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Derivatives with respect to p

Definition!

Let i be a finite Borel-measure on [a, b] and let f: [a,b] - R. A
function h € Ly([a, b], 1) is called the p-derivative of f, iff

f(x):f(a)+/ hdp  forall x € [a, b].
[a]

Proposition

The p-derivative is unique in Ly(p) and is denoted by g—f

We denote di by ' (X is the Lebesgue measure).

YFreiberg: Analytical properties of measure geometric Krein-Feller-operators
on the real line, Math. Nachr. 260 (2003)
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Derivatives with respect to p
Definitions
Basic properties

Let v and p be atomless, finite Borel-measures on |[a, b).
o H'(v) :={f: [a,b] = R| %L exists}
o H2(v,p) = {f € H(v): 9 € H'(u)}

Definition

We define the operator A" on Ly([a, b], 1) by

| \

d
APf = —f' feH*(\p).
g0 TR
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Derivatives with respect to p

Definitions
Basic properties

Basic properties

o Letf,g € H'(u). Then fg € H'(u) and

Ay I %

f —=,

o Letf € H>(\,u) and g € Hl()\). Then

- / i f/(x)g’ (x) dx

/ (Atf)gdpu=1'g
[2,]
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Derivatives with respect to p
Definitions
Basic properties

Basic properties

o Let g: [a,b] — R invertable and f € H'([g(a), g(b)], n)-
Then fog € HY(g71p) and

d df
———~(fog)=—og.
d(g~'n) dp
g ' denotes the image measure of ;1 with respect to g1,

that is, g~ ' 1u(A) = (g(A)) for every Borel-set A C [a, b].
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Construction
Scale irregular Cantor-like fractals Derivation with respect to ')

Energy form
Eigenvalues

@ Scale irregular Cantor-like fractals
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Construction ”
Scale irregular Cantor-like fractals Derivation with respect to ')

Energy form

Eigenvalues

Scale irregular Cantor fractals

Suppose for every k € {1,..., K} (K € N) we are given an IFS
St = (s sy py
’ 9 Nk

5-(k)(x) =Py C,-(k), x €la,b], i=1,... N,
with r( ) and cl-(k) s.th.
a=5(a) < 5{9(b) < 5{(a) < --- < Sy (b) = b.

A sequence & = (&1,&,...) with & € {1,..., K} is called
environment sequence®.

1Barlow, Hambly: Transition density estimates for Brownian motion on
scale irregular Sierpinski gaskets, Ann. Inst. Henri Poincaré,33 (1997),no. 5
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Construction

Scale irregular Cantor-like fractals Derivation with respect to ')
Energy form
Eigenvalues

Construction of the fractal

Set

W = {1, N b {0 Ny b {1, gy b,
S = 5.5,511)055,,522)0---05551") for w=(wi,...,wp) € W,

and

KO = [aa b]7
Ki =S ([a, b)) U+ U S ([a, b)),

K= | s¥(a b))
WEWr(né)
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Construction

Scale irregular Cantor-like fractals Derivation with respect to ')
Energy form
Eigenvalues

Construction of the fractal

Then
o0
K©) .— ﬂ Kl_(ﬁ)

i=1
By construction,

E)_Usfl 95)

where 0§ = (&2,&3,...) denotes a left shift.
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Construction

Scale irregular Cantor-like fractals Derivation with respect to ')
Energy form
Eigenvalues

Definition of the measure 1(¢)

For each k € {1,...,K}, let m{¥), ... m{) € (0,1) with

Zl{\lz"l mlgk) = 1. We construct a measure (&) on [a, b] with support

K(©) such that
N

31
Iu(ﬁ) _ Z m1(51)5i(51)lu(0§)’
i=1
where S,-(él),u(%) is the image measure of (%) through S,-(gl).

S,-(El)_ly(g) = m(&),u(‘%), forall i=1,...,Ng

i

1
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Construction

Scale irregular Cantor-like fractals Derivation with respect to #(E)
Energy form
Eigenvalues

Derivation with respect to (&)

If £ € H2(\, 1(9), then
f'(x) = f(a) + / A Fdu® ) xea, b
a

That means, f’ is constant on each component of [a, b] \ K(©).

I f e H2(\, 1), then f o &Y € H2(\, 1% for i =1,..., Ne
and

1

A“(Gﬁ)(f o Si(ﬁl)) _ m’@l)ri(ﬁl) (A,u(ﬁ) f) - 5,-(51)-
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Construction 5
Scale irregular Cantor-like fractals Derivation with respect to /L(‘\)

Energy form

Eigenvalues

Definition
@ We define

b
E(f.g) = / F()g(x)dx,  f.g e H(N)
a
Q@ We put

F&) — {fe HY()\): f’is constant on each
component of [a, b] \ K©)}.

v

H2 (A, 1®) € FO € HY(X) C La([a, b], 1).
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Construction

Scale irregular Cantor-like fractals Derivation with respect to ')
Energy form
Eigenvalues

Proposition

For any environment sequence &, (£, F©)) is a Dirichlet Form on
L2([a7 b]7 :u'(é))

Lemma
Let f € H?(\, i) and g € HY()\). Then

E(F,8) = —(A"F.g),, ) + F(B)E(b) — F/(a)e(a).

| \

Peter Arzt Asymptotics of Random fractals



Construction 5
Scale irregular Cantor-like fractals Derivation with respect to /1(‘\')

Energy form

Eigenvalues

Eigenvalues

For k € R and f € F(©),

E(f,8) = k(f,&) 1oy for all g € F)
if and only if £ € H2(\, &) and

AOf = _kf
f'(a) = f'(b) =0
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Construction ~
Scale irregular Cantor-like fractals Derivation with respect to 'S

Energy form

Eigenvalues

)

Eigenvalue counting function

Let (£, F) be a Dirichlet Form on Ly(x) with a discrete
non-negative spectrum. Then

N ry(x) = #{k < x: kis eigenvalue of (£, F)}, x>0,

counted according to multiplicity.

|

Theorem

Let (F,€&) and (F',&’) Dirichlet forms on Ly(u) with 7' C F and
&= E|]_—/><]_—/_ Then

N(g/J:/)(X) S N(&]:)(X), for all x 2 0.

YKigami, Lapidus: Weyl’s problem for the spectral distribution of laplacians
on P.C.F. self-similar fractals, Commun. Math. Phys. 158 (1993

Peter Arzt Asymptotics of Random fractals



Energy form
Inner product
Eigenvalue counting function

Scaling properties

© Scaling properties
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Energy form
Inner product
Eigenvalue counting function

Scaling properties

Scaling property of the energy form

Let f,g € F©. Then

Ne,

1
E(f.g) = Z E5(f o 5,-(51),5’ o 5i(£1))
=11
Ne, —1

+ X F(SM)g (51 (b)) [557 (a) - S (8)].
i=1
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Energy form
Inner product

Scaling properties Eigenvalue counting function

Scaling property of the inner product

Proposition

Let f,g € Lo(u(®). Then

N€1
(F,8) ey = D m(Fo 8 g0 S .

i=1
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Energy form
Inner product
Eigenvalue counting function

Scaling properties

Scaling property of the eigenvalue counting function

Put
m%):m(‘/ﬁl)m&%’)7 W:(W]_’,Wn)e Wrgg)

and write N(&) := N(SJ_—(g)).

Proposition

For all x > 0 and n € N,

NOx) = Y N mEx).
WGW,Sg)

For Dirichlet boundary conditions we make an analogous
argumentation. Then, using Ngé)(x) < N©(x), we determine the
asymptotical behaviour of N and Np.
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Spectral asymptotics

@ Spectral asymptotics

Peter Arzt Asymptotics of Random fractals



Spectral asymptotics

Asymptotic behaviour of the eigenvalue counting function

Let %(15) be defined by

(&)
Z (r§§)m$§))7" =1, neN.
WEW,SE)
Then, if the limit exists,

7(5) = lim fy,(,é).
n—oo

N(i(t) — o0, fa<ry

N(f)(t)
t |
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Spectral asymptotics

Asymptotic behaviour of the eigenvalue counting function

For every k € {1,...,K} and n € N put

) (n) = #{:<ns,—k}

and assume that

K(n) =, (n— o)

for some py.

(6

Under the above assumption (&) = ||m v’ exists, and

if £, n are environment sequences W|th p(g) = p( " then
(&) = (),
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Spectral asymptotics

Random environment sequences

Let £ = (&)72,, where &; are i.i.d. random variables with
P(& = k) = pg for k € {1,...,K}. Then, hg(n) — px a.s. and we
can apply the above results.

Special case

Assume that rl-(k) = r(k) and m,(k) = m®*) for all k and i. Then

_ E |0g N{l
E |og(r(fl)m(§1))'

’y:
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