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with good reason that the systems of mathematics are all right it is necessary for
the details of these structures to be looked at with care and for demonstrations
to be given that, with those structures, consistency is present.

"This last point and the fears and troubled mind that we have been talking
about in these lines have been and are common among workers in what is
named 'the foundations of mathematics,' that is, axiom systems of logic-dasses-
and-arithmetic. However, some persons, with whom the present writer is in
agreement, have a different opinion. They would say the well being of mathe-
matics is not dependent on its 'foundations.' The value of mathematics is in the
fruits of its branches more than in its 'roots'; in the great number of surprising
and interesting theorems of algebra, analysis, geometry, topology, theory of
numbers and theory of chances more than in attempts to get a bit of arithmetic
or topology as simply a development of logic itself. They would say that the
name 'foundations of mathematics' is a bad one in so far as it sends a wrong
picture into one's mind of the relations between logic and higher mathematics.
Higher mathematics is not resting on logic or formed from logic. They would
say that the troubles in the theory of classes came from most special examples of
classes, and such classes are not used in higher mathematics. They would say
further that though to be certain of consistency is to be desired if such certain
knowledge is possible to us, a knowledge of the consistency of the theories of
mathematics that is probable is generally enough and the only sort of knowl-
edge of consistency that one does in fact generally have. And they would say
that such probable knowledge is well supported if the theories of mathematics
have been worked out much and opposite theorems in them have not come to
light. There is no suggestion in all this that Mathematical Logic is not an
important part of mathematics; the view put forward is that there is much more
to mathematics than Mathematical Logic is and might ever become. And there
is no suggestion that the questions of consistency and like questions, and dis-
covery of ways of answering them are not important; to no small degree Math-
ematical Logic now is as interesting and important as it is because of its interest
in such questions and answers."

Luitjens E. J. Brouwer (1882-1966)
An Angry Topologist

After logicism came intuitionism, the doctrine of the great Dutch topologist
L. E. J. Brouwer. The name intuitionism displays its descent from Kant's intu-
itionist theory of mathematical knowledge. Brouwer followed Kant in saying
that mathematics is founded on intuitive truths. Brouwer's impact came not only
from the force of his philosophy, but also from his wonderful discoveries in
topology, and from his dominating presence, which led some people to see him
as a leader.
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Here is the manifesto Brouwer called the FIRST ACT OF INTUITIONISM:
"Completely separating mathematics from mathematical language and hence from
the phenomena of language described by theoretical logic, recognizing that intu-
itionistic mathematics is an essentially languageless activity of the mind having its
origin in the perception of a move of time. This perception of a move of time may
be described as the falling apart of a life moment into two distinct things, one of
which gives way to the other, but is retained by memory. If the twoity thus born is
divested of all quality, [echo of Aritotles's 'abstraction'] it passes into the empty
form of the common substratum of all twoities. And it is this common substratum,
this empty form, which is the basic intuition of mathematics" (Brouwer, 1981).

According to Brouwer, the natural numbers are given by the fundamental
intuition of "a move in time." This intuition is the starting point for all mathe-
matics, and all mathematics must be based constructively on the natural numbers.
But the notion "constructive" cannot and need not be explained. Supposed
mathematical objects not constructively based on the natural numbers are not
meaningful. Their existence would not be established, even if it were shown that
assuming their nonexistence leads to a contradiction.

From the First Act flows the main dogma that separates intuitionistic mathe-
matics from ordinary "classical" mathematics: "The belief in the universal valid-
ity of the principle of the excluded third [excluded middle] in mathematics is
considered by the intuitionists as a phenomenon of the history of civilization of
the same kind as the former belief in the rationality of n, or in the rotation of
the firmament about the earth." Misapplication of the "Law of the Excluded
Middle" is the great evil in mathematics. Classical "true" and "false" should be
replaced by "constructively true," "constructively false," and "neither."

Before Brouwer, the French analysts Henri Poincare, Emile Borel, and Henri
Lebesgue had misgivings and disagreements with nonconstructive methods and
free use of infinite sets. (Brouwer called them pre-intuitionists.) But Brouwer's
demand to restructure analysis from the ground up went much further. To most
mathematicians it seemed excessive.

There is also the SECOND ACT OF INTUITIONISM: "Admitting two
ways of creating new mathematical entities: firstly in the shape of more or less
freely proceeding infinite sequences of mathematical entities previously acquired
(so that, for example, infinite decimal fractions having neither exact values nor
any guarantee of ever getting exact values are admitted; secondly, in the shape of
mathematical species, i.e. properties supposable for mathematical entities previ-
ously acquired, satisfying the condition that if they hold for a certain mathemat-
ical entity, they also hold for all mathematical entities which have been defined to
be 'equal' to it, definitions of equality having to satisfy the conditions of symme-
try, reflexivity and transitivity."

Brouwer's most famous contribution to topology was his "fixed point theo-
rem."** It's a powerful tool in classical and applied branches such as differential
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equations. But it isn't constructive. Nor is the rest of his great work in topology.
Ultimately he decided his own best work was wrong.

His interests went beyond mathematics. In youth he wrote a strange book
called Life, Art and Mysticism. His biographer, van Stigt, calls it "the manifesto
of an 'angry young man' rejecting and attacking all he sees at the surface of
human society." Some quotes from the book:

"Intellect has done mankind a devil's service by linking the two phantasies of
means and end . . . there are others (scientists) who do not know when to stop,
who keep on and on until they go mad. They grow bald, short-sighted and fat,
their stomachs stop working, and moaning with asthma and gastric trouble they
fancy that in this way equilibrium is within reach and almost reached. . . . So
much for science, the last flower and ossification of culture."

We present a famous example of Brouwer's intuitionism. It's about the law of
trichotomy, which says: "Every real number is either positive, negative, or zero."
Brouwer says the Law is false, and gives a counter-example—a real number that
is neither positive, negative, nor zero! Most mathematicians vehemently reject
this claim. His number is either zero, negative or positive, we say! We simply
don't know how to determine which it is.

Since there's hardly any mathematics that doesn't depend on the real num-
bers, the example shows that Platonism is intimately associated with the practice
of mathematics today.

To give the example, start with 71, the ratio of the circumference of a circle to
its diameter. From its decimal expansion we will shortly define a second number,
nA (read: "pi-hat"). The use of n in this construction is arbitrary. We could start
with almost any other irrational number. We need two properties: (1) as with TC,
the capacity to (in principle!) compute its decimal expansion as far out as we wish;
(2) some property of the expansion—for instance, appearance somewhere in it of
a sequence of 100 successive zeros—that is "accidental" in the sense that we
know no reason why this property is excluded or required by the definition of n.
To determine whether somewhere in the decimal expansion of n there is a row of
100 successive zeros, we have no recourse but to generate the decimal expansion
of 71. If there is such a row, eventually (!!!) we'll find it. If there isn't, we won't
know that's the case until we look at the complete infinite expansion—that is,
never!

Let P be the statement, "In the decimal expansion of rc, somewhere occurs a
sequence of 100 successive zeros." Let -P be the negation, "In the decimal
expansion of 7C, there's no sequence of 100 successive zeros."

What about the statement "Either P or - P " ? True or false? Is it true or false
that P is either true or false? Most folks say "True." The law of the excluded
middle (L.E.M.) says "True."

Brouwer says no! The law of the excluded middle doesn't apply. "The expan-
sion of TC" is a mythical beast. There's no such thing. The mistaken belief that
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either P or -P must be true comes from the delusion that the expansion of n
exists as a completed object. All that exists, however, all we know how to con-
struct, is a finite piece of this expansion.

The argument may seem a bit theological. Why does it matter?
In fact, if we give up our belief in the expansion of 7U, in the truth of either P

or -P, we must restructure all analysis.
We show how Brouwer disproved the law of trichotomy, one of the funda-

mental properties of the real numbers.
We define the new number nA, by a rule that successively determines the first

thousand, million, or hundred billion digits of the decimal expansion of 7tA.
That's all that's meant by "defining" a real number.

TCA looks a lot like n. In fact, it's the same as n in the first hundred, thousand,
even the first hundred thousand places. The rule is: expand n until you find a
row of 100 successive zeros (or until you reach the desired precision for 7tA,
whichever comes first). Up to the first run of 100 successive zeros, the expansion
of 7tA is identical to that of n. Suppose the first run of 100 successive zeros starts
in the 93d place. Then 7tA terminates with its 93d digit. This makes TUA less than
n. If the first run of 100 successive zeroes starts in the 94th place, put a 1 in the
next, the 95th place, and then terminate. This makes 7iA greater than n. If the
first lOO-zero run starts in any other place, it has to be either an even-numbered
or an odd-numbered place. If in an odd-numbered place, 7tA terminates there. If
in an even-numbered place, 7iA stops with a 1 in the next, odd-numbered place.

We don't know, and quite possibly never will know, if there is a place where a
100-zero row starts. There may not be any. Nevertheless, our recipe for con-
structing nA is perfectly definite; we know it to as many decimal places as we know
TC. If 71 doesn't include 100 successive zeros anywhere, 7tA = n. If it does include
such a sequence, and that sequence starts at an even-numbered place, 7iA > n. If it
starts at an odd-numbered place, KA <n.

Now consider the difference, 7iA -it. Call it Q. Is Q positive, negative, or
zero? Try to find out by calculating the expansion of n on a computer. You
won't get an answer until the computer finds 100 successive zeros in n. If the
computer runs a million years and doesn't find 100 successive zeroes, you still
don't know if Q is positive, negative, or zero. If there actually is no hundred-
zero sequence, you'll never know.

71 has been expanded to billions of places by the brothers Gregory and David
Chudnovsky in New York and Tanaka in Tokyo (Preston). No sequence of 100
zeroes has occurred so far. We know nothing about the next hundred billion digits.

Even if 100 successive zeros turn up tomorrow, we can ask instead about
1,000 successive 9s (for example) and again have an open question. There are
plenty of questions like this that we'll never answer.

So what about the "law of trichotomy"? It says Q is either positive, negative,
or zero, regardless of the fact that we may never know which.
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The constructivist says, "None of the three is true! Q will be zero, positive or
negative when someone determines which of the three is the case. Until then, it's
none of the three. Any conclusion based on the compound statement

'Either Q > O, Q = O, or Q < O'

is unjustified. Any conclusion about an infinite set is defective if it relies on the
law of the excluded middle. As the example shows, a statement may be (in the
constructive sense) neither true nor false."

The standard mathematician finds the argument annoying. He has no inten-
tion of giving up classical mathematics for a more restricted version. Neither does
he admit that his mathematical practice depends on a Platonist ontology. He nei-
ther defends Platonism nor reconsiders it. He just pretends nothing happened.

Some aspects of the intuitionist viewpoint are attractive to mathematicians
who want to escape Platonism and formalism. The intuitionists insist that math-
ematics is meaningful, that it's a kind of human mental activity. You can accept
these ideas, without saying that classical mathematics is lacking in meaning.

Errett Bishop
Abas with L.E.M.

The U.S. analyst Errett Bishop revised intuitionism, and created a cleaned up,
streamlined version he called "constructivism." Constructivism is concerned
above all with throwing out the law of the excluded middle for infinite sets. It's
closer to normal mathematical practice than Brouwer. It's not tainted with mys-
ticism. Bishop's book Constructive Analysis goes a long way toward reconstruct-
ing analysis constructively. Here and there in the mathematical community, a few
cells of constructivists are still active. But their dream of converting the rest of us
is dead. The overwhelming majority long since rejected intuitionism and con-
structivism, or never even heard of them.

Like Brouwer, Bishop said a lot of standard mathematics is meaningless. He
went far beyond Brouwer in remaking it constructively. Some quotes:

"One gets the impression that some of the model-builders are no longer
interested in reality. Their models have become autonomous. This has clearly
happened in mathematical philosophy: the models (formal systems) are accepted
as the preferred tools for investigating the nature of mathematics, and even as
the fount of meaning" (p. 2).

"One of the hardest concepts to communicate to the undergraduate is the
concept of a proof. With good reason, the concept ^esoteric. Most mathemati-
cians, when pressed to say what they mean by a proof, will have recourse to for-
mal criteria. The constructive notion of proof by contrast is very simple, as we
shall see in due course. Equally esoteric, and perhaps more troublesome, is the
concept of existence. Some of the problems associated with this concept have
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already been mentioned, and we shall return to the subject again. Finally, I wish
to point to the esoteric nature of the classical concept of truth. As we shall see
later, truth is not a source of trouble to the contructivist, because of his empha-
sis on meaning."

"One could probably make a long list of schizophrenic attributes of contem-
porary mathematics, but I think the following short list covers most of the
ground: rejection of common sense in favor of formalism, debasement of mean-
ing by the willful refusal to accommodate certain aspects of reality; inappropri-
ateness of means to ends; the esoteric quality of the communication; and
fragmentation" (p. 1).

"The codification of insight is commendable only to the extent that the
resulting methodology is not elevated to dogma and thereby allowed to impede
the formation of new insight. Contemporary mathematics has witnessed the tri-
umph of formalist dogma, which had its inception in the important insight that
most arguments of modern mathematics can be broken down and presented as
successive applications of a few basic schemes. The experts now routinely equate
the panorama of mathematics with productions of this or that formal system.
Proofs are thought of as manipulations of strings of symbols. Mathematical phi-
losophy consists of the creation, comparison and investigation of formal systems.
Consistency is the goal. In consequence meaning is debased, and even ceases to
exist at a primary level.

"The debasement of meaning has yet another source, the wilful refusal of the
contemporary mathematician to examine the content of certain of his terms,
such as the phrase, 'there exists.' He refuses to distinguish among the different
meanings that might be ascribed to this phrase. Moreover he is vague about
what meaning it has for him. When pressed he is apt to take refuge in formalism,
declaring that the meaning of the phrase and the statement of which it forms a
part can only be understood in the context of the entire set of assumptions and
techniques at his command. Thus he inverts the natural order, which would be
to develop meaning first, and then to base his assumptions and techniques on
the rock of meaning. Concern about this debasement of meaning is a principal
force behind constructivism."

While other mathematicians say "there exists" as if existence were a clear,
unproblematical notion, Bishop says "meaning" and "meaningful" as if those
were clear, unproblematical notions. Has he simply shifted the fundamental
ambiguity from one place to another?

Most mathematicians responded to Bishop's work with indifference or hostility.
We nonconstructivists should do better. We should try to state our philosophies
as clearly as the constructivists state theirs. We have a right to our viewpoint, but
we ought to be able to say what it is.

The account of constructivism here is given from the viewpoint of classical
mathematics. That means it's unacceptable from the constructivist viewpoint.
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From that point of view, classical mathematics is the aberration, a jumble of
myth and reality. Constructivism is just refusing to accept a myth.

Hilbert, Formalism, Godel
Beautiful Idea; Didn't Work

Formalism is credited to David Hilbert, the outstanding mathematician of the
first half of the twentieth century. It's said that his dive into philosophy of mathe-
matics was a response to the flirtation of his favorite pupil, Hermann Weyl, with
Brouwer's intuitionism. Hilbert was alarmed. He said that depriving the mathe-
matician of proof by contradiction was like tying a boxer's hands behind his back.

"What Weyl and Brouwer do comes to the same thing as to follow in the
footsteps of Kronecker! They seek to save mathematics by throwing overboard
all that which is troublesome. . . . They would chop up and mangle the science.
If we would follow such a reform as the one they suggest, we would run the risk
of losing a great part of our most valuable treasure!" (C. Reid, p. 155).

Hilbert met the crisis in foundations by inventing proof theory. He proposed
to prove that mathematics is consistent. To do this, he had a brilliant idea: work
with formulas, not content. He intended to do so by purely finitistic, combina-
torial arguments—arguments Brouwer couldn't reject! His program had three
steps:

1. Introduce a formal language and formal rules of inference, so every classi-
cal proof could be replaced by a formal derivation from formal axioms by
mechanically checkable steps. This had already been accomplished in large part
by Frege, Russell, and Whitehead. Once this was done, the axioms of mathemat-
ics could be treated as strings of meaningless symbols. The theorems would be
other meaningless strings. The transformation from axioms to theorems—the
proof— could be treated as a rearrangement of symbols.

2. Develop a combinatorial theory of these "proof rearrangements. The
rules of inference now will be regarded as rules for rearranging formulas. This
theory was called "meta-mathematics."

3. Permutations of symbols are finite mathematical objects, studied by "com-
binatorics" or "combinatorial analysis." To prove mathematics is consistent,
Hilbert had to use finite combinatorial arguments to prove that the permuta-
tions allowed in mathematical proof, starting with the axioms, could never yield
a falsehood, such as

That is, to prove by purely finite arguments that a contradiction, for example,
1 = 0 , cannot be derived within the system.

In this way, mathematics would be given a guarantee of consistency. As a foun-
dation this would have been weaker than one known to be true (as geometry was
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once believed to be true) or impossible to doubt (like, possibly, the laws of
elementary logic.)

Hilbert's formalism, like logicism, offered certainty and reliability for a price.
The logicist would save mathematics by turning it into a tautology. The formal-
ist would save it by turning it into a meaningless game. After mathematics is
coded in a formal language and its proofs written in a way checkable by machine,
the meaning of the symbols becomes extramathematical.

It's very instructive that Hilbert's writing and conversation displayed full
conviction that mathematical problems are about real objects, and have answers
that are true in the same sense that any statement about reality is true. He advo-
cated a formalist interpretation of mathematics only as the price of obtaining
certainty.

"The goal of my theory is to establish once and for all the certitude of mathe-
matical methods. . . . The present state of affairs where we run up against the
paradoxes is intolerable. Just think, the definitions and deductive methods which
everyone learns, teaches and uses in mathematics, the paragon of truth and certi-
tude, lead to absurdities! If mathematical thinking is defective, where are we to
find truth and certitude?" (D. Hilbert, "On the Infinite," in Philosophy of Math-
ematics by Benacerraf and Putnam).

As it happened, certainty could not be had, even at this price. A few years later,
Kurt Godel proved consistency could never be proved by the methods of proof
Hilbert allowed. Godel's incompleteness theorems showed that Hilbert's program
was hopeless. Any formal system strong enough to contain arithmetic could never
prove its own consistency. This theorem of Godel's is usually cited as the death
blow to Hilbert's program, and to formalism as a philosophy of mathematics.

(A simple new proof of Godel's theorem by George Boolos is given in the
mathematical Notes and Comments.)

The search for secure foundations has never recovered from this defeat.
John von Neumann tells how "working mathematicians" responded to

Brouwer, Hilbert, and Godel:
1. "Only very few mathematicians were willing to accept the new, exigent

standards for their own daily use. Very many, however, admitted that Weyl and
Brouwer were prima facie right, but they themselves continued to trespass, that
is, to do their own mathematics in the old, 'easy' fashion-probably in the hope
that somebody else, at some other time, might find the answer to the intuitionis-
tic critique and thereby justify them a posteriori.

2. "Hilbert came forward with the following ingenious idea to justify 'classi-
cal' (i.e., pre-intuitionist) mathematics: Even in the intuitionistic system it is pos-
sible to give a rigorous account of how classical mathematics operates, that is,
one can describe how the classical system works, although one cannot justify its
workings. It might therefore be possible to demonstrate intuitionistically that
classical procedures can never lead into contradiction—into conflicts with each
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other. It was clear that such a proof would be very difficult, but there were cer-
tain indications how it might be attempted. Had this scheme worked, it would
have provided a most remarkable justification of classical mathematics on the
basis of the opposing intuitionistic system itself! At least, this interpretation
would have been legitimate in a system of the philosophy of mathematics which
most mathematicians were willing to accept.

3. "After about a decade of attempts to carry out this program, Godel pro-
duced a most remarkable result. This result cannot be stated absolutely precisely
without several clauses and caveats which are too technical to be formulated
here. Its essential import, however, was this: If a system of mathematics does not
lead into contradiction, then this fact cannot be demonstrated with the proce-
dures of that system. Godel's proof satisfied the strictest criterion of mathemati-
cal rigor—the intuitionistic one. Its influence on Hilbert's program is somewhat
controversial, for reasons which again are too technical for this occasion. My per-
sonal opinion, which is shared by many others, is, that Godel has shown that
Hilbert's program is essentially hopeless.

4. "The main hope of justification of classical mathematics—in the sense of
Hilbert or of Brouwer and Weyl—being gone, most mathematicians decided to
use that system anyway. After all, classical mathematics was producing results
which were both elegant and useful, and, even though one could never again be
absolutely certain of its reliability, it stood on at least as sound a foundation as,
for example, the existence of the electron. Hence, as one was willing to accept
the sciences, one might as well accept the classical system of mathematics. Such
views turned out to be acceptable even to some of the original protagonists of
the intuitionistic system. At present the controversy about the 'foundations' is
certainly not closed, but it seems most unlikely that the classical system should
be abandoned by any but a small minority.

"I have told this story of this controversy in such detail, because I think that
it constitutes the best caution against taking the immovable rigor of mathemat-
ics too much for granted. This happened in our own lifetime, and I know
myself how humiliatingly easily my own views regarding the absolute mathe-
matical truth changed during the episode, and how they changed three times in
succession!" (pp. 2058-59).

Instead of providing foundations for mathematics, Russell's logic and
Hilbert's proof theory became starting points for new mathematics. Model the-
ory and proof theory became integral parts of contemporary mathematics. They
need foundations as much or little as the rest of mathematics.

Hilbert's program rested on two unexamined premises. First, the Kantian
premise: Something in mathematics—at least the purely "finitary part"—is a
solid foundation, is indubitable. Second, the formalist premise: A solid theory of
formal sentences could validate the mathematical activity of real life, where the
possibility of formalization is in the remote background, if present at all.
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The first premise was shared by the constructivists; the second, of course,
they rejected. Formalization amounts to mapping set theory and analysis into a
part of itself—finite combinatorics. Even if Hilbert had been able to carry out
his program, the best he could have claimed would have been that all mathemat-
ics is consistent *f the "finitistic" principle allowed in "metamathematics" is reli-
able. Still looking for the last tortoise under the last elephant!

The bottom tortoise is the Kantian synthetic a priori, the intuition. Although
Hilbert doesn't explicitly refer to Kant, his conviction that mathematics must
provide truth and certainty is in the Platonic heritage transmitted through the
rationalists to Kant, and thereby to intellectual nineteenth-century western
Europe. In this respect, Hilbert is as much a Kantian as Brouwer, whose label of
intuitionism avows his Kantian descent.

To Brouwer, the Hilbert program was misconceived at Step 1, because it
rested on identifying mathematics itself with formulas used to represent or
express it. But it was only by this transition to languages and formulas that
Hilbert was able to envision the possibility of a mathematical justification of
mathematics.

Like Hilbert, Brouwer was sure that mathematics had to be established on a
sound and firm foundation. He took the other road, insisting that mathematics
must start from the intuitively given, the finite, and must contain only what is
obtained in a constructive way from this intuitively given starting point. Intu-
ition here means the intuition of counting and that alone. For both Brouwer and
Hilbert, the acceptance of geometric intuition as a basic or fundamental "given"
on a par with arithmetic would have seemed utterly retrograde and unacceptable
within the context offoundational discussions. Like Brouwer, Hilbert, the formal-
ist, regarded the finitistic part of mathematics as indubitable. His way of securing
mathematics, making it free of doubt, was to reduce the infinitistic part—analy-
sis and set theory—to the finite part by use of the finite formulas, which
described these nonfinite structures.

In the mid-twentieth century, formalism became the predominant philosoph-
ical attitude in textbooks and other official writing on mathematics. Construc-
tivism remained a heresy with a few adherents. Platonism was and is believed by
nearly all mathematicians. Like an underground religion, it's observed in private,
rarely mentioned in public.

Contemporary formalism is descended from Hilbert's formalism, but it's not
the same thing. Hilbert believed in the reality of finite mathematics. He invented
metamathematics to justify the mathematics of the infinite. Today's formalist
doesn't bother with this distinction. For him, all mathematics, from arithmetic
on up, is a game of logical deduction.

He defines mathematics as the science of rigorous proof. In other fields some
theory may be advocated on the basis of experience or plausibility, but in
mathematics, he says, we have a proof or we have nothing.
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Any proof has a starting point. So a mathematician must start with some
undefined terms, and some unproved statements. These are "assumptions" or
"axioms." In geometry we have undefined terms "point" and "line" and the
axiom "Through any two distinct points passes exactly one straight line." The
formalist points out that the logical import of this statement doesn't depend on
the mental picture we associate with it. Nothing keeps us from using other
words—"Any two distinct bleeps ook exactly one bloop." If we give interpreta-
tions to the terms bleep, ook, and bloop, or the terms point, pass, and line, the
axioms may become true or false. To pure mathematics, any such interpretation
is irrelevant. It's concerned only with logical deductions from them.

Results deduced in this way are called theorems. You can't say a theorem is
true, any more than you can say an axiom is true. As a statement in pure mathe-
matics, it's neither true nor false, since it talks about undefined terms. All math-
ematics, can say is whether the theorem follows logically from the axioms.
Mathematical theorems have no content; they're not about anything. On the
other hand, they're absolutely free of doubt or error, because a rigorous proof
has no gaps or loopholes.

In some textbooks the formalist viewpoint is stated as simple matter of fact.
The unwary student may swallow it as the official view. It's no simple matter of
fact, but a matter of controversial interpretation. The reader has the right to be
skeptical, and to demand evidence to justify this view.

Indeed, formalism contradicts ordinary mathematical experience. Every
school teacher talks about "facts of arithmetic" or "facts of geometry." In high
school the Pythagorean theorem and the prime factorization theorem are
learned as true statements about right triangles or about natural numbers. Yet
the formalist says any talk of facts or truth is incorrect.

One argument for formalism comes from the dethronement of Euclidean
geometry.

For Euclid, the axioms of geometry were not assumptions but self-evident
truths. The formalist view results, in part, from rejecting the idea of self-evident
truths.

In Chapter 6 we saw how the attempt to prove Euclid's fifth postulate led to
discovery of non-Euclidean geometries, in which Euclid's parallel postulate is
assumed to be false.

Can we claim that Euclid's parallel postulate and its negation are both true?
The formalist concludes that to keep our freedom to study both Euclidean and
non-Euclidean geometries, we must give up the idea that either is true. They
need only be consistent.

But Euclidean and non-Euclidean geometry conflict only if we believe in an
objective physical space, which obeys a single set of laws, which both theories
attempt to describe. If we give up this belief, Euclidean and non-Euclidean
geometry are no longer rival candidates for solving the same problem, but two
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different mathematical theories. The parallel postulate is true for the Euclidean
straight line, false for the non-Euclidean.

Are the theorems of geometry meaningful apart from physical interpretation?
May we still use the words "true" and "false" about statements in geometry? The
formalist says no, the statements aren't true or false, they aren't about anything
and don't mean anything. The Platonist says yes, since mathematical objects exist
in their own world, apart from the physical world. The humanist says yes, they
exist in the shared conceptual world of mathematical ideas and practices.

The formalist makes a distinction between geometry as a deductive structure
and geometry as a descriptive science. Only the first is mathematical. The use of
pictures or diagrams or mental imagery is nonmathematical. In principle, they
are unnecessary. He may even regard them as inappropriate in a mathematics
text or a mathematics class.

Why give this definition and not another?
Why these axioms and not others?
To the formalist, such questions are premathematical. If they're in his text or

his course, they'll be in parentheses, and in brief.
What examples or applications come from the general theory he develops?

This is not really relevant. It may be a parenthetical remark, or left as a problem.
For the formalist, you don't get started doing mathematics until you state

hypotheses and begin a proof. Once you reach your conclusion, the mathematics
is over. Any more is superfluous. You measure the progress of your class by how
much you prove in your lectures. What was understood and retained is a non-
mathematical question.

One reason for the past dominance of formalism was its link with logical pos-
itivism. This was the dominant trend in philosophy of science during the 1940s
and 1950s. Its aftereffects linger on, for nothing definitive has replaced it. (See
the section on the "Vienna circle" in Chapter 9.) Logical positivists advocated a
unified science coded in a formal logical calculus with a single deductive method.
Formalization was the goal for all science. Formalization meant choosing a basic
vocabulary of terms, stating fundamental laws, and logically developing a theory
from fundamental laws. Classical and quantum mechanics were the models.

The most influential formalists in mathematical exposition was the group
"Nicolas Bourbaki." Under this pseudonym they produced graduate texts that had
worldwide influence in the 1950s and 1960s. The formalist style dripped down
into undergraduate teaching and even reached kindergarten, with preschool texts
on set theory. A game called "WFF and Proof" was used to help grade-school chil-
dren learn about "well-formed formulas" (WFF's) according to formal logic.

In recent years, a reaction against formalism has grown. There's a turn toward
the concrete and the applicable. There's more respect for examples, less strictness
in formal exposition. The formalist philosophy of mathematics is the source of
the formalist style of mathematical work. The signs say that the formalist philos-
ophy is losing its privileged status.


