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The Hanoi game

Classical: 3 pegs and n discs.

@ Start: tower on peg 1.
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The Hanoi game

Classical: 3 pegs and n discs.

@ Start: tower on peg 1.

@ Goal: tower on peg 3.
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Classical: 3 pegs and n discs.

@ Start: tower on peg 1.

@ Goal: tower on peg 3.
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Classical: 3 pegs and n discs.

@ Start: tower on peg 1.

@ Goal: tower on peg 3.
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Two basic rules:

@ Each time one and only one disc has to be moved.
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Classical: 3 pegs and n discs.

@ Start: tower on peg 1.

@ Goal: tower on peg 3.

Two basic rules:

@ Each time one and only one disc has to be moved.
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Classical: 3 pegs and n discs.

@ Start: tower on peg 1.

@ Goal: tower on peg 3.

—
N
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Two basic rules:

@ Each time one and only one disc has to be moved.

@ No larger disc lies on a smaller one.
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The Hanoi attractor of parameter «
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The Hanoi attractor of parameter «

@ Set the points ps, ... ps.

pie
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The Hanoi attractor of parameter «

@ Set the points ps,... ps. p2e

P1 .
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The Hanoi attractor of parameter «

@ Set the points ps,... ps. p2e

pre ‘°p3
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The Hanoi attractor of parameter «
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The Hanoi attractor of parameter «

@ Set the points ps,... ps. p2e
Pos '"ovp4

pie- ° °p3
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The Hanoi attractor of parameter «

@ Set the points ps,... ps. p2e
@ For each i =1,2...6, define the o
maps :
Pec e o4
Go,i: R — R? ' '
x — Ai(x — pi is -
i(x = pi) + pi pre . ops
5
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The Hanoi attractor of parameter «

@ Set the points ps,... ps. p2e
@ For each i =1,2...6, define the ’
maps .
Pe e o4
Go,i: R? — R? ‘ ‘
x — Ai(x — pi) + pi,
(x—p)+p pre . g
Ps
where 1
m:%:&:{?@

Siegen, 19 July 2012
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The Hanoi attractor of parameter «

Definition 1.

Let 0 < a < 1/3 and consider the family of contractions {G, ;}%_;. The unique
non-empty compact set K, such that

Ka = Glx,i(le)7

‘o

i=1

is called the Hanoi attractor of parameter .
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The Hanoi attractor of parameter «

Definition 1.

Let 0 < a < 1/3 and consider the family of contractions {G, ;}%_;. The unique
non-empty compact set K, such that

6
Ka = U Glx,i(le)7
i=1

is called the Hanoi attractor of parameter .

K, is not self-similar, since G4, Go5 and G, 6 are not similarities. J
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Notations

o Let A:={1,2,3} and for each word
w=wiws---w, € A" denote

Gow(%) = G ©Girruy- - 0Gay (x), x € B2,
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o Let A:={1,2,3} and for each word
w=wiws---w, € A" denote

Gow(%) = G ©Girruy- - 0Gay (x), x € B2,

o Define Wy 0 := {p1, p2, p3} and

Pie e p3
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o Let A:={1,2,3} and for each word
w=wiws---w, € A" denote

Gow(%) = G ©Girruy- - 0Gay (x), x € B2,

o Define W, 0 := {p1, p2, p3} and

Wa,n = U Ga,w(Wa,O)a n>1
weAn

Pie e p3
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o Let A:={1,2,3} and for each word
w=wiws---w, € A" denote

Gow(%) = G ©Girruy- - 0Gay (x), x € B2,

o Define W, 0 := {p1, p2, p3} and

Won= |J Gaw(Wapo), n>1. 63/ \31
weAn

@ Set Ju0:=10, Jo1:= {e1,e,e3} and _
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o Let A:={1,2,3} and for each word
w=wiws---w, € A" denote

Gow(%) = G ©Girruy- - 0Gay (x), x € B2,

o Define W, 0 := {p1, p2, p3} and
Won= |J Gaw(Wapo), n>1. 63/ \31
weAn
@ Set Ju0:=10, Jo1:= {e1,e,e3} and _

3
Ja,n = U Goc,i(Ja,nfl) U Ja,1~

i=1
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o Let A:={1,2,3} and for each word
w=wiws---w, € A" denote

Gaw(X) := Gamy ©Guws 0 - 0Go i (x),  x € RZ

)

o Define W, 0 := {p1, p2, p3} and

Wa,n = U Ga,w(Wa,O)a n> 1. e/ &1
weAn

o Set Jy0:=0, Jo,1 = {e1, e, €3} and P1e — o p3

3
Ja,n = U Goc,i(Ja,nfl) U Ja,1~

i=1

e Finally, Vo p :i= WonUJan, n>0.
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Geometric properties of K|,

The set Vi . = U,>0 Va,n is dense in K, with respect to the Euclidean metric.
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Geometric properties of K,

The set Vi . = U,>0 Va,n is dense in K, with respect to the Euclidean metric.

Proposition 2.1.

Let F,, be the unique non-empty compact subset of R? such that

3
Fa = U Ga,i(Fa);
i=1

and let J, := UnZO Jo,n. Then,

K, = F,UJ,.
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Geometric properties of K,

The Hausdorff dimension of the Hanoi attractor K,, 0 < o < 1/3, is given by

. In3
dimps Ka = In2—1In(1-a)
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Geometric properties of K,

The Hausdorff dimension of the Hanoi attractor K,, 0 < o < 1/3, is given by

. In3
dimps Ka = In2—1In(1-a)

For dy, := dimyKa,

0 < H%(K,) < oo.
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Geometric convergence

Let K denote the Sierpinski gasket.
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Geometric convergence

Let K denote the Sierpinski gasket.
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Geometric convergence

Let K denote the Sierpinski gasket.

o Convergence in the Hausdorff metric:

Theorem 2.4.

Let (Ka)ae(o,1/3) be a sequence of Hanoi attractors. Then it holds that

h(K, Ka) 2% 0.
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Geometric convergence

Let K denote the Sierpinski gasket.

o Convergence in the Hausdorff metric:

Theorem 2.4.

Let (Ka)ae(o,1/3) be a sequence of Hanoi attractors. Then it holds that

h(K, Ka) 2% 0.

@ Convergence of the Hausdorff dimension:

Corollary to Theorem 2.2

lim dimy Ky = dimy K.
al0
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Geometric convergence

Let K denote the Sierpinski gasket.

@ Convergence in the Hausdorff metric:

Theorem 2.4.

Let (Ka)ae(o,1/3) be a sequence of Hanoi attractors. Then it holds that

h(K, Ka) 2% 0.

@ Convergence of the Hausdorff dimension:

Corollary to Theorem 2.2

lim dimy Ky = dimy K.
al0

Conjecture 2.5.
Let d := dimyK, then lim, o H% (K,) = H9(K).
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Construction of a Laplacian on K,
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Construction of a Laplacian on K,

Use theory of Dirichlet forms:
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Construction of a Laplacian on K,

Use theory of Dirichlet forms:

@ Define a Dirichlet form (E,, p, Do,n) on Vi , for each n > 0.

Patricia Alonso-Ruiz (Uni-Siegen) Hanoi attractors and the Sierpinski gasket Siegen, 19 July 2012 11 /1



Construction of a Laplacian on K,

Use theory of Dirichlet forms:

@ Define a Dirichlet form (E,, p, Do,n) on Vi , for each n > 0.

@ Renormalize (E, n, Da,n) to get invariance under harmonic extension and
denote it by (€4,n, Da,n), 1> 0.
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Construction of a Laplacian on K,

Use theory of Dirichlet forms:

@ Define a Dirichlet form (E,, p, Do,n) on Vi , for each n > 0.

@ Renormalize (E, n, Da,n) to get invariance under harmonic extension and
denote it by (€4,n, Da,n), 1> 0.

@ Define the symmetric bilinear form &, as the “limit" of £, , and look for a
suitable domain D, such that (k. , Dk, ) is a Dirichlet form.
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Construction of a Laplacian on K,

Use theory of Dirichlet forms:

@ Define a Dirichlet form (E,, p, Do,n) on Vi , for each n > 0.

@ Renormalize (E, n, Da,n) to get invariance under harmonic extension and
denote it by (€4,n, Da,n), 1> 0.

@ Define the symmetric bilinear form &, as the “limit" of £, , and look for a
suitable domain D, such that (k. , Dk, ) is a Dirichlet form.

@ The operator associated to (€, Dk, ) will be the Laplacian on K.
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1. Dirichlet form on V,,,
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1. Dirichlet form on V,,,

@ Fix n > 0 and define the Radon measure 1o, on V4, 5 by
fa,n(B) = #(BN Wa i) + g o(BN Ja.n), forall BCV,,,

where
n—1

M(Cx,n(A) = Z Bk)‘(A 0 (Jakt1 \ Jak))-
k=0
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1. Dirichlet form on V,,,

@ Fix n > 0 and define the Radon measure 1o, on V4, 5 by
fa,n(B) = #(BN Wa i) + g o(BN Ja.n), forall BCV,,,

where
n—1

M(Cx,n(A) = Z Bk)‘(A 0 (Jakt1 \ Jak))-
k=0

o Consider the Hilbert space

L2(V047"v :U’Oém) = 62(Wa,") 2 L2(Ja,ny ﬂ(cx,n)'

Patricia Alonso-Ruiz (Uni-Siegen) Hanoi attractors and the Sierpinski gasket Siegen, 19 July 2012



1. Dirichlet form on V,,,

@ Fix n > 0 and define the Radon measure 1o, on V4, 5 by
fa,n(B) = #(BN Wa i) + g o(BN Ja.n), forall BCV,,,

where

n—1
Mrcl,n(A) = Z Bk)‘(A n (Ja,k+1 \ Ja,k))~
k=0

o Consider the Hilbert space
L2(Va,na ,Ufoe,n) = éZ(Wa,n) @ L2(Ja,n7 ﬂg,n)'
o For each e € J, ,, write e = (ae, be). Further, define the spaces

C(Van) ={u: Van = R ulja b € C([ae, be]) for all e € Jo.n},
Wh2(Vy,n) i={u: Van > R: ule € WH2(e) for all e € Jnn} -
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1. Dirichlet form on V,,,

Definition 3.1.

For any x,y € W, ,, we say that x and y are n-neighbours (and write x < y), iff
3w e A" such that x,y € Go,w(Va,0)-
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1. Dirichlet form on V,,,

Definition 3.1.

For any x,y € W, ,, we say that x and y are n-neighbours (and write x < y), iff
3w e A" such that x,y € Go,w(Va,0)-

Theorem 3.2.
Let Dy, := WY2(V, ) and define E, : Do.n X Da.n — R by

| A

Ean(u,v) = Y (u(x) = uy))(v(x) = v(y)) + /J VuVv pig, q(dx).

o,n

X~y

Then, the pair (Ey,n, Do,n) is a Dirichlet form on L2(Va7,,,,ua7,,) for all n > 0.
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1. Dirichlet form on V,,,

Definition 3.1.

For any x,y € W, ,, we say that x and y are n-neighbours (and write x < y), iff
3w e A" such that x,y € Go,w(Va,0)-

Theorem 3.2.
Let Dy, := WY2(V, ) and define E, : Do.n X Da.n — R by

| A

Ean(u,v) = Y (u(x) = uy))(v(x) = v(y)) + /J VuVv pig, q(dx).

o,n

X~y

Then, the pair (Ey,n, Do,n) is a Dirichlet form on L2(Va7,,,,ua7,,) for all n > 0.

Notation:

Ed n(u,v)i= > (u(x) = u(n)(v(x) = v(¥)), and ES (u,v):= : VuVv g, p(dx).
xRy o
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2. Renomalization
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2. Renomalization

Definition 3.3.

A function @ € Dy ny1 is said to be the harmonic extension of u € D, , iff

Eony1(0,0) = min{Ey ny1(v,v) 1 v € Dy ny1, Vv, , = U}
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2. Renomalization

Definition 3.3.

A function @ € Dy ny1 is said to be the harmonic extension of u € D, , iff

Eony1(0,0) = min{Ey ny1(v,v) 1 v € Dy ny1, Vv, , = U}

Invariance under harmonic extension

The bilinear form &, n: Da.n X Do,n — R is said to be invariant under harmonic
extension ( i.u.h.e. for short) if

Sa,n(ua U) — ga,n+1(a7 B)v

where u € D, , and U € D, p11 is its harmonic extension. Further, if we can write
Ea,n(u, u) = py 1 Ea n(u, u), then p, , is the so called renormalization factor of
B
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2. Renomalization

Definition 3.3.

A function @ € Dy ny1 is said to be the harmonic extension of u € D, , iff

Eony1(0,0) = min{Ey ny1(v,v) 1 v € Dy ny1, Vv, , = U}

Invariance under harmonic extension

The bilinear form &, n: Da.n X Do,n — R is said to be invariant under harmonic
extension ( i.u.h.e. for short) if

Sa,n(ua U) — ga,n+1(a7 B)v

where u € D, , and U € D, p11 is its harmonic extension. Further, if we can write
Ea,n(u, u) = py 1 Ea n(u, u), then p, , is the so called renormalization factor of
B

@ Forany n >0, po,n ="
o Calculate explicitly pa.0, pa,1, Pa,2 and iterate the process.
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2. Renomalization (1)

Calculation of pq.0, pa,1:
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2. Renomalization (1)

Calculation of pq.0, pa,1:

[ Je»)

o W.lo.g. u(p1) =1, u(p2) = u(ps) =0.

Patricia Alonso-Ruiz (Uni-Siegen) Hanoi attractors and the Sierpinski gasket Siegen, 19 July 2012 15 /1



2. Renomalization (1)

Calculation of pq.0, pa,1:

o W.lo.g. u(p1) =1, u(p2) = u(ps) =0. 9
Eq0(uo, uo) Z (uo(x) — uo(y))* =2,
xRy
le *0
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2. Renomalization (1)

Calculation of pq.0, pa,1:

o W.lo.g. uo(p1) =1, u(p2) = u(ps) = 0.

Ea,0(uo, uo) Z (uo(x) — uo(y))* =2, / \

XN_}/

[ Je»)

le —o e(

Let u; be the harmonic extension of ug.
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2. Renomalization (1)

Calculation of pq.0, pa,1:

o W.lo.g. uo(p1) =1, u(p2) = u(ps) = 0.

[ Je»)

a 0 U(), UQ Z (Uo - Uo ))2 = 2’ ° .be

X Ny
Let u; be the harmonic extension of ug.

Eu (i) = 3 ()~ )P+ [ [Vl 5 ()

a,l a,l
X~y
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2. Renomalization (1)

Calculation of pq.0, pa,1:

o W.lo.g. uo(p1) =1, u(p2) = u(ps) = 0.

[ Je»)

a 0 U(), UQ Z (Uo - Uo ))2 = 2’ ° .be

X Ny
Let u; be the harmonic extension of ug.

Eoa(in ) = 3 (1) — () + / Vol 5 1 (6%)

a1 o1
X~y

= Z(ul(x)— U1 Z d U1 ae — 1(be))2
a1 ecJa1
X~y
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2. Renomalization (1)

Calculation of pq.0, pa,1:

o W.lo.g. uo(p1) =1, u(p2) = u(ps) = 0.

[ Je»)

a 0 U(), UQ Z (Uo - Uo ))2 = 2’ ° .be

X Ny
Let u; be the harmonic extension of ug.

Eoa(in ) = 3 (1) — () + / Vol 5 1 (6%)

a1 o1
X~y

= Z(ul(x)— U1 Z d U1 ae — 1(be))2
a1 ecJa1
X~y

to minimize.
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2. Renormalization (1)

@ Solution of the minimization problem:

y V4
. 2+43d.1 . 2 . 1 / \
X = ———— y = zZ = X z

5+3dy;’ 5+ 3d,1’ 5+3da1
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2. Renormalization (1)

@ Solution of the minimization problem:

y V4
. 2+43d.1 . 2 . 1 / \
X = ———— y = zZ = X z

5+3dy;’ 5+ 3d,1’ 5+3da1

@ Substituting in the expression of E, 1(u1, t1):

15 18d.
(5 + 3da71)2 (5 + 3da,1)

Eqi(ur, m) = ( 2) E. o(uo, uo)

Patricia Alonso-Ruiz (Uni-Siegen) Hanoi attractors and the Sierpinski gasket Siegen, 19 July 2012



2. Renormalization (1)

@ Solution of the minimization problem:

y V4
. 2+43d.1 . 2 . 1 / \
X = ———— y = zZ = X z

5+3dy;’ 5+ 3d,1’ 5+3da1

@ Substituting in the expression of E, 1(u1, t1):

15 18d.
(5 + 3da71)2 (5 + 3da,1)

Eqi(ur, m) = ( 2) E. o(uo, uo)

15+18d,,
o Set po o= +18da s

= B33d. e and pa1 = 1. Then,

Ea,0(Uo, o) = pa,0Ea,o(uo, uo) = Eq,1(u1, ur). (i.uhe)
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2. Renomalization (1)

Calculation of pa2 = (9 2, p5.2):
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2. Renomalization (1)

Calculation of pa2 = (9 2, p5.2):

3
Ea,l(ul, Ul) = E(il(ul, u1) + Eg’l(ul, Ul) =6+ Tl

| s
'S

e
—_
o
e
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2. Renomalization (1)

Calculation of pa2 = (9 2, p5.2):

3
Ea,l(ul, Ul) = E(il(ul, u1) + Eg’l(ul, Ul) =6+ Tl

Let uy be the harmonic extension of u;. Then,

e

| s
'S

—_
o
e
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2. Renomalization (1)

Calculation of pa2 = (9 2, p5.2):

3
Eoa(ur,un) = Eg,l(ul,ul)JrEE,l(Ul,Ul):6+T1- 9

Let uy be the harmonic extension of u;. Then, 1 {_‘\
Eqo(uz, o) = ; (ua(x) — wa(y))? + /Ja,z |VL’2|2 Ha,2(dx) O/ 1
Xy VAR VRN

o
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2. Renomalization (1)

Calculation of pa2 = (9 2, p5.2):

3
Eoa(ur,m) = al(U17U1)+Ea1(U1,U1)—6+T1-

Let uy be the harmonic extension of u;. Then,

Eao(uz, u2) = Y (ua(x) — U2(Y))2+/ |V ua|? 1§, 2(dx) / \

2 Ja,
y

~ 3
Ea,l(UQO Ga,iaUZO Ga,i)+ d. |’
1 a,l

22

X

|
.Mw

1

0

.O

o o 6——0 o

1 0

L]

0
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2. Renomalization (1)

Calculation of pa2 = (9 2, p5.2):

3
Eoa(ur,m) = al(U17U1)+Ea1(U1,U1)—6+T1-

.O

Let uy be the harmonic extension of u;. Then,

Eao(uz, u2) = Y (ua(x) — U2(Y))2+/ |V ua|? 1§, 2(dx) / \

a2 Ja,
xRy
3 N 3 ®@ o 0o 0—O0 o 00
:ZEal(UZOGaiaUZOGai)‘Fia 0 1 0 0
= 7 7 do.y
where
26

Eo1(u0 Ga iy 120Gy j) == Eg,l(uzo Ga,i, 120Gy i)+

c
71 o Ea71(U20 Ga,,', Uy o Ga7;)

is to be minimized for each i = 1,2, 3.
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2. Renomalization (1)

@ Solution of the minimization problem (use n = 1):

d, 2 4
24372 2 1 ~/ \~
)?:7(1[37 .)7:7013 2:7(1 z X
543 %’2 5+3‘§2 543 ‘%’2 « e e
0 y % 1
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2. Renomalization (1)

@ Solution of the minimization problem (use n = 1):

: /X
2+3 ‘;’2 2 1 ' 5 %

dayz’ ‘)7: da,z’ 2: da,z
54375 5+375 54375

X =

@ Substituting in the expression of E, » we obtain

15 9d, 2d,
Eoo(uz, ) = 755,1@17 up) + % + 1| E51(u1,u1)
6(5+3%)

(5+3d‘;;2)2
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2. Renomalization (1)

@ Solution of the minimization problem (use n = 1):

: /X
2+3 ‘Zf 2 1 ' 5 %

dayz’ ‘)7: da,z’ 2: da,z
54375 5+375 54375

X =

@ Substituting in the expression of E, » we obtain

15 9d, 2dy
Ea’z(UQ,Uz) = ﬁﬁil(ul,ul)—i— % +1 Eac’l(ul,ul)
«,2 o,2
(5+3ﬁ) ﬁ(5+3ﬂ)
o Define pd , := LB and pS , = % +1 and

do 2
(5+3 5 )

Eap(tz, 1) = (pd2) T ES (12, t2) + (p5 2) M ES o2, t2) = Eqa(ur, ).
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2. Renormalization (II)

Theorem 3.4.

Let n>1, uy € D, and denote by U, € D, , its harmonic extension. Then it
holds that

Ea,n(D'” D") = (pg,n)ilEg,n(uh ul) + (pg,n)ilEaC,l(ula u1)7

where
1 forn=1
d . ) )
Pa,n -= { H7:2 rg,i’ for n > 2, (1)
and
1, forn=1,
pg,n = C (2)
ZJ 2HI 2 ou’ forn22,

for some numbers rq ; and r ;, depending on 3, dni, i =2,...n

Corollary 3.5.

The pair (Ea.ny Da.n) is a Dirichlet form on L?(Ve.n, flev.n)-
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3. Dirichlet form on K
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3. Dirichlet form o

Construction of the Radon measure p,, on Ky:

@ From Proposition 2.1 we know that K, = F,U J,.
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3. Dirichlet form on

Construction of the Radon measure p,, on Ky:

@ From Proposition 2.1 we know that K, = F,U J,.

o Define the self-similar measure 2 on F, by

1
pa(A) 1= oo M

He- (F) U (A), A CR? Borel,

where d, = dimyF,.
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3. Dirichlet form on K,

Construction of the Radon measure p,, on Ky:

@ From Proposition 2.1 we know that K, = F,U J,.
o Define the self-similar measure 2 on F, by

1
pa(A) 1= oo M

He- (F) U (A), A CR? Borel,

where d, = dimyF,.
@ Define the Radon measure pS on J, by

us(A) =Y B(e)M(Ane), ACR?Borel,

e€Jy

where 3(e) = ¥, for e € Ja,k+1 \ Ja,k are chosen in such a way that
t,(Ja) < o0
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3. Dirichlet form on K,

Construction of the Radon measure p,, on Ky:

@ From Proposition 2.1 we know that K, = F,U J,.
o Define the self-similar measure 2 on F, by

1
pa(A) 1= oo M

He- (F) U (A), A CR? Borel,

where d, = dimyF,.
@ Define the Radon measure pS on J, by

us(A) =Y B(e)M(Ane), ACR?Borel,

e€Jy

where 3(e) = ¥, for e € Ja,k+1 \ Ja,k are chosen in such a way that
t,(Ja) < o0
@ Define the Radon measure p, on K, as follows:

ta(B) = p(BNF,) + uS(BNJy), forall BCK,.
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3. Dirichlet form on

@ Define the Hilbert space

Lz(Ka,ﬂa) = Lz(Faaﬂg) @ Lz(Ja,ﬂ;)'
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3. Dirichlet form on K,

@ Define the Hilbert space

Lz(Ka,ﬂa) = Lz(Faaﬂg) @ Lz(Ja,ﬂ;)'

@ Define the bilinear form

Ex, (u,v) == lim (L (u,v) +ES p(u,v)), u,vi Koy > R
n—o0 ’ ’
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3. Dirichlet form on K,

@ Define the Hilbert space

Lz(Ka,ﬂa) = Lz(Faaﬂg) @ Lz(Ja,ﬂ;)'

@ Define the bilinear form

Ex, (u,v) == lim (L (u,v) +ES p(u,v)), u,vi Koy > R
n—o0 ’ ’

o Set Dy = {u: K, 5 R: &k, (u,u) < oo}. Consider its completion w.r.t.
the norm

5 1/2
(Exa () + [0, )

and denote it by D, .
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3. Dirichlet form on K,

@ Define the Hilbert space

Lz(Ka,ﬂa) = Lz(Faaﬂg) @ L2(Ja,‘u(‘;).

@ Define the bilinear form

Ex, (u,v) == lim (L (u,v) +ES p(u,v)), u,vi Koy > R
n—o0 ’ ’

o Set Dy = {u: K, 5 R: &k, (u,u) < oo}. Consider its completion w.r.t.
the norm

5 1/2
(Exa () + [0, )
and denote it by D, .

Theorem 3.6.
The pair (€., Dk.) is a local regular Dirichlet form on L?(Ky, j10)-
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4. The Laplacian on K,

Proposition 3.7.

There exists D(—A)™) dense subset of Dy, and for each u € D(—A}"), there
exists f € L(Ky, f1a) such that

Ex, (u,v) = / fvpa(dx), forall v e Dy,.
Ka

We write —AN*u = f.

@ The index N refers to Neumann boundary conditions in the domain

D(—A}"). For the case of Dirichlet boundary conditions, define

Dk, 0 :={u €Dk, : ulv,, =0} and &k, 0 := Ek, |Dk, oxDk, o and prove

(Ek,.0: Dk, .0) is a local regular Dirichlet form.

Patricia Alonso-Ruiz (Uni-Siegen)

Hanoi attractors and the Sierpinski gasket

Siegen, 19 July 2012 22 /1



4. The Laplacian on K,

Proposition 3.7.

There exists D(—A)™) dense subset of Dy, and for each u € D(—A}"), there
exists f € L(Ky, f1a) such that

Ex, (u,v) = / fvpa(dx), forall v e Dy,.
Ka

We write —AN*u = f.

@ The index N refers to Neumann boundary conditions in the domain
D(—A}"). For the case of Dirichlet boundary conditions, define
Dk, 0 :={u €Dk, : ulv,, =0} and &k, 0 := Ek, |Dk, oxDk, o and prove
(Ek,.0: Dk, .0) is a local regular Dirichlet form.

@ How do the spectra o(—Ay), o(—Ap) behave asymptotically?
— eigenvalue counting function — spectral dimension.
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Eigenvalue counting function

Consider the case of Neumann boundary conditions.

Definition 3.8.

The eigenvalue counting function of —Aj} at x > 0 is given by

Nn(x) := #{X € o(=AR); A < x},

according to multiplicity.

This definition only makes sense if the eigenvalues of —Aj™ have finite
multiplicity!

Conjecture 3.9.

-

~

N
A\

The inclusion map from the Hilbert space (DKQ, (é'Ka + ||-||i2(Kmua)) > into

L?(Ka, 1) is a compact operator.
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Spectral dimension

Conjecture 4.1.

There exists constants Ca.1, Ca,2, Ca,3, Ca,a > 0 and xg > 0 such that

Ca)]_Xl/z +Ca)2X|n3/|n5 < NN(X) < Ca,3X1/2 + Ca’4X|n3/|n57 X > xo.

Therefore ds(K,) = {22 for all o € (0,1/3).

This would imply that the spectral dimension of the Hanoi attractors K, where
a € (0,1/3), coincides with the spectral dimension of the Sierpinski gasket K.
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Thank you for your attention!
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