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Abstract. Given two fiberwise maps fi, fo between smooth fiber bundles
over a base manifold B, we develop techniques for calculating their Nielsen
coincidence number. In certain settings we can describe the Reidemeister set
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arbitrary dimensions over the circle this determines the minimum coincidence
numbers of the pair (f1, f2) completely. In particular we can decide when fi
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we calculate the minimum and Nielsen numbers for all pairs of fiberwise maps
explicitly. Odd order orbits turn out to play a special role.
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1. Introduction and discussion of results

Let f: M — M be a self-map of a manifold. The principal object of study in
topological fixed point theory is the minimum number of fixed points among all
maps homotopic to f (cf. [B], p. 19).

Similar minimum numbers also play a central role in coincidence theory where
one considers two maps fi,fo : M — N and tries to make the coincidence
subspace

C(f1,f2) = {z e M | fi(z) = fa2) } (1.1)
of M as small as possible by deforming f; and f.
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There is a good lower bound for such minimum numbers: the Nielsen number
N(f1, f2) (cf. e.g. [Kol], 1.9). It depends only on the homotopy classes of f1 and f,
and counts the ”essential” elements of a certain ”Reidemeister set” (a geometric
description of these concepts will be given below).

Two question arise. First:
Does the Nielsen number determine the minimum numbers?

In fixed point theory the fundamental work of B. Jiang has shown that this
may fail to be the case (cf. [Jil], [Ji2], [Ji3] and also [Z], [Ke]); for further coun-
terexamples in general coincidence theory see e.g. [Kol], 1.17. Nevertheless, ever
since the work of Wecken [W] many settings are known where minimum numbers
are equal to (or can at least be described with the help of) N(f1, f2) (for the
stable dimension range see e.g. [Kol], theorem 1.10).

Thus we are faced with the next question:
How can we compute the Nielsen number?

In this paper we present an approach to this problem in the setting of fiber-
wise maps.

Consider the diagram

Fy Fy (1.2)

]
M———>N
B

where pp; and py are the projection maps of smooth, locally trivial fibrations
of closed connected manifolds and F); , Fiy denote the fibers over a basepoint
of B. We assume that fi, fo are fiberwise maps, i.e. that they make our diagram
commute, and we are interested in their (fiberwise) minimum numbers

f17f2:

MCp(f1, f2) = min{# C(fi, f5) | fi ~B fi, i=1,2}
and (1.3)
MCCB(flvf?) = mln{# o (C(fivfé)) | fz/ ~B f’iv 1:172}

of coincidence points and of coincidence components (cf. 1.1). Here ~p denotes
homotopies through fiberwise maps; if X ist any topological space, mo(X) stands
for its set of pathcomponents. Since we assume M to be compact MCCp is always
finite and in general more likely to distinguish interesting coincidence phenomena
than MCp (which is often infinite).

Next we describe the Reidemeister set and the Nielsen number of the pair
(f1, f2) (for details compare [Kol] and [GK]). Note that the coincidence set C =
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C(f1, f2) (c.f. 1.1) fits into the commuting triangle

pn © 0 = pa(x);

EB(flvf?) {(Z‘,@)EMXP(N) Q(O)Zfl(x)7
] 0(1) = fal)
g

-
C - M
g=incl
(1.4)

Here P(N) denotes the space of all continuous paths 6 : [0,1] — N. Moreover
for all x € C' we define

g(z) = (z, constant path at f1(z) = fa(x)).

Thus g lifts the inclusion map ¢ in the Hurewicz fibration pr (defined by
the first projection). Generically C' is a closed smooth manifold, equipped with a
description g of its stable normal bundle in terms of the pullback (under g ) of
the virtual vector bundle

¢ = pr* (f{(TN)—TM — py(TB))
over Ep(fi, f2). These data yield a welldefined normal bordism class

wp(fi, f2) = [C,9.9] € Qu(E(fi,[2);9) (1.5)

which vanishes if (and in the stable dimension range
dim M < 2(dim N — dim B) — 2

only if) the pair (f1,f2) can be made coincidence free by fiberwise homotopies
(cf. [GK], theorem 1.1; for further details concerning various versions of the w -
invariant see e.g. [Kol-5] and [KR]).

Note that the decomposition of the topological space Epg(fi,f2) into its
pathcomponents @ induces a direct sum decomposition of normal bordism groups

0 (Bp(f, L)@ = @ %@PQ)
Qemo(Ep(f1,f2))

and a corresponding decomposition of the coincidence invariant wg(f1, f2). We
will count its nontrivial direct summands.

Definition 1.6. (compare [GK], section 4)
The geometric Reidemeister set Rp(f1, f2) is the set o (Ep(f1,f2)) of all
pathcomponents of Ep(f1, f2).

We call such an pathcomponent () essential if it contributes nontrivially to
wp(f1, f2), ie. if the triple (g’l(Q), §|,§|) of (partial) coincidence data represents
a nonvanishing bordism class in Q. (Q; |Q).

The Nielsen number N (f1, f2) is the number of essential elements @ €

w0 (Es(f1, f2)) = Rp(fi1, f2).

}
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The Nielsen number depends only on the fiberwise homotopy classes of f
and fy (compare [Kol], 1.9). Consequently

NB(flan) S MCCB(flan) S MCB(flvf?)' (17)

Example 1.8. : Classical Nielsen fized point theory in manifolds

Here B consists only of one point and (f1, f2) = (f,id) where f is a selfmap of a
connected manifold M = N. There is a bijection from the classical (”algebraic*)
Reidemeister set w1 (M)~ onto Rp(f,id) = 7o (Ep(f,id)) and

Gp(f,id) € Q(Ep(f,id); @)= P 7z
QERB(f,id)
records the indices of all the Nielsen fixed point classes of f (cf. [Kol]). In particu-
lar, our definition 1.6 agrees with the classical definition of Nielsen and Reidemeis-

ter numbers (cf. [B]). Similary, MC(f,id) is just the classical minimum number
MF(f) of fixed points (cf. [Br]). O

Next we compose the fiber projections pys (cf. 1.2) and pr (cf. 1.4) and obtain
the Serre fibration

pm o pr ¢ Eg(fi,fo) — B. (1.9)
Its fiber involves the maps
filEse © Fyp — Fy, i=1,2. (1.10)

In view of definition 1.6 the following questions come to mind very naturally.

Given a pathcomponent Q of Eg(fi, f2) , can we decide - just on the basis
of its topological properties (and without refering to @(f1, f2) ) - whether it is
essential? E.g. does the fibration

puopr|: Q@ — B

give the necessary clues?

More realistically: Can we determine Np(f1, f2) from knowing pyps opr on
all Of EB(fl,fQ) ?

As we will see the answer to this last question is ”yes! “ in some very interesting

cases. It involves the natural group action of the fundamental group (B, *) on
the set mo(E|) (of pathcomponents of the fiber

E| = (pu o pr)” {x} = E(hlFu, folFur), (1.11)
compare 1.10) defined as follows. Given a loop ~ : [0,1] — B at * and a
pathcomponent Q' € mo(E]) , lift v to a path ¥ in  Ep(f1, fo) which starts in
Q’; then [v]- Q' is the pathcomponent of F(1). Each orbit of this group action
consists of the pathcomponents of E|NQ for some @ € m(Ep(f1,f2)) and
we can identify the orbit set with the geometric Reidemeister set mo (Eg(f1, f2))-
We want to introduce an invariant which keeps track of this group operation

(and not just of its orbit set).

Definition 1.12. Let G, G’ be abelian groups.
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(i) Amap h:G — G’ is called affine (or affine isomorphism, resp.) if it is the
sum of a group homomorphism (or isomorphism, resp.) and a constant map.
(ii) Two group operations (3, 5" of 7 (B,*) on (the underlying sets of) G and
G, resp., are equivalent if they are transformed into one another by some
affine isomorphism h : G — G’ (ie. for all y € m(B,*) and g € G, we
have h(B(y,g)) = B'(y, h(9)))-
(iii) Let Rp denote the set of equivalence classes of the group operations of
m1(B) = m (B, *) , acting on abelian groups via affine automorphisms.

Now assume that the fibers Fjs, Fy are pathconnected and i (Fy) is
abelian. Then there is a bijection between 7 (E|) and

G = Coker (fi|« — fal|« : Hi(Fu;Z) — Hi(Fn;Z)) (1.13)

which depends on the choice of a basepoint in E| but is unique up to an affine
automorphism of G. Thus the group action of m(B,*) on my(E|) gives rise to
a welldefined element

o(f1, f2) € Rp (1.14)

which we call the Reidemeister invariant of the pair (f1, f2) of fiberwise maps
(for details see the proof of theorem 2.5 below).

This can also be interpreted in terms of the algebraic Reidemeister equiv-
alence relation. In section 2 we will recall that there is a bijection between the
geometric Reidemeister set m (Ep(f1, f2)) and its algebraic counterpart, the
orbit set of a certain action of 71 (M). In view of the exact sequence

M x

- ——— m(Fu) m (M) —— m(B) ——= 0 (1.15)

we may break this action up into two steps. First restrict it to the ”vertical “ action
of iprs (m1(Far)). The orbit set of this partial action corresponds to the geometric
Reidemeister set mo(E|) of the pair (fi|Far, f2|Far) (cf. 1.10). The remaining
"horizontal “ action of mq(B) defines op(f1, f2).

We will test the strength of our Reidemeister invariant in the setting of certain
torus bundles.

Definition 1.16. A linear k-torus bundle (kK = 1,2,...) is a smooth locally trivial
fiber bundle with typical fiber T* = RF/ZF and structure group GL(k,Z)
(which acts in the standard fashion on T*).

The following result was proved in [Ko5].

Theorem 1.17. Given integers m,n,b > 1 | let M (and N, resp.) be a linear
k-torus bundle with k = m (and k = n, resp.) over the b-dimensional sphere S°.
Then for all fiberwise maps f1, fo : M — N we have

MCCg(f1, f2) = Ng(f1, f2) and

MCp(f1, f2) :{1:03(]017]02) if Ng(fi,f2)=0 or m+b=mn;

else.
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Thus these minimum numbers are determined by the Nielsen number Ng(fi, f2).
In turn, Ng(f1, f2) is determined by the Reidemeister invariant og(f1, f2)
as follows:

Ng(f1, f2) = v (eB(f1, f2))

where

(U ga + Viven +V5) (G, B) if rank G < rank (m(B));
0 else;

vp(G,B) = {

and V.44, Vivens Voo count the orbits of 3 of odd, even or infinite cardinality, resp.,

mod oo (i.e. replacing oo by 0 and leaving finite numbers unchanged).

This reduces the calculation of minimum numbers to distinguishing and
counting orbits.

Next we describe the Reidemeister invariant in the case B = S' which is
of particular interest (for some details see section 4 in [Ko5]). Here N has the
following form (up to an isomorphism of linear n-torus bundles):

N = (T" x[0,1]) /(z,1) ~ (An(2),0)

and py is the obvious projection to S = [0,1],/1 ~ 0 ; the gluing automorphism
Ay is induced by the action of some matrix Ay € GL(n,Z) on (R™,Z") .
Similarly M has a gluing map given by Ay, € GL(m,Z) .

Any linear map L : 7Z™ 7" suchthat Lo Ay, = Ayx oL induces a
map L :7T™ — T™ which is compatible with the gluings. Moreover any integer
vector U € Z™ determines a linear path 7, : [0,1] — R™ from 0 to ¥ and hence
a loop 7y in T™. Thus the map

T x [05 1] — T" x [07 1]7 (SC,t) - (LSC + W(t)vw
induces a fiberwise map
frz : M — N. (1.18)

It is not hard to see that each fiberwise map f has this form after a suitable
fiberwise homotopy (”straightening®). Actually L is determined by the restriction
of f to a single fiber:

L = fl« : Z™=H((Fy;Z) — H{(Fn;Z) =7

in turn, L determines the homotopy class of f| : Fay — Fy. The class [7] €
Z"/ (An —id) (Z™) of the "slope vector“ T characterizes fo(zero section of pyy)
up to homotopy of sections in N.

Given any pair (f1, f2) of fiberwise maps from M to N, we may find homo-
topies fi ~B fr,m , ¢ =1,2. Put

L :=1L—Ly and T := T — 0y € Z". (1.19)

Then the affine automorphism % — Ax(W —77) on Z" induces an affine
automorphism (and hence a (7r1 (Sl) = Z) -action) S on G = Z",/L(Z™).
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We obtain the Reidemeister invariant
os(f1, f2) = [(G,B)]. (1.20)

Remark 1.21. Note that fiberwise maps f1, f2, f3,... into a linear n-torus bundle
can be added and subtracted fiberwise. Clearly the pairs (f1,f2) and (f1 —
f3, f2 — f3) have the same coincidence behavior. This is reflected in the formulae
above. Thus we need to study only pairs consisting of f = frs ~p fi — f2 and

fos = (zero section of N)opy ~p fa— fa.
If in particular M = N then the coincidences of (f1, f2) are just the fixed
points of f; — fo +1id. O

The problem of computing the order and the number of orbits can involve a
wide variety of interesting algebraic phenomena. It turns out that odd order orbits
play a special role.

Example 1.22. Let M = N be the 2-torus bundle with gluing matrix ((1) (1))

which switches the coordinates in R2. Given a pair (fi, fo) of fiberwise selfmaps

we proceed as in 1.19. Then L = (Z

the sum of the two coordinates of the integer vector ¥ € Z2. Then the triple
(a,b,c) € Z® characterizes the fiberwise homotopy class of f1 — fo ~ fL 4.

Z> for some integers a,b. Let ¢ denote

Theorem 1.23. Define d = ged (a+b,c¢) to be the greatest common denominator
of a+b and c. Then

d {|a —b] if a+ b is an even multiple of d;

MCC ,f2) =N s J2) =3 .
51, f2) 51, f2) 2 |(Ja=bl+1) ifa+bis an odd multiple of d.

The proof is given in section 4 below. It involves studying three distinct
algebraic cases which arise from very different geometric situations. Thus the ho-
mogeneity of the final result comes somewhat as a surprise.

Next let us see what happens when we compose f; and f; with the inclusion
map

in: M — M xg N’

into the fiberwise product of N with the Klein bottle K or the 2-torus T' (fibered
in the standard fashion over B = S1). It turns out that only Reidemeister classes
which correspond to odd order orbits can possibly remain essential. All other
Nielsen classes can be made empty by homotopies of ino f; and ino fo which
exploit the extra space availablein M xpg N’.

Theorem 1.24. Given fiberwise maps f; : M — M |, ¢ =1,2, as in 1.23,
consider

f;-:inofi:M%MxBN’
where N' =K orT. Put d=gecd(a+b,c).
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If the extra factor N’ is the Klein bottle and |a| # |b|, then
d if (a+b)/d is odd,

MCCp (f1,f2) =MCp (fl’f2) - {0 else.

In all other cases these minimum numbers vanish.

The proofs of theorems 1.23 and 1.24 will be given in section 4 below.

2. The Reidemeister invariant ogp(f1, f2)

Given fiberwise maps fi1, fo : M — N asin diagram 1.2, we discuss in this sec-
tion several group actions whose orbit sets can be identified with the Reidemeister
set RB(fl,fQ) = T (EB(fl,fQ)) (Cf 1.4 and 1.6).

Pick a point xg € Fjy (cf. 1.2) and let m,, denote the set of homotopy
classes (with endpoints kept fixed) of paths

0 : ([0,1],0,1) — (Fn, fi(zo), f2(z0)) -

Using homotopy lifting extension properties (compare [Wh], 1.7.16) of the (Serre)
fibration py we construct a welldefined action

xp @ m (M, x0) X Tpy — Taq (2.1)

of the fundamtental group (M, xo) on the set m,, as follows (compare section
3 in [GK]). Given classes [y] € m(M,zo) and [0] € 7y, , lift the homotopy

h - [051] X [Oa 1] — B, h(S,f) = p]\/fo’)/(s)a
toamap h : [0,1]x[0,1] — N such that

%(Ovt) - o(t)v ?L(S,O) =h O’Y(S)a E(Sv 1) = fa O’Y(S)

for all s,t € [0,1] . Then the path 6" defined by 0'(t) := h(1,¢) lies entirely
in Fy . We define

] *5 [0] = [0].
Clearly, v and h together describe a path in Ep(f1, f2) which joins (xq,0)

to (zg,0') (since (7(5), (s, —)) is a point in Eg(f1, f2) for every s € [0,1]).
Now note that m,, ~ 7o (pr~'({zo})) is just the set of pathcomponents of the
fiber pr='({xo}) C Ep(fi1,f2) (cf. 1.4). Thus two such pathcomponents belong
to the same orbit of the (M, o) — action if and only if they lie in the same
pathcomponent of Eg(f1, f2). We obtain (compare [GK], thm. 3.1)

Theorem 2.2. For every pair fi1,fs : M — N of fiberwise maps and for
every choice xo € Far  of a basepoint there is a canonical bijection between the
geometric Reidemeister set mo (Ep(fi1, f2)) and the orbit set of the group action
xp of m(M,xo) on the set my, .
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Ezample 2.3. If B counsists of a single point and fi(xg) = fa(x0) =: yo , then
Moo = m1(N,y0) and

—1
O] #p 10] = fie (D)) - [0]- fou (W)

for all [y] € m(M,z9) and [0] € m1(N,yo) ; thus the orbit set of our group

action agrees with the standard (”algebraic*) Reidemeister set. O

Next we simplify the algebraic description of the Reidemeister set while pre-
serving the orbit structure approach at least partially. Note that @z, (m1 (Far, o))
is a normal subgroup of m (M,x0) (cf. 1.2 and 1.15). Therefore *p induces a
welldefined group action of 71 (B, *) = 71 (M, x0), ips (71 (Far, o)) on the orbit
set of the action of @74 (m1 (Far, o)) on mg, (obtained by restricting *p ). But
this orbit set can be identified with o (E|) (cf. 1.11), in analogy to theorem 2.2
(compare [Kol], 2.1). We obtain the interpretation of the geometric Reidemeister
set 7o (Ep(f1, f2)) in terms of the (B, *)— action on mo (E|) as described in
the introduction (cf. 1.11).

Now assume that the fibers Fj; and Fy are connected and that m(Fy)
is abelian. We will endow o (E|) with a group structure, unique up to affine
isomorphisms. In particular, then the group rank is welldefined; this plays a role
e.g. when we want to apply theorem 1.17.

Pick a basepoint (zg,60y) of FE| and consider the map

Y o m(Fn, fa(wo)) — mo (E])

where, by definition, ¢ ([n]) is the pathcomponent of (g, 8y *7) , determined by
the concatenated path

Fi(w0) —— fo(20) ——— fa(xo) |

[n] € m1 (Fn, fa(xo)) . The connectedness of Fj; implies that v is onto. Fur-
thermore two elements [n1], [72] € m1 (F, f2(x0)) = Hi (Fn;Z) have the same
value under 1 if and only if there exists a loop v at xg in F); such that the
loop

0o * m * (faor) * my' * 651 « (fiovy) ™
is nullhomotopic in Fy or, equivalently, the cycle 1y —n2 — frov+ faooy is
nullhomologuous. Thus v induces a bijection 1, from the group

G = Coker (fi1|« — fols« : Hi(Fn3;Z) — Hy (Fn;Z)) (2.4)

onto the set m (E|) .

Next let us check that 1,0, transforms the action of any given element
[0] € m1(B,*) on m (E|) into an affine automorphism of G .Let A : Fy —
Fy be a gluing map for the bundle over S' = [0,1],/1 ~ 0 obtained by pulling
(N,pn) back via o ; thus

o"(N) = (Fy x[0,1]) /(z,1) ~ (A(x),0).

Also lift ¢ toaloop o at =z in M . Given [n] € m (Fn, fa(zo)) &
H, (Fn;7Z) , the action of & first takes (0, 6p*n) to (1, 71_1 * Og * 1 * TQ) ; here
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7; : [0,1] — Fy is a path whose graph in Fy x [0,1] corresponds to the map
fioo into N ,i=1,2. After applying the gluing map we see that

(0] *B Wao00([1]) = Yuo,00([])

where 7] is the sum of the cycles Aon and —0yg— Aor;,+Aoly+ AoTe . Thus
the operation *p gives rise, via 4,0, , to a group action B of m(B,*) on
G by affine automorphisms.

Let us also examine how this depends on the choice of the basepoint (z¢, )
of E|. Any path v in Fj from xzp to some other point =z lifts to a
path in E| from (zq, 6o *n) to (x(, 0y* (faoy) t*n=(f207)) for some
element of 0 € m,; = pr-'{z{} which does not depend on [n] € G . Thus
V0,00 = Yy 0, - Any other choice of a basepoint (g, 0y) over zj gives rise to
a translation in G .

Finally we observe that the 71 (B, *) -action 8 on G = Coker (f1]« — f2|«)
is compatible with fiberwise homotopies h; : M x [0,1] — N from f; to
some map f/, i =1,2 . Indeed, define a fiber homotopy equivalence

H : Eg(fr,f2) — EB(f{afé)

by H(x,0) = (m, (hy(z, =) *H*hg(ac,—)) , (z,0) € Eg(f1,f2) . It com-
mutes with bijections as described in 2.4, i.e.

H| o g0, = Yy + G = E'| == E(f{|Fu, f3|Fu)

(compare 1.10 and 1.11) where we choose (z9,0)) := H(zo,0p) to be the
basepoint of E’| . Moreover both bijections yield the same (B, *) -action on

G .
We have proved

Theorem 2.5. Assume that the fibers Fyy and Fyx are connected and that Fi
has an abelian fundamental group. Then the equivalence class (cf. 1.12)

QB(flan) = [(Gaﬁ)] S 7?'B
depends only on the fiberwise homotopy classes of f1 and fs .

We call it the Reidemeister invariant of the pair (fi, f2) . The orbits of
(G, 8) not only can be used to label the Nielsen coincidence classes but may even
capture much further essential information.

3. Counting orbits

In this section we study the size and the number of orbits of certain affine auto-
morphisms which occur e.g. in the setting of example 1.22.

Theorem 3.1. Let w be a fized element of an abelian group G and let « be a group
automorphism of G such that o is the identity map id. Define 3 : G — G
by

Bu) = alu) +w, ueG.
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Let qo denote the cardinality of the subgroup of G generated by (« + id)(w).
If qo s infinite then so is every orbit

{87 (u),u, Bu), B*(u),...}

of B.
If qo is finite, then qo (if qo = 1(2) ) and 2qo are the only possible orders
of any orbit of 8. Odd order orbits exist if and only if

qo is odd and qow € (a—1id)(G). (*)

(This holds e.g. if qo =1(2) and (a—id)(G) = ker(a +id).) The numbers of
all orbits of odd (or even) order are

Vodd (ﬂ)

0 otherwise;

{(#ker (a—id)) /g0 if (*) holds;

(# (G\ker (« —1d))) /2q0 if (¥) holds;

l/even(ﬁ) = {#G/2q0 otherwise.

Proof. For all natural numbers g and all v € G we have

B1(u) = u+qla+id)(w); (3.2a)
B (u) = a(u) + (o +id) +id)(w). (3.2b)

In view of the first identity orbits can be finite only if ¢g¢ is finite. Then
329 = id. Therefore 2qy is an upper bound for all orbit orders and, in fact, their
only possible even value. Moreover, each of the following statements implies the
next one (compare 3.2b):

(i) there exists an orbit of odd order 2q + 1;
(i) B3?9*! has a fixed point;
(i) (g(a+id) +id)(w) = 2¢+ Dw + (a —id)(qw) € (o —id)(G);
(iv) (¢(a+id)+id)(w) € ker (a+1id) or, equivalently, (2¢+ 1)(a+id)(w) = 0;
(v) 2¢+1 € qo-Z.

Due to the upper bound 2qq , condition (i) can hold only in the case 2¢+1 =
qo. Here it is equivalent to conditions (ii) and (iii). Moreover the union of all odd
order orbits is the fixed point set

(a —id) "' {=(g(a +id) +id)(w)}

of (B%; if nonempty, it has the same cardinality as the fixed point set ker (o —id)
of a.. This implies our claim concerning the orbit numbers.

Clearly (a —id)(G) C ker(a + id); if these groups coincide, then all five
conditions (i), ..., (v) hold provided 2¢+ 1 = qo. O
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4. Torus bundles and orbit analysis

We are now prepared to carry out the explicit orbit counts needed to deduce
theorems 1.23 and 1.24 from 1.17. For this we use the notations of sections 1 and 3
and describe elements of quotient groups by their representatives, put into square
brackets, as usual.

Proof of theorem 1.23. The Reidemeister invariant og(f1, f2) in question (cf. 1.13
and 1.14) is represented by the group

G = CokerL = 72/ (Z(a,b) + Z(b,a)) (4.1)

together with the affine automorphism (= a4+ w where o([uy,us]) = [ua,u1]
and w = —a([0)).

Although the final result in Theorem 1.23 looks quite homogeneous we have
to distinguish three cases (labelled by the codimension of L (R?) in R?) which
correspond to very different geometric situations.

Case 0: |a| # |b| (i.e. L is injective).
Since (a+b,a+0b) = (a,b) + (b,a) in Z? we have the sequence of welldefined
homomorphisms

A
0 Zya+b| G

Ljg—p) —= 0 (4.2)

where A([z]) = [z,2] and 7([u1,us]) = [u1 — us]. Note that each class in the
quotient group G can be represented by a unique point (with integer coordinates)
in the parallelogram

{s(a,b) +t(a+ba+b)|stec0,1)} c R

Thus the order of G equals |a —b|-|a + b] = |a® — b?| and the sequence 4.2 is
exact.

Side Remark 4.3. The group G is isomorphic to the direct sum of the cyclic groups
of orders k = ged (a,b) and |a* — b*|/k. In particular, G is cyclic if and only if
a and b are relatively prime.

The following table describes G up to isomorphisms for low values |a| >
|b] > 0.

(a,b) | (£2,+1) | (£3,£1) | (£3,42) | (£4,£1) | (+4,42) | (+4,+3)
G | Zs | Zs | Zs | Zis |Ze®Zs| Zr

Since we will not need all this we leave the proof to the reader. O

Next note that (a+id)([ur,u2]) = A(Jus +uz]) (cf. 4.1 and 4.2). Hence
(a+1d)(G) = A(G) = Zjas)

and #ker («+id) = |a — b|. A similar argument holds for the switching involu-
tion o on G’ := Z?/(Z(a,—b)+ Z(—b,a)). But complex conjugation, when
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restricted to Z2 C R? = C, induces an isomorphism G’ = G which tranforms
o' +id into —a +id . Therefore
#ker (o —id) = #ker (o +id) = |a + b

and the groups (a —id)(G) C ker (o +1id), both having the cardinality |a — b|,
must agree. Thus an important criterion in theorem 3.1 is satisfied. Theorem 1.23
(as far as Case 0 is concerned) now follows since

(@ +id)(w) = —le,d] = =A([d)
has the same order in G as [¢] has in Zj,4p , namely qo = |a+b|/d (compare
4.2).
Geometric meaning. Whenever f/ ~p f;, i = 1,2, the coincidence locus

C(f1, f5) intersects each fiber F' of py; in aset of cardinality at least |a?—b%| > 0.
Thus MCpg(f1, f2) = co. However MCCpg(f1, f2) will often be much smaller than
la® —b?| since many points of C(f], f5) N F may lie in the same pathcomponent

of C(f1,f3)-

Case 1: a = —¢cb# 0 where &= =1 (this means that L (R?) is 1-dimensional).
We have the isomorphism

G = (Z(—e,1)®Z(1,0)) /Z(—ca,a) — Ly L (4.4)

which maps [u1,us] to (Jug],u1 + euz) and which transforms « into the
involution

([S]at) - ([t]*E[S],Et), ([S]vt) € Z|a|69Z
Asin [Ko5] we must distinguish two subcases according to whether the gluing map
An preserves the coorientations of L (R?) in R? or not.

Subcase 1+: € = +1.
Here ker (o —1id) is infinite and

0 if |a|=1;

oo else.

# (GN\ker (a —id)) = {

Thus the modoo orbit numbers v/, and v.,, of (G,B3) vanish (cf. 1.17

and 3.1). Infinite orbits exist only if ¢ # 0, and then each of them intersects the
subset Zj, ©{1,...,|c|} of Zjq @ Z in a unique point. Thus

d
vp(G, ) = V(G B) = lal - Ie| = 5 +Ja — ]

where d = ged (0,¢) = |¢| > 0.

Geometric meaning. If ¢ vanishes then frz(M) C M is a coorientable
submanifold of codimension 1 and we can push f,5 away from fr5(M) into
some " positive direction“. Thus

MCCB(f1,f2) = MCCpg (fL,iva,@) =0
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in this case (compare remark 1.21).

Subcase 1-: € = —1.
Here a =0b# 0 and the isomorphism

(@ +1d)(G) = ker(a —id) = Zj, @ {0}

(cf. 4.4) sends (a+id)(w) = —[e,c] to —([¢],0). Thus ¢o (cf. 3.1) is equal to
la|/ged (a, ¢). Define also ¢ := ¢/ged (a, ¢). Note that (o —id)(G) agrees with
the kernel of the sum homomorphism from G to Zsy|, which maps [u,us] to
[u1 4+ ug] and hence w to —[c] € Zy|q. Therefore condition (*) in theorem 3.1
holds if and only if go = 1(2) and ¢o-c = |al-¢ =0 mod2]a| or, equivalently,
¢ is even. In turn, this implies that d = 2ged (a,¢) and that 2|a| = god is
an odd multiple of d. On the other hand, if ¢ # 0(2) then d = ged(a,c¢) and
2]al = 2qoged(a,c) is an even multiple of d. In view of theorems 1.17 and 3.1
this implies theorem 1.23 as far as it concerns subcase 1—.

Geometric meaning. Here the gluing map Ay makes the normal line bundle of
the submanifold fr (M) (cf. 1.18) in M nonorientable. If a Reidemeister class
Q of (frw, fo,ﬁ) (compare 1.21) is given by an even order orbit then (generic,
standard) coincidence components of the corresponding Nielsen class can be re-
moved in a pairwise fashion (see the proof of [Ko5], theorem 1.18). However, in
the case of odd order orbits such a deformation of ( fr fo,ﬁ) is not possible:
Jo,o must necessarily cross frs(M) and contribute coincidence data which make
@ essential (cf. 1.6).

Case 2: a=0b=0 (i.e. L=0).

Here the rank of G = Z? exceeds the rank of 71(S') = Z;thus MCCg(f1, f2) =
0 by theorem 1.17. This agrees with our claim since d =0 or else |a+ b =0

can only be an even multiple of d.

Geometric meaning. By transversality the zero section of N, and hence f;5 , can
be deformed until they avoid the 2-codimensional curve fr (M) in N (compare
remark 1.21). O

Proof of theorem 1.24. The gluing matrix of M xp N’ corresponds to A,, od
where A = +id . If os(f1,f2) = [(G,B)], then

0B (fl,f2) = [(G@Z,ﬂ@ﬁ')}.

According to theorem 1.17 the minimum number MCCp (fl, fg) can be non-

trivial only if G is finite, i.e. |a| # [b]. If N’ =K | i.e. A = —id, the situation
resembles Subcase 1— in the previous proof: there exist infinitely many even order
orbits (each lying in G & {£t} for some ¢ € Z ), but the odd order orbits are
contained in G @ {0} (and can be counted by the methods of Case 0).
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If N'=1T,ie. A =id , then each orbit of 3 gets reproduced at every
Z-level; the orbit numbers, when reduced modoo (cf. 1.17), vanish.
Geometric meaning. Each pair (f1, f2) can be made coincidence free in the extra

space

provided by N xp T = N x S!':just push f; and f, into different

Sl-levels. This is not always possible in N xp K where no coorientation of

N x {0} (and hence no canonical direction into which to push) exists and
therefore odd order orbits may survive. (I
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