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Five Classical Puzzles

"Vacancy in a schedule" uses a doctor's appointment to drive home the real exis-
tence of nonphysical, nonmental, nontranscendental entities. "Creating/discov-
ering" is a new solution to the old dilemma, based on real math-talk. The other
sections develop related ramifications of the humanist philosophy of mathematics.

Vacancy in a Schedule

I phone Dr. Caldwell for an appointment. He's booked way ahead, but his
receptionist finds me an opening.

It's fortunate that the opening in Caldwell's schedule exists. That existence
may mean he'll see me in time to detect a life-threatening illness.

The opening in his schedule can't be weighed, or measured, or analyzed
chemically. It's not a physical object. The suggestion is absurd.

Is it a mental object? A thought in the receptionist's mind/brain? No. If she
overlooked it, the opening would still be "there." A thought in Dr. Caldwell's
mind/brain? No. When you ask about his schedule, he asks the receptionist.

The opening in Dr. Caldwell's schedule really exists. It's definite; it's recog-
nizable. It has the right to be called "an object." But neither physical, mental,
nor transcendental object.

It exists in a web of social arrangements, which includes doctor, receptionist,
and patients. It's a social-cultural-historic object, and real as can be.

Creating-Discovering

Is mathematics created or discovered? This old chestnut has been argued for-
ever. The argument is a front in the eternal battle between Platonists and anti-
Platonists.
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Platonists think mathematical entities can't be created. They already exist,
whether we know them or not. We can discover them, but we can't create what's
already there.

Formalists and intuitionists, on the contrary, know that mathematics is cre-
ated by people (mainly mathematicians). It can't be discovered, because noth-
ing's there to discover until we create it.

Each position is internally consistent. They seem incompatible.
Let's not replow this well-trodden ground. Instead, let's listen impartially for

"create" and "discover" in nonphilosophical mathematical conversation. Why do
both words—"create" and "discover"—seem plausible?

Think about some simple school problem.
"Find the area of a polygon, with vertices such and such and such."
Each student chooses her own method to get the area. Yet their different

methods must all yield the same number. If someone gets a different answer, he
made a mistake. After the mistakes are found and corrected (and any new mis-
takes made in the correction process also corrected), the whole class ends up
with the same number.

This is the canonical, paradigmatic, fundamental experience of mathematical
problem solving. That's why we say, "discover." We're not free to answer
according to our fancy! The answer is the answer, like it or not. So we're con-
vinced the answer is somewhere there.

If a problem is clearly and definitely formulated, we take it for granted that it
has a solution.

(Sometimes the solution is a proof that no solution of the sought-for type is
possible.)

When we solve the problem, we say the solution is "found" or "discovered."
Not created—because the solution was already determined by the statement of
the problem, and the known properties of the mathematical objects on which
the solution depends.

The curvature of a circle of radius 7 is completely determined by the notion
of "circle" and the notion of "curvature." We know there's a unique answer
before we know it's 1 / 7.

When a problem is solved, the solution is brought from below the surface. It
moves from the implicit to the explicit, from the hidden to the accessible. Before
being discovered or wwcovered, it lay hidden, like an image on exposed, undevel-
oped photographic film. Once it's found—developed—we see where it lay hidden
in the known mathematical context. And everybody agrees, this is the solution.

But solving well-stated problems isn't the only way mathematics advances. We
must also invent concepts and create theories. Indeed, our greatest praise goes to
those like Gauss, Riemann, Euler, who created new fields of mathematics.

A well-known classification of mathematicians is problem-solvers and theory
builders. When speaking of a theory—Galois's theory of algebraic number fields,
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Cantor's theory of infinite sets, Robinson's theory of nonstandard analysis,
Schwartz's theory of generalized functions—we don't say it was "discovered."
The theory is in part predetermined by existing knowledge, and in part a free
creation of its inventor. We perceive an intellectual leap, as in a great novel or a
great symphony.

In the 1930s and 1940s a need was recognized for a generalized calculus that
would include singular functions like Dirac's delta function** (see "Change" in
this chapter). Theories of generalized functions were created by Solomon
Bochner, Sobolev, and Kurt Friedrichs. Meant to serve similar purposes, they
were not identical in the way that different answers to a calculus problem are
identical. Sobolev spaces and the "distribution theory" of Laurent Schwartz won
general acceptance.

When several mathematicians solve a well-stated problem, their answers
are identical. They all discover that answer. But when they create theories to ful-
fill some need, their theories aren't identical. They create different theories.

Such was the case with Gibbs's vector analysis versus Hamilton's quaternions
(see section on change).

The distinction between inventing and discovering is the distinction between
two kinds of mathematical advance. Discovering seems to be completely deter-
mined. Inventing seems to come from an idea that just wasn't there before its
inventor thought of it. But then, after you invent a new theory, you must dis-
cover its properties, by solving precisely formulated mathematical questions. So
inventing leads to discovering.

Invention doesn't happen only in theory-building. In a well-stated problem,
the answers must be the same, but the methods of different problem-solvers may
be different. It may be necessary to do something new, to bring in some new
trick. You may have to invent a new trick to discover the solution. Again, invent-
ing is part of discovering.

Maybe your new trick will help other people to solve their problems. Then it
will receive a name, and be studied for its own sake. To discover its properties,
inventing still other new tricks may be necessary.

For example, Fourier invented Fourier analysis to solve the linear equations of
heat and vibration. Then some natural-seeming questions about Fourier series
turned out to be very difficult. So Fourier analysis became a field of research on its
own. The needs of Fourier analysis (and other parts of mathematics) led to infinite-
dimensional linear spaces (Hilbert space and spaces of generalized functions).
These new spaces themselves are now big fields of research, which need new ideas
in linear operator theory and functional analysis. And so on, and on, and on.

Were the natural numbers 1, 2, 3 . . . discovered or invented? One can't help
recalling the diktat of Ludwig Kronecker: "The integers were created by God; all
else is the work of man." Since Kronecker was a believer, it's possible he meant
this literally. But when mathematicians quote it nowadays, "God" is a figure of
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speech. We interpret it to mean: "The integers are discovered, all else is
invented." Such a statement is an avowal of Platonism, at least as regards the
integers or the natural numbers.

How do I as a humanist answer it?
I recall the distinction between Counting Numbers—adjectives applied to

collections of physical objects—and pure numbers—objects, ideas in the shared
consciousness of a portion of humanity. (See Chapter 1, "A Way Out.")

Counting numbers are discovered. Pure numbers were invented.
Is mathematics created or discovered? Both, in a dialectical interaction and

alternation. This is not a compromise; it is a reinterpretation and synthesis.

Finite/Infinite

All the numbers calculated since the formation of the earth are less than
10(10(10l0)) (or some higher iterate of iterates.) In other words, they're all finite.

Yet mathematics is full of the infinite. The line R1 is infinite; the space R3 is
infinite; N, the set of natural numbers, is infinite. There are infinitely many infi-
nite series. There are points "at infinity" on the real line, in the complex plane,
in projective space, and, of course, Cantor's hierarchies of infinite sets, infinite
ordinal numbers, infinite cardinal numbers.

Where do these infinites come from? Not from observation and not from
physical experience. If you don't believe in a separate spiritual or transcendental
universe, they must be born in human mind/brains.

Poincare said arithmetic is based on "the mind's" conviction that what it has
done once, it can do again. You needn't search far to find minds holding no such
conviction. That "conviction" is trivially false. Any thought or action can be
repeated only finitely many times. The person (or animal or machine) that's
repeating the thought or action will wear out or die.

The brain is a finite object. It can't contain anything infinite. But we do have
ideas of the infinite. It's not the infinite that our mind/brains generate, but
notions of the infinite.

Logic doesn't force us to bring infinity into mathematics. Euclid had finite
line segments, never an infinite line.

In set theory it's the axiom of infinity that provides an infinite set. Without
adopting that axiom, Frege and Russell would have had only finite sets.

Sometimes we consciously exclude the infinite. A convergent infinite series is
interpreted as a sequence of finite partial sums. We still cull the series infinite, but
we're really interested in the finite partial sums. Yet the "meaningless" intuition of
summing infinitely many terms is still the core meaning of "infinite series."

People ask what kind of mathematics would be produced by an alien intelli-
gence (big green critters from Sirius). Maybe they would have no infinity, since it
comes out of our heads, not from physical reality.
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The Hungarian logician Rozsa Peter wrote a survey of mathematics called Play-
ing with Infinity. For her, playing with infinity was the essence of mathematics.

Donald Knuth is an accomplished mathematician and a world champion
computer scientist. His Art ofComputer Programming is called a "bible." Knuth
makes vivid a point often scored against constructivists or intuitionists. From
Brouwer to Bishop, they can't stomach infinite sets as completed objects, yet
they balk at no finite set, no matter how huge. Knuth shows us finite sets so vast
that they're just as obscure as the infinite.

The reader may have noticed that nearly all finite sets are vast and huge. To
check this obvious fact, just pick a huge number, call it M. How many sets are
smaller than M? Very many, but still, finitely many. How many sets are bigger
than M? Infinitely many. Infinitely many is way more than finitely many, so nearly
all finite sets are bigger than M, no matter how big M may be. If you pick a finite
set at random, it's almost sure to be bigger than M, no matter how big M might
be. Its finitude is small comfort.

In fact, infinite sets are often brought in because they're simpler than the
given finite sets. Integrating is usually simpler than summing a huge finite num-
ber of terms. Differential equations are usually easier than the corresponding
finite difference equations.

Moral: If you allow #//finite sets, you have no excuse to refuse the infinite.
The infinite is unintuitive and metaphysical? So are nearly all finite sets. If you
want all math to be concrete and intuitive, stick with small finite numbers and
small finite sets.

How small? Hard to say, because if n is small, so's n + 1. There's no sharp
line between small and large, no smallest big number or biggest small number.
You could use the M you just picked, and increase Peano's five axioms of arith-
metic** by a sixth:

"For all n in N, n < M or n = M."

Sad to say, this set of six axioms is inconsistent. To restore consistency, you
could modify the first five. For instance,

"If M/2 < A < M, then A + A is out of bounds."

Redefine A -I- A any way you please, or leave it undefined (it doesn't "exist").
Either way, the old arithmetic is out the window. Perhaps we're better off with
our infinite number system.

The huge mystery of infinity is an artifact of Platonism. In some transcenden-
tal realm, do infinite sets exist? This is the wrong question. Number systems are
invented for the convenience of human beings. The appropriate questions about
infinity are:

Is it good for anything?
Is it interesting?
Mathematicians have long since answered, yes!
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Object/Process

This section strays far from the philosophy of mathematics. In the end it returns
to the main subject, with an insight picked up along the way.

Frege said numbers are abstract objects. Plato's Ideas, including numbers,
were objects of some sort. But intuitionists and formalists deny that numbers are
objects.

Kreisel and Putnam say what's needed aren't objects, but objectivity: Num-
bers are objective. We needn't trouble whether they're objects.

Some people say, "Numbers exist, that's plain as the chair I'm sitting on."
Others say, "It's obvious that numbers don't exist in the sense that this chair

exists."
The two statements aren't contradictory. Both are true.
If I have no prior explication of "exist," my knowledge of numbers isn't

increased if you tell me they exist or don't exist. In his great polemic on the
foundations of arithmetic, Frege refrains from explaining the meaning of "exist"
or the meaning of "object."

Is a cloud an object? Sort of yes.
A roaring fire on the prairie? No, more like a process.
My grandchild's temper fit? Definitely a process. 10(1°10)? An object a la Frege,

or just "something objective" a la Kreisel-Putnam?
Does "object" mean "something like a rock"? Something with definite shape

and volume? Then only solids would be objects. Melt a piece of ice, and you
turn object into nonobject. So stringent an objecthood is too special, too tran-
sient, too conditional for philosophy.

Sometimes "object" seems to mean any physical entity, with volume and
shape or without. Then atoms are objects. So are electrons, photons, and quarks.
But at this level, the distinction between object and process vanishes. Depending
on how they're observed, electrons, protons, and photons have particle-like
(object) or wavelike (process) behavior.

A wider meaning of "object" is, "independent of my consciousness." Maybe
this is what Kreisel-Putnam mean by objective. Does it mean independent of
anyone's consciousness?

Are you and I objects to each other, but subjects to ourselves? Are
we both just objects? Both just subjects? Or objective subjects? Subjective
objects?

A related meaning of "object" is, "anything that can affect me." Such a def-
inition was used by Paul Benacerraf in a widely referenced paper. A tree could
affect me if I drove into it, and a germ could affect me by giving me the snif-
fles. An attack of paranoia could make me very sick. Would that attack be an
object?

Still another meaning is by opposition to "process." " 'Object' is noun,
'process' is verb. Object acts or is acted on. Process is the action."
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In all these explications, objects are independent of individual consciousness.
They have relatively permanent qualities. They can be observed or experienced
by anyone with the appropriate sense organ, the appropriate training of eye and
brain, the appropriate scientific instrument.

Niagara Falls is an example of the dialectic interplay of object and process.
Niagara Falls is the outlet of Lake Ontario. It's been there for thousands of
years. It's popular for honeymoons. To a travel agent, it's an object.

But from the viewpoint of a droplet passing through, it's a process, an
adventure:

over the cliff!
fall free!
hit bottom!
flow on!

Seen in the large, an object; felt in the small, a process. (Prof. Robert Thomas
informs me that the Falls move a few feet or so, roughly every thousand years.)

Movies show vividly two opposite transformations:

A. Speeding up time turns an object into a process.
B. Slowing down time turns a process into an object.

To accomplish (A), use time-lapse photography. Set your camera in a quiet
meadow. Take a picture every half hour. Compose those stills into a movie.

Plant stalks leap out of the ground, blossom, and fall away!
Clouds fly past at hurricane speed!
Seasons come and go in a quarter of an hour!
Speeding up time transforms meadow-object to meadow-process.

To accomplish (B), use high-speed photography to freeze the instant.
A milk drop splashed on a table is transformed to a diadem—a circlet carry-

ing spikes, topped by tiny spheres. By slowing down time, splash-process is
transformed to splash-object.

A human body is ordinarily a recognizable, well-defined object. But physiolo-
gists tell us our tissues are flowing rivers. The molecules pass in and out of flesh
and bone. Your friend returns after a year's absence. You recognize her, yet no
particle of her now was in her when she left. Large-scale, object—small-scale,
process.

In the social-cultural-historic domain, the continuity between object and
process is blatant, even though some institutions, beliefs, and practices seem
eternal. All institutions change. If they change slowly, over centuries—slavery,
piracy, royalty, private property, female subjection—they are thought of as
objects. If they change daily—clothing fashions, stock market prices, opinion
polls—they are thought of as processes.
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A nation defends or alters borders, signs treaties, makes war. It claims to be an
object. Yet it's also a horde of individual persons being born, dying, immigrat-
ing, and emigrating. A few individuals decide the fate of nations, and nations
decide the fate of many individuals. A nation is like a waterfall: an object in the
large, a process in the small.

In computing machines, the difference between object (hardware) and
process (software) is almost arbitrary. The designer decides which functions to
embody in hardware, which in software.

Some features of mind/brain are object-like, life-long. Some change by the
minute. A psychotherapist tries to overcome a patient's belief that his neurotic
symptom is an object. A step toward cure is convincing him that it is a process.

Before Galileo turned his telescope to the sun, philosophy thought earth was
change and process, and the sun was a changeless object. We learned that the
"changeless" sun is a bonfire. In time it must fade and die, or explode. The dead
moon too had a birth and a history.

For the geologist, using a long time scale, earth is a process. Looking at the
huge earth from a short distance, we ordinarily don't see it as a whole, as an
object. But when astronauts stood on the moon, they saw earth from a long dis-
tance for a short time. They saw an object.

In Einstein's equation

where m is mass: object, and E is energy: process; and c is the speed of light in
vacuum. (This tremendous number must be squared!.)

This equation tells how at Hiroshima and Nagasaki mass-object-bombs trans-
formed into energy-process holocausts. In stars as in nuclear explosions, mass is
converted to energy. It's equally sensible or senseless to say a star is an object or
a process.

When Edwin Hubble photographed his red shift, and later when Arno Pen-
zias picked up his 15 billion year-old echo, we learned that the cosmos passes
through history, from a Big Bang to a Big Crunch or a Cold Death. Cosmology
became historical, like biology and geology.

Presently, elementary particles called hadrons and bosons seem to compose
the universe. But those particles exist only during one stage of cosmic evolution,
when the configuration of the Cosmos as a whole permits that existence. Physics
itself takes on a historical, evolutionary aspect.

High-speed and time-lapse photography show that the object-process polari-
ties are ends of a continuum. Any phenomenon is seen as an object or a process,
depending on the scale of time, the scale of distance, and human purposes. Con-
sider nine different time-scales—astronomical time, geologic time, evolutionary
time, historic time, human lifetime, daily time, firing-squad time, switching time
for a microchip, unstable particle lifetime.
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A smaller scale in space, or speeding up time, turns an object into a process. A
larger scale in space, or slowing down time, turns a process into an object.

In brief, an object is a, slow process. A process is a speedy object.

What about mathematics? In mathematics don't we have "abstract objects,"
not located in time or space? Like "the" equilateral triangle? or "the" number 9?

From Pythagoras to Frege, philosophy gave mathematical objects an idyllic
existence, free of blemishes such as temporality, impermanence, and indefinite-
ness. They were thought to be absolutely still, free of any process properties.
Plato's Ideas were pure objects. Frege's abstract objects are the nineteenth cen-
tury version of Plato's Ideas. Instead of timeless, they're "tenseless."

The example of numbers and triangles is supposed to prove that "abstract
objects" exist. On the other hand, the puzzle about the mode of existence of
numbers and triangles is supposed to be solved by calling them "abstract objects."

What's the meaning of "abstract"? Abstract objects are not mental, not physi-
cal, not historical, not social or intersubjective.

How do I get acquainted with them? No answer.
We can see that mathematical objects aren't mental or physical. It would be

an over-polysyllabic tongue-twister to call them "nonmental-nonphysical
objects." So make an abbreviation: "abstract objects." A more honest name
would be "transcendental objects."

Nowhere in heaven or on earth is there a pure object, totally free of process
aspects—free of change.

Only in mathematics we think we have pure objects. There, it is thought, we
find nothing butpure objects. Infinitely many of them!

Could this thinking come from seeing mathematics in too short a time scale?
Wouldn't a view that encompassed centuries show mathematics evolving—a
process?

This book argues that mathematics is a social-historical-cultural phenome-
non, without need of anything abstract-Platonic-nonhuman, without need of
formalist or intuitionist reduction, but this view implies that mathematical
objects, like other objects, are also processes. They change, whether in plain
sight or too slowly to be noticed.

The next section takes the number 2 as a case study of a changing mathematical
object.

Change

From Pythagoras to us, 2 has changed, as surely as music has changed and reli-
gion has changed.

In some ways 2 has eroded; in many ways it has expanded.

1 + 2 = 3
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is true for us. It was true for Pythagoras. Yet his meaning wasn't identical with
ours. " 1 " was not just our 1. It also was God, unity. 2 was the female principle. 3
was the male principle.

was more than a rule of making change in the market. It was a religio-philosoph-
ical cosmic truth.

The Pythagoreans discovered: " VT" does not exist." That is to say, there's no
pair of whole numbers, p and q, such that

Today, the real numbers are available to help understand a natural number like 2.
Your calculator tells you V 2 is some close approximation to an irrational number

1.414213562 . . .

So now y/~2 exists, and consequently the meaning of 2 has changed.
Since Pythagoras mathematics has been regarded as unchanging and eternal.

always was and always must be 4. Euclid knew it, and so (hopefully) will our
descendants millennia hence. How can I claim that

isn't timeless?
First a small point. Euclid never saw the formula 2 + 2 = 4 . The symbols

"2," "4," " + ," and "="—and the practice of putting symbols together to make
formulas—were alien to his time.

But never mind the formula, let's stick to the facts. When Euclid went to
market, he knew that two oboli plus two oboli was worth four oboli. If we're
talking about "2" and "4" as adjectives modifying "oboli," and + and = as a
commercial operation and a commercial relation, we and Euclid agree, just as we
would agree that the sun rises in the East. But if we're talking about the nouns
"2" and "4"—meaning some sort of autonomous objects—and operations and
relations on them, there are differences between us and Euclid. (See the section
on Certainty in Chapter 4.)

2 is no longer only a counting (natural) number. Now it has an additive inverse, -2.
(It's an integer.)

2 is no longer isolated. Now it's a rational number. As such, an element in a
dense ordered set. 2 is now a point on the continuous number line.

2 is even a point in the complex plane, participating in analytic functions and
conformal maps.**
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2 has matured into a complex creature, with resonances, possibilities, and
connections of unfathomed subtlety.

And most remarkable—it has a pair of square roots—nonexistent for
Pythagoras and Euclid!

As we add new structures, we embed the old ones into them. It's more effi-
cient to make the natural numbers, the integers, the rational numbers, the real
numbers subsets of the complex numbers, rather than separate objects isomor-
phic to subsets of the complex numbers.

To appease any fussy formalists who join our conversation, we might try more
explicit notations: 2N for the natural number 2, 21 for the integer 2, 2Q for the
rational number 2, 2R for the real number 2, 2C for the complex number 2. But
no one working with 2 would bother with this. It would just slow you down.
What's the Platonist's alternative? Are there uncountably many undiscovered
twos still waiting to be discovered? Or is there and was there, already in Pythago-
ras's time, one majestic, unique, eternal 2, already an integer, already a rational
number, already a real number, already a complex number, and who knows what
else? These are fables you can believe if you want to.

As mathematics grows and changes, the numbers change.
Euclid had line segments and we have line segments, but they're not the

same. Euclid's is a simple thing. It has two endpoints and "lies evenly on itself."
Ours is a grand mystery, a set with an uncountable infinity of elements (points)
and subsets of undecidable sizes. It participates in the operations of algebra and
analysis, and is linked to an unfamiliar non-Euclidean cousin. Euclid knew what
he was talking about, but it wasn't quite what we talk about.

As mathematics grows and changes, geometry changes.
A more current example. Until the midtwentieth century, the "derivative" or

"slope" of a function at a point existed only if at that point the graph of the
function was smooth—had a definite direction, and no jumps. Now mathemati-
cians have adopted Laurent Schwartz's generalized functions.** Every function,
no matter how rough, has a derivative.

The Heaviside function H(t) consists of two pieces.
On the left, when t is less than 0, H(t) = 0 identically.
On the right, when t is greater than 0, H(t) = 1 identically.
When t = 0, H(t) jumps from 0 to 1.

Classically, H'(t), the slope of H(t), exists only for t greater than 0 and for t
less than 0. At those points the graph of H(t) is flat, and its slope H'(t) is 0.

At t = 0, where H(t) jumps, H'(t) is classically undefined. The derivative
doesn't exist there.

Nowadays there's a derivative for H(t) as a whole, including at the jump. It's
Dirac's "delta function,"** a gadget introduced by the physicist Paul Dirac. By
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the classical definition of function, the "delta function" isn't a function. We
ought to write, not "delta function," but delta "function."

Dirac's delta function is zero for all t except t = 0. When t = 0, it's infinite.
Its "graph" is an infinitely thin, infinitely high spike at t = 0. And the area under
this weird graph is 1!

Classically, this is nonsense. "Infinite" isn't a number. Dirac's spike would be
a "rectangle" with infinite height and thickness 0, so the "area" would be infin-
ity times 0. But infinity times 0 can be anything at all.

Why bother with such peculiar stuff? For Dirac, it came in handy in quantum
mechanical calculation. But it's also a model for some ordinary physics. Slam a ping-
pong ball with your paddle. Its speed goes instantly from 0 to 1. As a function of
time, its speed is a Heaviside function. Its acceleration is Dirac's delta function!

The meaning of differentiation has changed. Newton and Leibniz's differen-
tiation operator has become something more general. Our generalized differen-
tiation includes the old differentiation, and it's much more powerful.

As mathematics grows and changes, functions and operators change.
A familiar cliche says that while other sciences throw away old theories, math-

ematics throws away nothing. But the old mathematics isn't preserved intact.
Mathematics is intensely interconnected and self-interactive. The new is vitally
linked to the old. The old is revitalized, enriched, and complexified by interac-
tion with the new.

An excerpt from Mary Tiles (p. 151):

The introduction of ideal elements does not leave the pre-existing
domain fixed. The conception of number as the measure of a magni-
tude is what militates against the admission of either 0 or negative
numbers as numbers. If they are admitted as ideal elements, to com-
plete the system, then they have no interpretation as proper numbers
(magnitudes.) But as they come to form a single representation sys-
tem with the positive numbers, they come to have applications. The
result is that the concept of number itself is no longer tied to that of
magnitude. In this sense even the finitary significance of numbers
has not, historically, been without change. Peano's axiomatization of
the natural number system, making it essentially a system of entities
generated from 0 by repeated application of the successor operation,
again opens up a pathway to the field of recursive function theory,
the theory of algorithms and the whole modern computational life
of the number system. Computation as understood by this route is
not what it was before those developments. . . . What emerges is not
a static picture of a set of entities on the one hand with a determi-
nate and fixed set of reasoning procedures which can, once and for
all, be characterized and certified as reliable.
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Nonexist/Exist

There are different kinds of existence. There are also different kinds of nonexis-
tence. Speaking of Pegasus, the beautiful winged horse of Greek legend, I can say

There's no such myth (false).
There's no such physical object (true).
There's no such entity in biology (true).
There's no such thought in my mind (false).

In mathematics, nonexistence usually is a matter of impossibility.
"A solution to this problem does not exist" means "It's impossible to solve

this problem."
Often nonexistence of one thing is equivalent to existence of another thing.

Euclid proves there's no largest prime number—no prime number greater than
all other primes. Nonexistence! Today the usual statement of this fact is: "There
exist infinitely many primes." Infinite existence!

Back in the early Stone Age when we couldn't count past 20, 20 was an upper
bound of our number system. Some easy questions were hard. Like,

15 + 15 = ?

We overcame this difficulty and enlarged the number system. We reached our
system of natural numbers, which has no upper bound. First-graders today know
you can go on counting forever. And we can write

In imagination we can add any two numbers, no matter how big. For this
enlargement we pay a penalty. Problems arise that couldn't be imagined in a sys-
tem bounded by 20. We have a number system which is ultimately unknowable.

Two old conjectures we can't prove or disprove are: "Every even number is
the sum of two primes" (Goldbach); and "There are infinitely many prime pairs"

We enlarge a mathematical system to make it simpler in some sense, and we
thereby create worse complications in some other senses. The new complications
generate new problems, which drive us to enlarge the system still further.

Mathematics is the only science in which "exist" is a technical term. Con-
tention about mathematics between philosophical schools is mainly about exis-
tence of mathematical objects. An advanced mathematics graduate student can
tell whether, in her specialty, existence has been proved. But what is meant by
existence? In what sense does something exist?

Two kinds of mathematical existence are sometimes distinguished—con-
structive and indirect. Constructive existence means that the object is gotten
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from known objects by a finite number of steps, or within arbitrarily small error
by a finite number of steps.

To "construct" the rationals, I say, "Consider the set of ordered pairs (a b),
etc." Voila! The rationals have been constructed!**

Step back from the math for a moment. Isn't this amazing? We've actually
constructed infinitely many distinct entities, in a few minutes of pencil-pushing,
at little effort, and no expense! Isn't there something strange about that?

On the other hand, most people think all these numbers existed way back in
time, long before we started this conversation. If that's so, have we constructed
anything?

Yet this kind of "construction" is considered straightforward. There is contro-
versy about indirect proof, in which you prove "A must be true" by proving "not-
A is impossible." Indirect proofs accepted by classical mathematicians are rejected
by intuitionists and construcrivists. (See Brouwer and Bishop in Chapter 9, and
"Finite/Infinite" above.)

How Mathematics Grows

Predicting the growth of mathematics would require knowing what mathemati-
cians are trying to do, not just what they have done so far. A judgment on
whether their goals are attainable would help prediction. In 1900 David Hilbert
laid 23 problems before the mathematical world. One could have tried to guess
which problems would be attractive and approachable, and thereby made a
short-term prediction about future mathematics.

A deeper attack on the prediction problem would look, not only at what
mathematicians have done recently, and what they're now attempting, but at
what the present state of mathematical knowledge naturally calls for—what we
should be trying to do. That's what Hilbert did to make his list of problems.
Because he presented it in 1900 at an International Congress, and because he
was David Hilbert, it was a self-fulfilling prophecy.

Some mathematicians say that if history started all over, mathematics would
evolve into much the same thing, in much the same order. The opportunities
and questions arising from what we know decide what advances we make, what
we'll know next year. Igor Shafarevich, a Russian mystic and anti-Semitic alge-
braic geometer, says mathematicians don't make mathematics, they're instru-
ments for mathematics to make itself. This strange-sounding theory is supported
by many instances of repeated or simultaneous discovery.

Desargues discovered projective geometry in the seventeenth century. In the
shadow of the analytic geometry of Fermat and Descartes it was overlooked and
forgotten. In the nineteenth century Monge and Poncelet rediscovered it.

Gauss discovered Abelian integrals before Abel and the method of least
squares before Legendre.
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The "Argand diagram" of complex numbers was found by Caspar Wessel
before Argand, by Gauss after Argand, and by Euler before any of them.

The Ascoli theorem of the 1920s became the Arzela-Ascoli theorem when it
was found in a paper Arzela had published 39 years before Ascoli.

Polya's counting formula was published by Redfield 30 years before Polya.
Jesse Douglas and Tibor Rado had a priority quarrel about the Plateau prob-

lem.
And so on.
These examples suggest that mathematical discoveries force themselves on

mathematicians. Mathematics unfolds, like a flower opening, or a tree plunging
roots deeper and crown higher.

Michael Dummett said that mathematics grows as if it moved on rails pro-
jecting a little way into the future. This means short-run prediction can work,
long-run prediction can't. I distinguish two kinds of "rails" into the future of
mathematics. One kind is solving problems already recognized and stated.
(One kind of "solution" would be a proof that the problem is unsolvable.)
Since these problems are under attack today, their solutions, though yet
unknown, are already determined. Once a problem is solved, we see how the
shape of the solution was predetermined by the statement of the problem. This
kind of rail is rigid but not long—few problems stay unsolved more than a few
dozen years.

Dummett's idea of rails that go only a little way forward is an appealing
metaphor. How seriously can we take it? What are the rails? How far do they go?
Some people talk as if math is already determined forever by the axioms of set
theory—because all theorems are in principle already determined by the axioms
and rules of inference. But the mathematics that will ever be known and used is a
tiny fraction of all the "in principle" consequences. Real-life mathematics can
only include consequences that somebody thought useful or interesting. To
what extent do notions of useful or interesting endure? (v. Polanyi). Some theo-
ries lose interest. New ideas appear unexpectedly.

A different kind of "rail" is created by unrecognized potentialities of what we
know. The whole theory of analytic functions was predetermined when six-
teenth-century algebraists introduced the square root o f - 1 . Some of today's
familiar concepts are pregnant with beautiful developments, which will seem
inevitable once we notice them.

New theories allow more individual leeway than solutions of explicitly stated
problems. They're less rigid but stick further into the future.

Mathematics is made of theories in the first place, of objects only secondarily.
We study the theory of numbers, not numbers per se. The theory of distributions
was created by Laurent Schwartz in the 1930s. A Platonist would say Schwartz's
distributions always existed in the set theoretic universe. It's more interesting to
see how aspects of his theory were foreshadowed, for example, by Hadamard's
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"finite part" of a divergent integral. Saying distributions already existed in an
abstract set universe "somewhere" is of little interest to mathematicians.

We have to distinguish two senses of "exist"—potential and actual. The
statue of David already existed potentially. Michelangelo gave it actual existence.
The passage from potential to actual is the interesting event.

The distinction between potential and actual existence isn't limited to mathe-
matics. It arises whenever you consider the future. Possible futures have poten-
tial existence. Some will be realized, many will not. Whatever is ultimately
actualized must already have been possible (potential). Related notions are com-
mon in physics, biology, and political science.

In Mathematical Notes and Comments, in the section on "Imaginary Becomes
Reality," we give examples of one way mathematics grows—by creating new
entities or theories, to make unsolvable problems solvable.

Is the philosophy of mathematics concerned with potential existence or actual
existence? Frege and Godel, and set-theoretic Platonists in general, seem to
think of the potential as if it were already actual.

Before Socrates, Parmenides taught that whatever isn't contradictory already
exists. Brouwer's intuitionism, on the other hand, defines mathematics as the
thinking of the Creative Mathematician. It focuses on the actual. One could class
many formalists with intuitionists in this respect. The present work emphasizes
both the distinction and the connection between potential and actual. Mathe-
matical discovery or creation is transformation of potential to actual.


