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Calculus of Constructions
(Coquand/Huet; here: notation by Hyland/Pitts)

Well-formed expressions are divided in 3 levels:

Terms, Orders, Operators

Metavariables:
Orders: K, L, M, ...
Operators: S, T, U, ...

Terms: s, t, u, ...

Order constant: Type
(Types = Operators of Order “Type")
Metavariables: A, B, C, ...



The rules of the calculus allow the derivation of Judgements.
Structural Judgements:

I+ K : Order, NrN-=$:K, NrM-S: A

Equality Judgements:

FrN-K=L:Order, THFS=T:K, Tks=t:A

All judgements are made with respect to a Context I' (Declaration
of variables)



Contexts are built according to the following rules:

» () context

. [ context
I, X : Order context

(X & dom(T"))

I K : Order
I, Y : K context

(Y ¢ dom(T))

=S Type
I,x:S context

(x & dom(T"))



Judgements can be derived by general rules:

> equality rules
> substitution
> assumption

> weakening

and specific rules

.
" ype () - Type : Order

Orders and Types are closed under “quantification” over
both Orders and Types.



» Product clauses (“Types over Types”)

Mx:AkE C: Type

M=MNx:AC: Type

MNx:AkFs: C
N=Mx:As:MNx:AC

Eliminiati Fr~t:MNx:AC ThFu:A (application)
iminiation - tu: ClujA] pp

NFu:A IMx:AkFs: C
e (Ax: Ass)u = s[u/x]: Clu/x]

N=t:MNx:A.C
=X Atx=t:lx: AC

Formation

Introduction

(abstraction)

Equality




» Sum clauses (“Types over Types")

Nx:AkF C: Type
N=Xx:A.C: Type

N-=s:A TEt:Cls/x]
M (s,t) : Ix: A.C

NEs:XIx:AC T,x:Ay:Ckt:B[(x,y)/Z]
M= E(s,(x,y).t): Bls/z]

NlEs:A ThHu:C[s/x] T,x:Ay:Ckt:B[{x,y)/z]

Formation

Introduction

Elimination

e E((s,u),(x,y).t) =t[s/x,u/y] : B[(s,u)/z]
NM=s:¥Ix:AC T z:Ix:ACFt:B
M= E(s, (x,y)-tl(x,y)/2]) = t[s/z] : Bls/z]

Equality




CC has A2 as a subsystem.

Coquand, Gunter and Winskel (model of A\?):
Types % dl-domains

here:

[1 canonical representations
Tvpes ———— p g
yp of dl-domains

Winskel

stable event structures

T % elements of the
erms corresponding dl-domain



Advantage: There is a natural substructure relation such that
stable event structures form a domain that is similar to a
dl-domain.



Definition
Let (D,C, 1) be a Scott domain with set of compact elements D°.

1. D is a dl-domain if the following Axioms d and | are satisfied:
Axiom d: (Vx,y,x)[{x,y,z}1 (bounded) =
xM(yUz)=(xMNy)U(xmz).

Axiom |: Each compact element dominates only finitely
many elements.

2. An element p € D° is completely prime if for all bounded
X CD,
pQ|_|X:>(EIX€X)pEx.



Definition
Let D1, D, be Scott domains. A map f: D; — D, is said to be
1. continuous, if it is monotone and preserves least upper bounds
of directed subsets.

2. stable, if it is continuous and preserves greatest lower bounds
of bounded pairs of elements, i.e. for all x,y € Dy,

xTy=f(xNy)=Ff(x)0f(y).

Note that for stable maps f: D; — D, we have that for all
x' € DY there is a least x € DY such that x' C f(x).

Definition
trace(f) = { (x,x’) € DY x DY | x least with x’ C f(x) }.



Posets are categories with an arrow % from x to y, excactly if
x C y. Greatest lower bounds of bounded pairs correspond to
pullbacks in this case.

xMNy ——y XxzY —X
lg b
x z y —% +~7
Definition

Let C1, Cs be categories with pullbacks. A functor F: C; — C5 is
stable, if it preserves directed limits and pullbacks.



Definition

Let Dy, D, be Scott domains. A pair (e, p) of stable maps

e: D1 — D, and p: D, — D; is a stable embedding/projection if
» poe=idp

» eoplidp,.

Note that each component of such a pair uniquely determines the
other one.

Let SD® be the category of all Scott domains with stable
embeddings, D be a Scott domain and F: D — SD® be a stable
functor.

For x,y € D with x C y we write F, , for the embedding
F(%): F(x) = F(y) and F)f; for the corresponding projection.



Definition
A family f = (f4)qgep with fy € F(d) is said to be
1. monotone if
xCy = Fy(f) Cf,.

2. continuous if it is monotone and for all directed S C D,
f|_|5 = |_|{ | X € 5}

3. stable if it is continuous and for all x,y € D with x 1y
F)il?_ly X(fx) M F)il?_ly y(f;’) = ﬂ(ﬂ}"

As in the case of stable maps, for each x' € | J{F(x)° | x € D}
there is a least xo € D° such that x’ € F(x)? and x' C f,. Let

trace(f) = { (x,x") € (Xyep F(x))? | x least with x' C £, }.



Definition

1. An event structure E = (E, Con, ) is given by
» a set E of events,
» a nonempty predicate Con C Py, (E), called consistency, such
that
X € ConANY C X =Y € Con,
» a relation FC Con x E, called enabling relation.

2. An event structure E is stable if for e € E and X, Y C E

XteAYFeAXUYU{e}eCon=X=Y.

Every stable event structure gives rise to a dl-domain and vice
versa.



Definition
1. A proof T of an event e is a set of events defined recursively
by
> De=T1=0.

» If 7y, ..., 7, are proofs of ey, ..., e, and {ey,...,e,} F e,
then m U{e1}U--- U7, U{ey} is a proof of e.
2. A state x is a subset of E which is

» finitely consistent, i.e., (VX C¢ x)X € Con.

» safe, i.e., x contains proof of e, for all e € x.



Proposition

1. Let ST(E) be the set of all states of E. Then (ST(E),C) is a
dl-domain.

2. Let D be a dl-domain and S~ (D) be the set of its complete
primes. Moreover, for X Cf S™(D) and p € S=(D) let

» X € Con if X is bounded

» X F p if X is the set of complete primes immediately below p.

Then (S (D), Con, ) is a stable event structure with

D = ST(5~(D)).



Set
W = {E Cw| E is stable event structure }.

Definition
Let A BEW. AdBIif
» ACB
» Con, = Cong NPsin(A)
(No new consistent subsets of A w.r.t. Cong)
» FaCths
» (Ve A)(VX € Cong)XFpe=XCAANXF e

(g allows no additional enablings w.r.t. A).



Proposition
(W, Q) is a locally distributive stable w-bifinite domain, i.e.,

> w-algebraic
» {x,y}T = xMy exists
> every principal ideal is distributive

» x| X =xNUX={xMNz|ze X}, forall x €W and
all directed subsets X of W

» (U})>®(X) is finite, for all finite sets X of compact elements
of W.

(uh=x) =, (uh"(x)

(UHX) = [J{MUB(Y) | ¥ CriX .



Thus W is nearly a dl-domain:

Here, a finite bounded set can have finitely many minimal upper

bounds, whereas in a dl-domain it has exactly one minimal upper
bound.

. . \O/
M N

finitely many minimal upper
bounds dl
exactly one minimal upper bound



Since w-bifinite domains are algebraic, they are completely
determined by their compact elements

Proposition
Let D be an algebraic domain and D° be the subset of its compact
elements. Set

R™(D) = (D%l D%

RT(D) = (ideal completion of D°, C).

Then
D = R*(R™(D)).



B ={ A C w | A algebraic base of a stable locally distributive
w-bifinite domain }

Definition
Let A, CeB. Ae Cif

» ACC

» (Va,be A)aCab<salceb

» (Vac A)(Vbe C)bCca=be A
> (VX Cr A)MUB(X) C A

Proposition
(B, €) is a locally distributive w-algebraic L-domain that satisfies
Berry's finiteness condition, i.e., |{A} is finite, for all A € B°.



Hence B is nearly a dl-domain.

w-bifinite: finitely many

dl: exactly one

minimal upper bound(s)



Intended Interpretation
» Type expression « with free variables in I by a stable map
[adr:[F] — W

» Term expression t of Type « with free variables in I by a
stable family

([e1r () gy with [elr(x) € ST ([edr(x))

[r1

» Order expression o with free variables in ' by a stable map
|[U]]|' : [[F]] — B

» Operator expression T of Order o with free variables in [ by a
stable family

(LT () seqry with [71 () € R¥([o]r ()



Let
wdLl  category of locally distributive

w-algebraic L-domains with
Berry's axiom |

wBif, category of locally distributive
stable w-bifinite domains

DI category of dl-domains
always with stable maps as morphisms
Proposition
Let D € wdLl.
1. F: D — W stable= ST o F : D — DI stable functor
2. F: D — B stable= R* o F: D — wBif, stable functor



(=7

» [()] = one-point domain
» [, X : Order] =[] x B
» [MLX: K="

» [Mx:Al=7?



Suppose ' K : Order.
Then
R o [K]r : [[] — wBif,

is a stable functor. Construct
SR eIk = {(x.) | x € [T Ay € RE(IKIF() }

(y) E(XLY) e x i X' Ay Ere(ikir(x)) Y
[Note: R*([K]r(x)) € R ([K]Ir(x"))]

> [N X K] = R o [KIr



INx:AF C: Type
M=MNx:AC: Type

Suppose
> [Clrxa: Z|[r]] St o [Alr — W is stable
> [Alr: [T] — W is stable.

Let z € [I'] be fixed. Then
- [Alr(z) e W
» M.[Clrxa(z,d) : ST([Alr(z)) — W stable.



Set

+ —
L. e 25" © L€lrocaz ) =
{(fd)d68+(ﬂA]]r(z)) | (fd) stable family: f; € S+(|IC]]r,X;A(Z, d))}

f C g < trace(f) C trace(g)

Lemma

Ad.ST o [C]r x-a(z,d),C) € DL
ALs- oy °lClralz.d).6) €



Thus, there is a stable event structure

Mpae () [CTF x:a (1)
in W such that

.
ST (Mg [CTE ) = [ [ Ad.8" o [Clr xa(z, d).

SH([AIr(2))
Note that (1) can be constructed from [A]r and [C]r x.a such that

N([ATr, [Clr x;a) : z € [T] = Mg ) [CIF xca

is stable. Define

> |I|_|X . A.C]]r = rl(l[A]]r, |[C]]F,X;A)



Nx:Aks: C
N=-Mx:As:Mx:AC

Suppose
» [Alr: [T] — W is stable
> [Clrxa: Zm ST o [Alr — W is stable

> ([sIr(z, d))(z sy 5+ olAlr is a stable family such that
) r

[sIr(z. d) € ST([CDr x:a(z, d)).



Fix z € [I]. Then

([0 () ges+ (e oy = IsDr (22 @) s (pape o)

is a stable family such that

([s1E () g € Ils+(papr(a) A9-ST([C]r xa(z, d))

ST (Mpagr(2) [CTF 1. 0)

ST([Nx : A.CJr(2))
Note that

curry([s]r) : z € [T] — F;l(([[S]]F(d))de,,,)

is stable. Define

> [Ax : Ass]r = curry([s]r)



Advantages of this model:

» Conceptually much easier than other models which make
heavy use of category theory.

» Recursion can be dealt with without any extra effort.
» Disjoint unions and definitions by cases can easily be added.

» Effectively given: all operations are computable in a strong
sense: their traces are effectively enumerable.



