. Method of lines approximation
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Here a; = a(z;), i =

0,...,N, and u; = u;(y) approximates u(z;,y).

For convenience,

we multiply system (2.1), (2.2) by C! = diag (1/a;)i=1.. y-1 and obtain (with f; = 0 as

assumed in Section 1)

U(0) =0,

U" + BU =0,

U'(0) = &y,

where B = CilA, C = dlag (ai)izl,...,N—l and (1)1 = <¢1($1)7 ey qbl(l']v_l))—r.
System (2.1) can be decoupled using the eigenvalues and eigenvectors of the (N — 1) x

(N — 1) — matrix

—(a1 + CLQ)
aq
a2
1
B - ﬁ
0
0

a9 0
—(CLQ —+ ag) a3 0
5)
0 an—2
0 0

—(an—2 +an-1)

aN-—2

aN-1

anN—1

—(an-1 +an)

(2.3)

aN—1

The matrices A and B are not necessarily symmetric. However (cf. [25]), tridiagonal matrices
with positive side diagonals are known to be similar to symmetric ones. Here, B is similar

to
a1+a a
e y 0 0 0
ay ay
a as +a a
2 212 20 0
aq a9 (05}
o1
BSy :ﬁ (25)
a anN—2 +an— an—
0 0 N-2  ON-2 N-1 N-1
an-3 an—2 an-—2
0 0 0 aN-—1 an—1+an
anN—2 anN—1
Indeed, we have
B = S7'BS
with
il \1/2 a
S = diag(si)iz1,.ny 8 = (H - ) = /= i=1,..,N-1
k1 Q41 a;
The matrix B*™ has real eigenvalues S\i,h, t=1,...,N — 1, and one can find a corre-

sponding basis of orthonormal eigenvectors u:;,(f) in R¥=! w.r.t. the Euklidean scalar product

(-,-). B has the same eigenvalues as B%™ and the associated eigenvectors u?,(f) are obtained

by @) = 5",

With the matrix W™ consisting of the column vectors ﬁ)g) 1=1,...

W .=

V ha1

1

s, — (0] e

h

, N — 1, we define

(2.6)
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The columns of W form also a basis of eigenvectors, wh = wh)/\/hal, t1=1,...,N -1
With these definitions, we see that W 'BW = D where D = diag(\;4);. We can assume
that

S\I,h 2 N Z 5‘N—1,h; (27)

otherwise the rows and columns of B — and W — have to be sorted, respectively. Since all
/N\i,h are negative, B is negative definite and regular.

If we multiply (2.3) from the left by W', we see that (2.3) is equivalent to the solution
of the following system for V = W~1U,

V" 4+ DV =0. (2.8)
This means that system (2.3) is decoupled,
o' (y) + Nipvi(y) =0, i=1,...,N—1. (2.9)

The eigenvalues /N\i,h and the associated eigenvectors w,(f) of B,i =1,...,N — 1 have to be
determined analytically or numerically before one can solve (2.8), (2.9).
Explicit solutions of a system like (2.8), (2.9) are well-known and can be written as

viy) = &exp(\/ = Ainy) + miexp(—/ =Ainy), i=1,...,N—1.
The initial conditions at y = 0 determine the coefficients &;,n; using f; = 0,

—1 . —1 .
G re) ey

_S\i,h 24/ _S\i,h

Here, (W‘lq)l)i is the 7th coordinate of the vector ®; written as a linear combination of the
basis of eigenvectors {w,(f)}izl ,,,,, ~—1. Denoting by w;; the ith coordinate of wi(lk), for the
solutions w; of (2.3), (2.4) we obtain

=

-1

wly) = (WV)ily) = > wis (f’f e (/M) + e (- m‘”)) -

1

N—-1

) =

szk(w Uk Gon (\/—)\k,hy), i=1,...,N—1. (2.10)
=1 \/_)\kh

If we set \pp = —Apn, K = 1,...,N — 1, then the X\, are all positive and (cf. (2.7))
AMp < ... < Ay_1. Additionally, on the space of grid functions

b
Il

Vio = {vh 2[0,1]p = R | vp(zo) = vp(ay) = O},

with [0,1], = {z; |7 =0,..., N}, we define the scalar product

N-1

(Vh, Wh)o,an = h Z ajon(x;)wn(z;).

j=1



Method of lines approximations to Cauchy problems for elliptic equations 129

Then the functions vy 5 (z;) = (wgk))j =wjp, k,j=1,...,N —1, form an orthonormal basis

{vrnti=1.. n-1 Wr.t. to (-, )oan. With the grid function ¢} = ¢, | [0, 1], the solutions w; of
(2.3), (2.4) can be written in the form (cf. (2.10))

(O Ven)oan (), =1, N —1. (2.11)

If the function a(-) in (1.1) is constant, e.g., a(x) = 1, the eigenvalues and eigenvectors
of the symmetric matrix

-2 1 0 0
1 -2 1
1
Ah:ﬁ
1 -2 1
0 0o 1 =2

are explicitly known,

~ 4 .
N =73 sin? (jhg), wip = (W) = V2hsin(jkhm), kj=1,...,N—1.

The solutions of the method of lines approximation are then given by (cf.(2.11))

N—-1 k
uz(y):hz <q>1’w}(L)> wlk51nh< )\khy)a /L:la 7N_1a
i VAR

with ®; from the initial condition (2.4).
We now study an example similar to the classical Hadamard’s example (cf. [15]) with
Cauchy data
fi=0, ¢1(z) = (mn) tsin(mrz), 0< <1,
and with m € N, m < N. Again, we consider the case a(z) = 1. With respect to the
maximum norm || - ||s in the z-interval, for the solution

sin(mmx) sin(mmy)

(u =)upm(x,y) = 0<z,y<1,

m2m?
of the original Cauchy problem (1.1)—(1.3) one can observe that

' _ sinh(mmy) oo (M — 0o
Jines )l = ) o0 (o)

for any y > 0, while, for the data function,
o=——0 — 00).
61l = == =0 (m = o0)

For this example it is not difficult to show that the error for the method of lines approximation
can be estimated as follows (cf. [4], 3.1):

mm
24

(i y) — wily)] < [sin(mmra)| o exp(mry)h?, i=1,...,N 1,
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as long as h < 4v/3 /(mm). Hence, for fixed m, the method of lines approximation converges
for h — 0.

Due to the ill-posedness of the original elliptic Cauchy problem, the method of lines
approximation is still ill-posed. Indeed, for any S > 0 and every y > 0, for line « = 1 one
can find a h* = h*(y, S) such that

u(z1,y) —wie(y)| = S

where u; . denotes the solution given by (2.10) with the perturbed data function (m = 2)

sin(2mwxz;) — ¢
D, — (#) .
21 i=1,..,N—1

.....

For any € > 0, similar results hold for any line:=1,..., N — 1.
We will study the convergence of the eigenvalues and eigenvectors for the general case of
a not necessarily constant function a = a(z) in the following Sections 4 and 5.

3. Conditional well-posedness of the Cauchy problem

As the main result of this section, the conditional stability of the Cauchy problem is shown.
This result utilizes the logarithmic convexity of an appropriate norm of the solution. More-
over, the classical method of separation of variables for representing the solution is used.
The method of logarithmic convexity for such problems w.r.t. various norms can be found,
e.g., in [11,17,21].

Let us consider again the following semihomogeneous Cauchy problem in the rectangle
Q=1(0,1) x (0,L) (cf. (1.1)~(1.3))

V(a(z)Vu)(z,y) =0 in €, (3.1)
0

U = 0, a—z = qbl on 21, (32)

u=0 on 22 U 23. (33)

We want to determine u|¥, from the Cauchy data on ¥;. Solutions of (3.1)—(3.3) in the
classical sense can be obtained via the method of separation of variables, u(z,y) = v(z)s(y).
Inserting this ansatz into the differential equation in (3.1) and using the relation

Pu 9 [ Ou
Va(x)Vu = aa—yQ + B (a%)

leads to . )
(av') __5_
av s

with A > 0, where § and v' denote the differentiation w.r.t. y and x, respectively. For s,
using s(0) = 0 we obtain

s(y) = C'sinh(VAy) (3.4)

for a nontrivial solution, while v and A have to be determined from the following Sturm —
Liouville eigenvalue problem for ordinary differential equations,

Lv+Xav=0 in (0,1), wv(0)=wv(1)=0, (3.5)
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where Lv := (av')’. It is well-known that the boundary value problem (3.5) is equivalent
to the Fredholm integral equation of the second kind. The reciprocals of the eigenvalues
of the associated integral operator yield eigenvalues 0 < A\ < Ay < ... in (3.5) with an
orthonormal system of eigenfunctions v;,7 € N; the underlying weighted scalar product is
given by

(u,v)pq = /a(x)u(x)v(x) dzx . (3.6)

Moreover, all eigenvalues are simple, and are diverging lim \; = co. Denoting
1— 00

Vo := {v € C?[0,1] | v(0) 1) =0},
any function v € Vj) can be represented as
() = (0, 00)0.Vn () (3.7)
n=1

with an absolutely and uniformly convergent series of eigenfunctions {vn | n € N}. The
eigenfunctions are orthonormal w.r.t. the norm || -||o , associated with (3.6)'. Moreover, one
knows that all eigenvalues are pairwise distinct and, hence, the associated eigenspaces have
dimension one. It should be noted that the representation by an absolute and uniformly
convergent series like (3.7) is also valid for functions from

D ={veC'0,1] | v(0) =0}. (3.8)

For Lo-functions one has a representation by a series converging w.r.t. the Ls-norm or the
weighted Lo-norm. For Lo-functions the well-known Parseval relation holds

o0

Iolla =D (v, vn)5a

n=1

where, usually, the numbers (v,v,)o, are called Fourier coefficients of v w.r.t. to the a-
orthonormal system {v,,}.

Returning to V{, the Courant-Min-Max principle for characterizing the eigenvalues is
available,

S T T 39
dim W=k

where p(v) = —(Lv,v)r, / ||v]|§,, denotes the Rayleigh coefficient. For any v € Vj, it can be
represented by p(v) = |[v/|[§, / [|[v][§..- In the constant case a = 1, one has A\, = k*m* (cf. the
end of Sect. 2). In the general case, for 0 < r, < a(z) < R,, x € [0, 1], it is easy to see that
the following estimates for the eigenvalues hold:
a Ra
T 2nt <A < 2 k2%, ke N (3.10)
R, Ta
Having summarized the main properties of the Sturm — Liouville eigenvalue problem, we
come back to the solution of the continuous Cauchy problem (3.1)—(3.3). Using the eigen-
functions v, k € N, of the Sturm — Liouville eigenvalue problem and setting

uk(w, y) = v () sin(v/Awy),

We also call {v,} a-orthonormal.
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by superposition we obtain a solution in the form

u(z,y) = Crup(z,y) (3.11)
k=1

which satisfies the boundary conditions
uw(0,y) =u(l,y) =0,0<y< L, u(z,0)=0,0<z<1.

The coefficients C; have to be determined such that the Neumann boundary condition at

y = 0 is fulfilled,
0 (i
= Crug(z, y))
Oy k=1

Interchanging the differentiation and summation leads to

(01, V1)0,a
VAL
and the solution u of (3.1)—(3.3) has the form

y=0

Cy = k €N,

o0

wmzzﬁ%%mwmm@m (3.12)

In the remaining part of this section, our aim is to prove a stability theorem for the Cauchy
problem (3.1) - (3.3) utilizing the technique of logarithmic convexity. We will formulate the
stability result w.r.t. the Ly-norm. Other results of this type are also shown w.r.t. the H'-
and H?-norm in [17]. Since it is not immediately obvious how the Lo-stability can be obtained
from Thm. 2.2 in [17], we will outline its proof here. The technique of logarithmic convexity
for proving Lo-stability results of Cauchy problems for elliptic equations is well-known and
have been used, e.g., by Kubo [21], Fayazov et al. [11], and others.

A function f : [a,b] — R is called logarithmic convex if In(f) is convex. This can be
characterized by

FAz+1=Ny) < fM@)'Y Vyzelal], Ae[01].

Any positive, twice differentiable function is logarithmic convex if and only if
FW ) = (W) 20 Vyelab]. (3.13)
Theorem 3.1. Let the classical solution of (3.1)~(3.3) fulfill the additional assumption
lulloas, < E (3.14)

with some nonnegative real constant E and let the series in representation (3.12) of the
solution converge pointwise in [0, 1] x [0, L] and uniformly w.r.t. x in [0, 1] where the Fourier
coefficients by := (¢1,vk)0.a of ¢1 are so small that

> brexp(2y/A L) (3.15)

converges. Then for Ry :=max(L,1), Ry := min(L, 1) the following estimates hold:

a

Y _ _
ol < g lonllon”™ B < Rallonllo”™ B,y € [0, 1) (3.16)



Method of lines approximations to Cauchy problems for elliptic equations 133

Proof. By means of our assumptions the functions

Fn(y) = ln(sn(y)>7 Sn(y) = Z 3 fk(y)7 ne N7

fi(y) :

have the following properties:

1) F, is twice differentiable for every n;

2) (Fo)ns (F!)neny and (F)pen converge (for n — oo) uniformly on [y, L.

By the explicit representation of F)/ one can show that F(y) > 0, y € [yo, L], so that
sp(+) is logarithmic convex. Because of the uniform convergence of F,, to F' = In(s) with
s(y) = pey (07 / \) fu(y), together with its first and second derivatives, then also the limit
function F is convex. The representation of solution (3.12) and the logarithmic convexity of

s() = |luC w5, /v

Nagy) < (]\fa(éyo))A (Na(L))l—)\

Y Yo L?

’ Yy € [y()?L]a Yo € (07 L)7

sinh?® (v/A, y)
-

imply

for any yo,y in 0 < yo < y with A = A(yo) and N,(y) := Hu(, y)Hfm. For yg — 0, we obtain

Na(y) a0y B2\
oo <lall,™” () o vel.n),

which proves the desired estimate. [l

4. Discrete Sturm — Liouville eigenvalue problems

In this section, we study the convergence of the eigenvalues and eigenvectors of discretized
Sturm — Liouville eigenvalue problems. The corresponding results are classical and go back
to the work of Biickner [1] of 1948. The paper of Keller [20] should also be mentioned as a
fundamental one in this direction. Carasso [3] extended the approach of Keller to non-self-
adjoint Sturm — Liouville operators. The results of Grigorieff [13,14] and Stummel [33, 34]
are based on the general perturbation theory of approximation methods for differential and
integral equations.

We will state Theorem 4.1 to 4.3 as it is done in [4]. It is known that a better convergence
rate, namely O(h?), can be achieved when a more appropriate difference approximation is
used. However, this is not an essential point of this paper.

We approximate the Sturm — Liouville eigenvalue problem (3.5) by using an equidistant
grid Gy, = [0,1], = {x; = jh|j = 0,..., N} where Nh = 1. With a; = a(z;) a suitable
approximation Ly, : Gjo — Gpp of Lv = (av')’ is defined by (cf. (2.1))

1

(thh)(‘xi) = ﬁ (ai—l—lvh(xi—I—l) — (CLZ‘ + CLZ‘+1)U}L(ZEZ') -+ Clﬂ)h(l'i_l)), 7= 1, cey N — 1,

(thh)(xi) = 0, 1 < 0, 1 2 N, (41)
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for functions from I';, = {vh : R" — R|vp(x;) # 0 for finitely many j € Z} where R" =
{xj = jhlj € Z}. Spaces of the grid functions are defined by

Gy, = {Uh € thvh(l'j) =0, §é {0, .. .,N}},
Sho = {Uh € Gulon(zo) = vp(zn) = 0}(C Gn CTy).
There is a one-to-one correspondence between the grid functions in G, o and R~
Sho D vy — (vh(xl), o ,vh(xN_l))T e RV-L

In the following, we do not distinguish between vectors in R¥~! and grid functions in G 0.
The forward and backward the first-order difference quotients are denoted by

~ on(T41) — on(zy)
(Dypon) (@) = == N e

and
vp(z5) — vn(T1)

(D-1pon)(@;) = 3 , JEZL, resp.
We associate the discrete scalar products on Gy,
N-1
(U, wh)o,an = D Z a;on(z)wn(;),  (Vnwn)an = (Drinvn, Diawn)o.an,
j=1

(Vn, W) -1,00 = (D-14Vh, D_15wh)0.a.1,

and denote the associated norms by || - [|o.ans || - [[1Lans || - |=1.0.5-
It is not difficult to see that the following relations hold:

Lyvp(xj) = Dl,h(athl,hUh)(xj)a J €L,

(Lnvn, wh)o,h = (vn, Lhwh)o,h =—(vn, wh)q,a,h, (Lnvn, Uh)o,h =—||vn Hgm,h, Un, Wy € G -

Moreover, the truncation error
Ti(z;) = ((Lo)" — Lpo") (z;), j=1,...,N—1, veV,

converges to zero, | Jnax Ty (z;)] — 0 (h — 0). Here, as always in the following, the

\\

superscript h denotes the restriction of a continuous function to the grid [0, 1],. For smooth
functions v, convergence rates of the truncation error can be achieved.

The continuous Sturm — Liouville eigenvalue problem was already introduced in Section
3, (3.5). The discrete Sturm — Liouville eigenvalue problem is given by

LhUh + )\hahvh = O, k= 1, .. .,N — 1, (42)

where grid functions vy, i.e., the eigenfunctions, and the associated eigenvalues \j, are sought.
Compared to the notation in Section 1, Ly, is represented by the matrix A, the eigenvectors in
(4.2) are those of the matrix B denoted by wh , when we multiply (4.2) by C~ 1= diag (1/a;),
and the eigenvalues A\, in (4.2) are denoted by )\Z,h in Section 1 which are known to be simple
and all negative. We assume that the eigenvalues are ordered by magnitude

O>)\1,h> 2)\N—1,h‘

The main results of this section are the convergence of the eigenvalues and eigenfunctions
of the discrete Sturm — Liouville eigenvalue problems to the corresponding quantities of the
continuous problem. The fundamental result for this is the following.
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Theorem 4.1. The discrete and continuous Rayleigh coefficients,

ol e
pn(vn) = ——5—=, vn € Vou,
[0 15,0,
" /)
U 1]0,a
= : eV
p(U) HUHO,a, v 0
resp., satisfy the following relation:
lim [ min max ph(vh)) = min max p(v)
h—0 \ dim M;=j 0#v, €M}, dim M=j 0£vEM
MpCSh,0 McCVo

and the estimate

i — mi < 4.
i, o iy, Pr(0n) = Bl e pv)| < O )
M}, CSh 0 McCVo

for any 7 € N, any h small enough, and some constant C' > 0.

As a consequence we obtain the convergence of the eigenvalues and its reciprocals.

Theorem 4.2. For any j € {1,...,N — 1}, N € N, the jth eigenvalues S\j,h of Ly,
converge to the jth eigenvalue \; of L of the Sturm — Liouville eigenvalue problem (3.5)
with the convergence rate

Xin — Nl =0(h)  (h—0). (4.4)
The same holds for the reciprocals i; p, = 1//~\j7h, [ = 1/X

\win — pj| =0O(h) (h—0), je{l,....N—1}, NeN. (4.5)
Proof. The Courant-Min-Max principle (cf. (3.9)) in connection with Theorem 4.1 (cf.

(4.3)) yields convergence (4.4). Since the eigenvalues \; are bounded from below away from
zero (cf. (3.10)), for sufficiently small h, (4.4) yields the corresponding estimate for j;, pt; p.
OJ

As mentioned in the beginning of Section 3, the Sturm — Liouville eigenvalue problem
(3.5) is equivalent to an eigenvalue problem for a Fredholm integral operator which is ob-
tained via Green’s function G associated with L. The eigenvalues of the integral operator

are given by pu; =1/ S\j. They are converging to zero, lim p; = 0. Accordingly, there exists
J—00

a discrete Green’s function Fj, related to the difference operator L, having the property that
the solution v;, € Gy, of the discrete boundary value problem

Lyvp = wp, wy € Gpp, (4.6)
can be represented as follows:
N-1
%@F:h;?m%@mwm‘pwwwm ()

0, otherwise.
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For Green’s functions G and Fj, explicit formulae are available (cf., e.g., [4, 5.3.3, 6.2.1]).
From these one can deduce that

Fo(r — , = ) 4.
max[Fya.te) = Gl te)| = O(h)(h — 0 (4.9
Using the equivalence of the Sturm — Liouville eigenvalue problems with the eigenvalue
problems for the associated Fredholm integral operators in continuous and discrete form,
one obtains the convergence of the eigenfunctions.

Theorem 4.3. Foranyj € {l,...,N —1}, N € N, the jth orthonormal eigenfunctions
vjp i the (-, -)oan — orthonormal system {vip, ..., on_14} converge to the jth (-,-)oa —
orthonormal eigenfunction v; with the following estimates:

0} = vjalloce = O(VR), (4.9)

[0 — vinlloan = O(h) (h—0). (4.10)

5. Convergence of the line approximation method

In the main section of this work, the convergence as well as the regularization of the line
approximation method is proved. Here, the dimension M of the space of truncated Fourier
series plays the role of a regularization parameter and, moreover, the mesh size of the line
approximation method must go to zero when the magnitude of the data errors tends to zero.
The optimal value of M is determined via the stability estimate of the logarithmic type.

The convergence for h — 0 and € — 0 of the line approximation method is assured by
the following steps. First, the data function ¢; (note that we consider the case f; = 0) is
projected into the space D, of those functions which form a truncated series if one develops
them w.r.t the a-orthonormal system {v1,vs,...}. We even allow perturbed data functions
@5 such that ||¢1 — ¢5|lo.. < e. In this situation it is clear that, in general, ¢ ¢ D) even
if 1 € Djs. One has to estimate the projection error of projected data and then the error
between the true solution and the line approximation method with projected data in Dj;.
We will show in this section that, for the convergence, the magnitude of perturbations should
depend on the discretization parameter by h = O(¢?) and the dimension of Dy has to be
chosen in an appropriate way.

As in Section 3, we denote the eigenvalues and eigenfunctions of the continuous Sturm —
Liouville eigenvalue problem by A, and vg, k = 1,2,...; respectively (cf. Section 4), Ay, and
Ugn, B =1,..., N —1 denote the eigenvalues and eigenfunctions of the discrete Sturm —
Liouville eigenvalue problems for h = 1/N and any N € N. Their convergence for h — 0 is
ensured in the Theorems 4.2 and 4.3.

The eigenvalues are assumed to be ordered in magnitude,

O< i <X<..., 0< X p<...<AN—ih

Note that in the general case of the function a = a(z) we do not have v,}; = U -
However, there is an isomorphism between the spaces of eigenfunctions. For M, N, N >
M,h =1/M, and the space D given by (3.8) we define

Dy = {¢ eD ‘ (¢, Uk)O,a =0, k> M}, (51)
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Dﬁ\% = {¢h c 9h,0 ’ (¢h> Uk,h)O,a,h =0, N>k > M} (52)

These spaces have orthonormal basis systems vy, ..., vy and vy, ..., Va5, and an isometric
isomorphism Dj; — D%, exists for any M and any h. The associated orthormal projections
Py D — Dy, Pl G0 — Db, are given by

M M
Pyo = Z(@ Vk)aoVk, ¢ E D, Plu, = Z(Uh, ULK)0,ahVLh,  Uh € Gno- (5.3)

=1

They are linear and fulfill the minimum-norm property (here for Pl)

Juin (6 —vnlge = llon = Prrénllse  én € Gno.

hED N,

and the following estimate stated in Lemma 5.1. As in the previous section, we assume in
the following that 0 < r, < a(z) < R,, x € [0, 1].

Lemma 5.1. For any ¢ > 0 and any grid function &, € G o with ||6p]jo0e < €, for the
orthormal projections the following estimate holds:

| P0n — Onlloce < (CoM + 1)e (5.4)

with a constant Cy > 0.
Proof. 1t is clear that

lonllan =Y vn(ws)?ala;) < Roh(N = Dlfonll§ oo < Rallonllf o

for any v;, € Gp,o. Furthermore, for the eigenfunctions we deduce by means of (4.9) that

v 000 + COVA, b < RO

max Hvthooo, h > h(l),
h>h(1)

visl0,00 <

< max (HUZHO,oo +CW, max Hvl,hHo,oo) < max OV =
h>h(1) =1,....M

.

—.CW
for some AM in 0 < AV < 1 and certain C™M. This implies

M
E 5h>Ulh Oavlh—(Sh

M
< Z ([(0r, vin)oal - l[vinlloce) + [I0nll000 <

0,00 I=1

[ Pardn — Onllo,c0 =

10nllo. - lonllo. - [[onnllo.co +10nll0.00 < (Cov/Ba M + 1) |10]l0,00 < (CoM + 1)e
—_—— = —— ——— ——

<\/Ra”(ShHO,OO =1 SC’O =:Co <e
which proves the desired estimate. ]

Our next aim is to prove the convergence of the line approximations method in the case
of exact data from Dj;. From (3.12) we know that, for ¢; € Dy, the solution of problem
(3.1)—(3.3) is given by

(61, U)o
D R0 4 (z) sinh (V). (5.5)
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For the grid function ¢, € D%, the line method approximation on the ith line has the form

M
* (¢1 hs Uk h)Oah .
4 = —_—t h (v/ Ary). 5.6
[ (y) o \/m ’Uk,h(x) S ( ky) ( )

Formula (5.5) is also the solution of the Cauchy problem for general ¢; € D and data
¢t = Py¢y. Moreover, (5.6) yields the approximation on the ith line for data Py¢? again
with general ¢, € D when we set ¢, = ¢} in (5.6).

For the convergence proof we need the following lemma:

Lemma 5.2. For fited M € N and any k = 1,..., M the eigenvalues and eigenvectors
satisfy the estimates

V= V| = 0()

1 1

VAV
‘sinh <\//\7ky> — sinh < /\k,h?J)) =O0(h) (h—0), wuniformlyin y € [0, L], (5.8)

(61, 0kn) g = (61,0000 = O() (= 00), 61 € D, (5.9)

Proof. The estimates in (5.7) are a consequence of the Courant Min-max-principle (3.10)
and the convergence results in Theorem 4.1 and 4.2. Using the convergence A\, = A\ +
O(h) (h — 0), the definition of sinh and the second inequality in (3.10), the estimate (5.8) is
not difficult to obtain. Here, one should distinguish between the cases Ay 5, < A\p and Agp, = A
Finally, (5.9) follows from (4.10) in connection with the Cauchy — Schwarz inequality and
the fact that (-,)oqp is nothing but the summed up trapezoidal rule approximating the
integral (-, -)o, whose quadrature has magnitude O(h). O

= 0(h) (h—0), (5.7)

For the data in Dj; we can now prove the convergence of u; to u(x;,-) with a certain
power of h.

Theorem 5.1. Let ¢y € Dy. Then the approzimation u(y) in (5.6) with data Pyt
converges uniformly to u(x;,-) given in (5.5) with the following asymptotic error estimate:

[uli,y) = ui (W)l = O(Vh)  (h—0) (5.10)
forie{l,...,N}, N €N, andy > 0. Furthermore,
[l 9)" = iy (W) lo,n = O(R) (5.11)

where ui(y) = (ui(y), .- un_1(y)).
Proof. With the representations of u and w; in (5.5) and (5.6), resp., we can estimate

’<¢1,vk>0a () sinh (/) — Ehatndoan o0 Ak,hy)'gcﬁ

VA Vb b

using the results of Lemma 5.2. This implies

lu(zi,y) — ui(y)| =

M h
Z ( 91 U)o vy () sinh (\//Tky) - va,h(‘xi) sinh < )\k;,hy> ) ‘ < MCVh
e V Akh
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uniformly for y > 0.
The norm || - [[o.. can be estimated analogously:

(é1, 1) 0, (0%, vkp)o,a,n .
———— " sinh (v Ay —————""v psinh ( \/ g ny < Ch
H VA < ) V Ak, o < o ) 0,a,h
which yields
(s 9))" = (@) lo,0n =
Z <(¢1’ Uk)o.a vy, sinh <\/7y> —¢1’Uk’h)0’a’hvk7h sinh < )\k,hy>) < MCh.
— VA, V Akh 0,0,k -
Now we study perturbed data, i.e., ¢, € M and ¢; . € D with
¢} = ¢ Moo < € (5.12)

for some ¢ > 0. After projecting the data into D%,, we compare the solution } in (5.6) with
the corresponding solution having data PM¢}f,5, ie.,

M
. (A7 s Vk,n)o,asn ,
ui (y) = Z e BhOGM V. p(x;) sinh(\/ Ax.ny) - (5.13)

We can prove the following result.

Theorem 5.2. Let M < N, ¢, € Dy, and let ¢, satisfy (5.12). Then, for sufficiently
small h, the following estimates hold:

lui(y) —ui.(y)| < Ce, i=1,...,N—1, (5.14)
[ (y) = uZ p(W)lloan < Ce (5.15)

uniformly for 0 <y < L.
Proof. In view of (5.6) and (5.13) we have

Jui (y) —

l ¢ Uy h)o h
Z Le & vk () sinh( )‘k,h3/> ’ <
P V/ Akh

(ﬁb}f - ¢?,5, Uk,h)o,a,h

A,k

i

k=1

vkvh(xi)sinh< /\kvhy) ,

where
(0} = 6% o vin)oan| < NOT — 0% lloan - [[vrplloan < VRalldf — 61 lloo < v/ Rac.
=1

Using this, we obtain

' (oF — ot ., ven)oan

Ug.p(;) sinh < )\k,hy>’ <
Aok

1
sinh( )\khy)‘vkh(xi”i}(¢}1L_¢}1L5avkh)0ah’<51nh< )\khy)‘vkh ;)| Ree.
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The first term on the right-hand side can be estimated by means of (5.8), the second one
by (4.9), and the third one by (5.7). Bounding y by y < L and taking h sufficiently small,
(5.14) is proved. Since

[vrlloan < V Rallvnlloco,  vn € G,
(5.15) follows from (5.14). O
Together with Theorem 5.1 the last theorem shows that

u(zs,y) — ui(y)] = O(Vh+e) (5.16)

and
[u" (-, ) = uZ () llo.an = O(h + ) (5.17)

for (h,e) — 0.

It will be recalled that these estimates hold for the case ¢ € Dy, ¢1. € D. For more
general ¢, analogous estimates will be provided in the following.

For this purpose the total error will be split into three parts:

* * * * * *
u—ul, =u—u+u"—ul +ul—ul, (5.18)

Here, we use the following notations:

u — solution of (3.1)—(3.3) for data ¢, € D;

u* — solution of (3.1)—(3.3) for data ¢} = Pys;

u. — solution of (3.1)-(3.3) for data ¢, . € D;

u? — solution of (3.1)-(3.3) for data ¢] . = Py¢1. with ||¢1 — d1cllo00 < €
Additionally, we use

u; — solution by the line method on the ith line with data ¢} = Py (see (5.6) with
Orh = ¢}f)§

uj . — solution by the line method on the ith line with data ¢j_ = Py (see (5.13));

uh and u?;, denote grid functions corresponding to u; and uj_, i =1,..., N — 1, resp,;

ho @t etc., denote restrictions of functions in (z,y) to the z-grid (with continuous y).

The error contribution u—u? has already been estimated in Theorem 5.2 for data ¢, € Dy,
and perturbations ¢, .. In the same situation, Theorem 5.1 provides an estimate for u —uj.
Note that, according to our notation, u = u* for data ¢; € D). For the general case, namely
¢1 € D but not necessarily ¢ € D), we need an estimate for the projection error w.r.t.

257

I~ llo.a-

Lemma 5.3. Let M < N and, for Cauchy data ¢1 € D, let the boundedness condition
(3.14), ||ullax, < E, be fulfilled for the solution u of the Cauchy problem. Then for

M

¢T = Py¢r = Z(@% Uk)o,avk

k=1
the following projection error estimate holds:
EM

p(\/7a/RoM7L)

where the constant Cy only depends on the length L of the y-interval and the ratio vy := r,/R,.

|61 — &1 llo,a < Ch

(5.19)
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Proof. Since ¢; has the representation

o0
Z ¢1,Uk OaUk )
k=1

which is uniformly and absolutely convergent, for the projection error we obtain

o0

lo1 = dilea= D (D1, 0)4

k=M+1

using Parseval’s relation. By the boundedness assumption (3.14),

2 - (¢1>Uk)(2)7a . 19 9
Hu('7L)HO,a - ZAi sinh (AkL) < E~.

k=1 k
In particular any summand in this series can be estimated by E? which yields
E? )\,
9 v a \
(01 k)o sth(\/_L)

We now use the fact that
sinh(ka) > By exp(ka)
for any o > 0 with fy = (1 — exp(—4a))/2, and that

io: (k + M CZMQ
£~ exp(2vk7L) 0

with a constant Cy = Co(L) < R,/(r,mL?) (see [4, Lemma 4.2.1]). Inserting this into the

above projection error representation and using (3.10), we obtain

- A
|2 < E? k <
H¢1 ¢1H0,a Z SlIth(\//\_kL)

k=M+1

Ra E2 2 i < 1 (ET(‘) i k2
iy P ci(Em e
Ta k=M+1 Sinh(\/ To/RokmL) Bo exp(2vk;7rL)

k=M+1

1 Em Qi (k+M)* _1( EnCoM 2< R\’ EM
v\ Boexp(yMnL) ) & exp(2vknL) ~ v\ Goexp(yMnL) ) =\ ra ) \FoL? exp(yMnL

k
where v := r,/R,. With

R, \*"? 2F
C, ==
' (Ta ) (1 —exp(—4 7‘(1/}_{(17TL)L2

the desired estimate (5.18) is proved.

)

O

Using the stability estimate of Theorem 3.1 and the projection error estimate in the last

theorem, we can estimate the two contributions in the error representation
u—ul=u—u"+u"—ul

w.r.t the norm || - [|o.q-
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Theorem 5.3. Let the assumption of Lemma 5.3 be fulfilled. Then the following esti-
mates hold:

1-y/L
= )ellon < € (s ) (5.20

inh M
I — )l < 2RI,
c ’ VM

where v := r,/ R, and the constants Cy, Cs depend on v and L while C3 additionally depends

on y.
Proof. We first see that

* - (¢17 k - ¢17Uk
I(w—u) Dga= D — s (VL) <Y ——tsinh’(VALL) =
k
k=M+1 k=1
lu(, L)lg.q < E*.
The function u—u* belongs to the Cauchy data ¢; —¢7] and can be inserted into the stability
estimate (3.16). Together with the projection error estimate (5.19) we obtain

« L
(= u) () |20 < BAEY gy — 6711627

EM 1-y/L M 1-y/L
R\EY (O —————— —REC; VM —— .
! ( 1exp(\/_]\/hrL)) B exp(/ ML)

This proves (5.20) with Cy = Ry max{1, C4}.
To prove (5.21), we first observe that the difference of the projections ¢} — ¢7_ has the
representation

(5.21)

o
¢ — o1 =D (25, 0k)o.al;

k=1
where ¢y . = ¢1 + ez, with ¢1,2 € D,|[[2]p0 < 1. The coefficients in the sum can be
estimated as follows:

|(ze, v0)0a| < l|zlloallvrllon < Rae .

Using this estimate, estimate (3.10), and the representation (3.12) of the solution of the
Cauchy problem, we obtain

M M.
% * (Z€7Uk)2a . sinh?(+v/\
I =) Coy)ll6e = 3 5 sinh*(VAwy) @3522—& W) ¢

k=1 k=1 k
R252§: sinh®(\/Ra/rokmy) Rngi sinh?(4/ a/rak']ry
T = (ro/R)RPT e (k)2

A careful analysis (cf. [4, p. 153, (4.61)]) ensures that with a constant C5 = C3(y) as a factor
the above sum can be estimated by its last term

i sinh?(/1/vkmy) <C sinh?(\/1/yMmy)
(km)? S (M) '
k=1
This proves (5.21). O

In order to estimate the total error u —u? ;, it remains to study u? — u? ;. The following
theorem provides an estimate for this error contribution w.r.t. || - ||o.a.n-
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Theorem 5.4. Under the assumption of Lemma 5.3 we have

h(\/1/7M
mep S ) (5.22)
VAT

for sufficiently small h and a constant C' independent of y and M.

| ((U:)h - U:h)( lo,an <

Proof. Let € be fixed in 0 < € < 1. By means of the representations

M
(o) =S ¢ velzy) sinh(v/Ary),
k=1

¢ gv ) a, .
Z Le, Gh/0, hvm(:ﬂj)smh( AenY)

1 V/ Akh

M
*
us,h(xﬁ - u
k—

one can estimate
||u:(7 y) - u:,h('7 y) HO,a,h <

M
9 v a .
Uk 0,6 hsmh \/7y —¢1’6 kh)oan Vg p sinh(y/ g ny)
- Aok 0,a,h
Each summand can be estimated as follows:
(¢1 € Uk)O a h - (d)?g? Uk,h)O,a,h .
=y sinh (\/ )\k.y) — ——="—""sinh <\/)\k.,hy> <
H VAR g v/ Akh 0,a,h
(d)lE? kOa h < ¢1€7 k)
e sinh (/A y> %, ,n sinh <\/ Z/> +
H \% Ak Vv )‘k 0,a,h
(D16, Vk)0,a . (¢1 o> Uk,h)0,ah .
————"—"},p, sinh <\/)\ky) — ————=—"ppsinh < )\k,hy> =
H V Ak Ak,h 0,a,h
(¢ €9 /Uk
' 1\/)\_ sinh <\/ y) Hv,}; — Uk’hHO,a,h +
(D16, Vk) (P} s vk n)oan .
® sinh (\/ y) —— 2 sinh ( /\kvhy) V. llo.a,n-
‘ VAL Ak
Herein, according to (4.10), we have
lop = vknlloan = O(h) (b —0).
Furthermore, {vy;} is an orthonormal system, ||vinllownr = 1, &k = 1,..., M. With v =

rq/Ra, we have

'(¢1i/,)\_k sinh <\/7y> ' < (I61llo + <R2) sinh(\/\/lngy)

which results from the facts that

(1.6, V)00l < [|P1ll0.a < |P1ll0.0 + R0
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and, since the eigenvalues are all positive and ordered in magnitude, and using (3.10)

sinh(\//\_ky)' . sinh(vAyy)  sinh(y/Ry/roe M)
VK h VAL S \/Ta)Ram '

Now, Lemma 5.2 ensures that

h
'% sinh (V) — % sinh (A
k k,h

for sufficiently small h. Altogether, we come to the result that

Hu:(7y) o ush HOah = {<H¢1H0a +eR, )Slnh \/\/:Mﬂ-y é} h

Hvk hHOah éh

which proves (5.22) with
C = max (||¢1l0,0 + Rar C, 1).
O
We cannot compare u with uf, because the first is a continuous function w.r.t. r and
the latter is a grid function. We can either estimate ||u" —uf , [lo,a,n Or We have to extend u? ),
to a continuous function u?, in z and measure [[u —uZ ,|lo.q,- To estimate the grid functions,
we need a discrete analog of the stability estimate proved in Theorem 3.1. This is very likely
available by means of the same techniques as in [30] but is beyond the scope of this study.
We therefore use the second approach and the discrete line method approximation v, (cf.
(5.13)) will be extended to a function for all z € [0, 1] by extending the discrete eigenfunctions
vk, 5, to functions vy, € C?[0,1]. Without proof we state that this can be done by a polynomial
such that
lor — Trllow = O (\/E) L k=1,...,M. (5.23)

Note that compared to (4.10) we loose the power h'/2. With 75, the extension u?, is given
by

(2 U n)o.ah :
ut(x,y) Ten(x )smh< )\k.,hy> . (5.24)
e ; vV Ak
Now we are able to estimate u —uZ, w.r.t. |- [loo. When we use (5.21), (5.22) and the same

techniques as in the proof of Theorem 5.4 with (5.23) instead of (4.10), we obtain

M "L R, sinh(y/1/yMmy) sinh(y/1/yMmy)
)) + e+ MVh e }

Y agc )] [
o=z llo { (exp(ﬁMﬂL VT M

where the constant C' can be chosen uniformly for all y € (0, L].
Our final aim is to choose M and h depending on ¢ such that the total error converges
to zero when ¢ — 0.

(5.25)

Theorem 5.5. Let the assumptions of Lemma 5.3 be fulfilled and let the extensions vy,

satisfy (5.23). Then for
= [ In(1/e) w and h < €7, (5.26)

7L/ Ry/T4
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with [x] = min{n € Z | n > z}, x € R the following error estimate holds (with v = r,/R,):

=T (ol <O{B( TR 4 ) B e <)
(5.27)

where y € (0, L.
Proof. With the choice of M in (5.26) we obtain (with v =r,/R,)

In(1/e) CM< In(1/e) In(1/¢) lnl

< —= , MrmL ,
LV B VA AR R Gy~

and

(socm) < (i Vewomam) - G +)

For the second term in (5.25), we use

s (Vi7M ) < exp (VT ) < oo (VI (2L 1)) =

e (1n () 4 ) o (VIim) = = exp (VI ) (5.28)

esinh(y/1/yMny) - eV exp(\/1/y7y)
VIMm N In(1/e)v+ '
For the third term in (5.25), we first assume € < 1/e and obtain 1 < In(1/¢). Further,
from 0 < ¢ < 1 we get ¢ < e'¥/% and, using the second condition in (5.26)

(5.28)
M~Vhy~'7~'sinh <\/ 1/7M7Ty) < MetvFexp <\/ 1/v7ry) (ym) 7t <

- €XD <\/77ry> - WL( + %) < Cet¥En(1/e).

Altogether, estimate (5.27) is proved. O

and obtain

6. Numerical examples

In this final section, the computational results for two model examples of Cauchy problems
are presented. The first one is Hadamard’s example and the second one includes a variable
coefficient functional a(-). In our tests, the optimal M is rather small (2 or 4). The optimal
M depends, as shown theoretically, on the magnitude of the data errors and also on the
solution itself. Also the influence of the grid size on the regularization parameter has been
studied for the second example. The rounding error analysis of the underlying algorithms
is not a subject of this paper; rounding errors lead to highly nonlinear relations which are
difficult to analyze even for simple problems (see, e.g., [36]).

In [5] we have presented a numerical solution of the Hadamard example (cf. the end of
section 2) in the constant coefficient case for m = 4 with noise e = 1072 and various discreti-
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zation parameters h. In the present paper, we give some more computational results for the
Hadamard example to verify experimentally that the choice of M in (5.26) is appropriate
indeed. As a second example, we consider problem (1.1) with

a(r) =142z, z€]l0,1], (6.1)
and the solution u(x,y) = 2% + y?; in this case, f = 6z + 4. As mentioned in Section 1, we
split this problem into a direct one and an ill-posed Cauchy problem:

v
dy

where L, denotes the differential operator on the right-hand side of (1.1).
Example 6.1 (Hadamard’s example). For m € N the solution is

Lov=0in Q=[0,1]x[0,1], v=0 on 33UXUX;, (x,0) = =(1+x) on %, (6.2)

sin(max) sin(mmy)

(u :)um(x,y): ’ 0<$7y<17

m2m?
where the Cauchy data are given by

(uly-o)f1 = 0, (g_y

Figures 6.1 and 6.2 show the exact data as well as perturbed data with € = 0.1 together
with the data projected onto the space D), with M = 2 and M = 4, respectively, The
perturbations are obtained by adding at each grid point a randomly distributed function with
values in [—1, 1] multiplied by ¢ = 0.1. For Hadamard’s example with M = 2, obviously
M = 2 is the best choice, which is clearly shown in Fig. 6.1 and 6.2. Figures 6.3-6.6
demonstrate that the choice of M is essential for the quality of the approximation. According
to (5.26), the optimal M should be chosen as M ~ In(1/¢). Thus M = 2 is the best choice
for perturbations of the magnitude ¢ = 1072 (see Fig. 6.3 and 6.4). M = 4 is certainly
a wrong choice for such perturbations (see Fig. 6.5), while it is a good choice when the
perturbations are of magnitude ¢ = 10™* (see Fig. 6.6).

Example 6.2 (Polynomial example (6.1), (6.2)). Figures 6.7 and 6.8 demonstrate very
clearly how the magnitude of the perturbation £ and the grid width A in connection with
the dimension M of the space D), of the approximate solutions influence the quality of the
approximations.

In Fig. 6.7, the data error caused by the perturbation € obviously dominates over the
other contributions to the total error. Since ¢ is of the same magnitude as the data them-
selves, it is not surprising that the total error is relatively large even with small h's. To get
better results, we have to provide more precise data, as is shown in Fig. 6.8 for e = 1073, In
this context, it makes sense to use smaller h's as well, which also clearly follows from Fig.
6.8.

Since this problem has to be split into a direct one and an ill-posed Cauchy problem with
f=0and f; = 0,7 = 1,2, 3, the direct problem has to be solved numerically by the same
line approximation method as the inverse one. To this end, we use a step width A > 0 in
the z-interval which has to be chosen small enough in order that the discretization error of
the direct problem remains small compared to the error of the inverse problem. The figures
for this example give also the size of h.

Figures 6.9 and 6.10 show the same example for ¢ = 1072, M = 2. Figure 6.9 demon-
strated that for h = 1/50 the discretization of the direct problem dominates over the total
error which can be improved by choosing h = 1/200 (see Fig. 6.10).

mim

» :) o1 = L sin(mmx).
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03 T T T T T T T T T

— exact data

-+ perturbed data (eps=0.1)
—o— projected data (M=2)

04 I I I I ! ! ! ! !
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Fig. 6.1. Data ¢; (from Hadamard Example) at y = 0 projected onto Dy, with
e=0.1,h=1/100,m =2, M =2
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+ . -+ perturbed data (eps=0.1)
" —o— projected data (M=4)

04 I I I I ! ! ! ! !
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Fig. 6.2. Same as Fig. 6.1 with M =4
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Fig. 6.3. Solution and line method approximations of Hadamard Example at y = 1
for e = 0.1, m = 2, M = 2 and different h’'s
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Fig. 6.4. Same as Fig. 6.3 with ¢ = 1072
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Fig. 6.5. Solution and line method approximations of Hadamard Example at

-6

-8

0.1 0.2

0.3

0.4
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Fig. 6.6. Same as Fig. 6.5 with e = 107* (Note: ¢ ~ 1/ exp M)
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25 T T T T T T T

T
exact solution
-+ approximation with h=1/20
—o— approximation with h=1/50

--= - gpproximation with h=1/100

+.

+

0 | | 1 1 1 | | | 1

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

Fig. 6.7. Solution v = 22 + y? and line method approximations in the case of
a(z)=z+1laty=1fore=10"1, M =2, different h’s (and h = 1/200)
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Fig. 6.8. Same as Fig. 6.7 with ¢ = 1073
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2 T T T T T T T T T
exact solution f
-+ approximation with h=1/20
19} —o— approximation with h=1/50 H
--= - approximation with h=1/100
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Fig. 6.9. Exact and approximate solutions at y = 1 for h = 1/50, M =2, ¢ = 1073
and different h's
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Fig. 6.10. Same as Fig. 6.9 with h = 1/200
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