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1 Introduction
One calls a quantum system bipartite if it consists of two subsystems. Consider for
example two atoms which have interacted with each other in the past but are now in
two locally separated laboratories. If one cannot completely describe the states of the
subsystems without the state of the whole quantum system the state is called entangled.
Entanglement is the key resource that enables many quantum information processing
tasks, and its detection and quantification has been considered at length in the past
decades.

However, even in the bipartite case, open questions still remain to be answered. So-
called bound entangled states are especially enigmatic, and remain elusive to be fully
characterized both theoretically and experimentally. The definition of bound entangled
states is that they cannot be used to generate a maximally entangled state under certain
restrictions of the applicable operations in the experiment. Bound entanglement appears
in highly mixed states, for which entanglement quantification methods are generically
hard to implement. Mixed states are needed to describe experiments in which a specific
(not mixed) quantum state can only be generated with a certain probability.

We introduce a family of highly symmetric, bipartite, mixed quantum states in arbi-
trary dimensions. It consists of all states that are invariant under local phase rotations
and local cyclic permutations of the basis. We solve the separability problem for a sub-
space of these states and we show that a sizeable part of the family is bound entangled.
We also calculate some of the Schmidt numbers for the family in d = 3. Schmidt num-
bers are quantifiers for the dimensionality of entanglement. Because our family is defined
through symmetries, these results stand as a lower bound for the Schmidt number of
generic non-symmetric states of the same dimension.

For dimension d = 4 we calculate a lower bound for the linear entropy which quantifies
the amount of entanglement. Here we also carried out an extensive application of known
methods to detect separability.

At the end we discuss some additional families of states. Those families are invariant
under permutation of both subsystems. Here we mostly limit ourselves to describing the
states and writing down the physicality constraints.
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2 Mathematical Formulation of Quantum Theory
As a physical motivation for the postulates of quantum theory, we will briefly sketch
the mathematical formulation of classical mechanics and address why it cannot describe
quantum mechanics. In particular it will be shown that this abstract formulation of
classical mechanics would not allow for Heisenberg’s inequality. Since Isaac Newton’s
Principia Mathematica we know that it is often advantageous to model a classical system
by treating position and momentum of a body as the state of the system. Then, the
physical laws describe how one can calculate the second derivative of the position with
respect to the time, the acceleration. In modern formulations of classical mechanics one
wants to directly address the various restrictions on the space of all possible states. The
movement of the body could for example be restricted by a rope. Likewise, in general
relativity there is also a need for a general and sophisticated mathematical structure
to describe the curvature of space-time. So in modern general formulations smooth
manifolds are used to describe the set of all states. To be more precise, the cotangent
space in a chart of the manifold gives us the coordinates for place and momentum of
the particle or body. A physical quantity that can be determined by performing some
measurement on the system is referred to as observable. Since in classical mechanics
the state is completely determined if we know the position x and the momentum p, we
can define our observables to be real functions in x and p. Because we see no reason
why in this idealized model a determination of the state up to an arbitrarily small
error should not allow an arbitrarily good determination of the quantity described by
the observable, the observables are assumed to be continuous. For simplicity we also
assume our manifold to be compact. A strong argument for this would be that every
measurement device has a finite range. Now a definition for C∗-algebras will be given
and we will notice that one can make use of this to describe observables.

Definition 2.1. A vector space (V,+) over the field K = R or = C with the norm || · ||
and the product ◦ : V × V → V is a Banach algebra iff:

1. (V,+,||·||) is a Banach space.

2. (V,+,◦) is an associative K-algebra.

3. ∀A,B ∈ V ||A ◦B|| ≤ ||A|| · ||B||

Definition 2.2. A C∗-algebra X is a Banach algebra over the field C with an endomor-
phism ∗. The map ◦ should have the following properties:

1. It is an involution: ∀x ∈ X x∗∗ = (x∗)∗ = x∗

2. ∀x, y ∈ X (x+ y)∗ = x∗ + y∗

(xy)∗ = y∗x∗

3. ∀x ∈ X and λ ∈ C (λx)∗ = λx∗

4. The C∗-identity is fulfilled: ∀x ∈ X ||x∗x|| = ||x∗||||x||
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Now we can equip the space of the observables (real continuous functions on manifold
M) with a "+" and a "·" operation, a norm, a scalar-multiplication and a conjugation,
so that

Definition 2.3. For all S ∈M and f, g ∈ C0(M,R)

1. (f + g)(S) = f(S) + g(S)

2. ∀a ∈ R (af)(S) = af(S)

3. (f · g)(S) = f(S)g(S)

4. ||f || = {|f(S)||S ∈M}

5. f∗(S) = f(S)

In [11] it is proven that, if we require this structure, one can describe the set of
observables algebraic in the following way:

Theorem 2.1. The observables of a classical system are the self-adjoint elements of a
separable commutative unital C∗-algebra A.

Since we can describe the observables by making use of C∗-algebras the question arises,
whether this is also possible for states.

Definition 2.4. Let a A be a C∗-algebra like in the definition 2.3. A map
S : A → C, f 7→ f(S) is (also) called a state.

We can examine some properties of these classical states:

Theorem 2.2. For S ∈ M the function S : A → C with f 7→ f(S) is a normalized
linear positive functional.

Proof. ∀f, g ∈ A, a ∈ R
Linearity: S(f + ag) = (f + ag)(S) = f(S) + ag(S) = S(f) + aS(g)
Positivity: S(f · g∗) = (f · g∗)(S) = f(S)g∗(S) = f(S)g(S) = S(f)S(g)
Normalisation: Let 1 be the observable M 3 S 7→ 1. Now we get

||S|| = sup
||f ||=1

f(S) ≥ |S(1)| = 1.

On the other side we have

|S(f)| = |f(S)| ≤ sup
S∈M

f(S) = ||f ||

⇒ ||S|| ≤ 1

Now we will come to a contradiction of Heisenberg’s uncertainty principle, which
deems the presented formalism unsuited for describing quantum mechanics.
The Riesz-Markov theorem enables us to view the states as an average.
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Theorem 2.3. For a locally compact Hausdorff space X, a state S ∈ C0(X,R) can be
written as

S(f) =
∫
X
fdµS .

In this integral representation µS is a uniquely determined probability measure.

Now S(f) can be interpreted as an expectation value of the observable f , which is
measured for the state S. This also justifies the following definition for the standard
deviation.

Definition 2.5. For a state S ∈ M and an observable f ∈ C0(M,R) the variance is
defined as

σS(f)2 = S
[
(f − S(f))2

]
.

But for the definitions used in classical mechanics we introduced this yields

σS(f)2 = S
[
(f − S(f))2

]
= S

[
f2 − 2S(f)f + S(f)2

]
= f2(S)−2f(S)f(S)−(f(S))2 = 0

This shows that to describe quantum mechanics we need a different mathematical for-
malism. To have no variance for all observables and states would contradict the famous
Heisenberg uncertainty relation:

σS(p)σS(q) ≥ 1
2~

Without further discussion we will now present the real mathematical framework for
quantum mechanics as presented in [11].

Definition 2.6. The set of observables of a quantum system are exactly the self-adjoint
elements of a separable (noncommunative) unital C∗-algebra A.

Definition 2.7. The set of states S of a quantum system is the set of all positive linear
functionals ψ on A so that ψ(1) = 1.

The connection between this formulation of the mathematical framework of quantum
mechanics and the axioms one learns in a usual quantum mechanics lecture [21], [5], [13]
is given by the Gelfand-Naimark theorem.

Theorem 2.4. Gelfand-Naimark Theorem There exists a separable Hilbert space
H over C so that

1. There exists an isometric *-isomorphism π : A → H.

2. ψ ∈ S, iff there exists a positive semi-definite, continuous, endomorphism Ψ : H →
H ( or Ψ ∈ S(H) ) , so that Tr(Ψ) = 1 and for every A ∈ A: ψ(A) = Tr(Ψπ(A)).

A *-isomorphism is an isomorphism with the property π(A∗) = π(A)∗.
This thesis focuses mainly on quantum-mechanical systems, which can be divided into
two smaller subsystems. In the next chapter we describe such a partition in detail, but
the Gelfand-Naimark theorem already shows us, that we can study positive semi-definite
self-adjoint operators over some Hilbert space to understand the states of the system.
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2.1 Introduction to Bipartite Entanglement
In this thesis we will only consider bipartite systems. Physically, this means for example
that two experimenters, Alice and Bob, each have one particle, which may have inter-
acted with each other in the past. Furthermore we restrict ourselves to physical systems
which can be described by a finite-dimensional Hilbert space. It suffices for this thesis to
consider the complex Euclidean space Cd. We use the bracket notation and thus denote
an arbitrary orthonormal basis by:

|0〉 :=


1
0
0
...
0

 |1〉 :=


0
1
0
...
0

 . . . |d− 1〉 :=


0
0
...
0
1


We denote |v〉 ∈ H as a vector in the Hilbert space H with || |v〉 || = 1. According to
the Riesz representation theorem every element of the dual vector space can be written
as the functional H → C h 7→ 〈v, h〉 , where v is a uniquely determined vector and
the brackets denote the inner-product. This is the justification for the notation 〈v| for
an element of the dual vector space. If the decomposition of |v〉 in the standard basis
is |v〉 = ∑

j vj |j〉 with vj ∈ C , the decomposition of 〈v| is 〈v| = ∑
j v
∗
j 〈j|. And with

〈k| (|j〉) = δj,k, we see that 〈w| (|v〉) = 〈w|v〉 is just the Euclidean scalar product.

Until now we have not defined a mathematical structure to describe experiments, where
some source produces quantum mechanical states only with certain probabilities. Con-
sider for example an experiment where the states |ψj〉 ∈ H for j ∈ {1, ..., n} can be
produced with the respective probabilities pj and

∑
j pj = 1. The correct mathematical

framework for this sort of experiments is the set of positive semi-definite endomorphisms
of H. The situation in the example above is now described with linear maps of the form∑
j pjP (|ψj〉), where P (|ψj〉) =: |ψj〉 〈ψj | denotes the projector to the vector |ψj〉. We

call the usual matrix representation of these endomorphisms density matrices. The con-
dition that the classical probabilities should sum up to 1 and should not be negative leads
to the requirement that density matrices have trace 1 and are positive semi-definite [16].
It should also be noted that for infinite dimensional systems, one has to define so called
trace-class operators to ensure that the trace does not depend on the choice of the basis.
If the state is already described by a vector in H, we refer to it as pure state. The
corresponding density matrix is in that case the projector to this vector. If a density
matrix does not correspond to a pure state, we call the state it describes a mixed state.

To describe quantum-mechanical systems with multiple parties, the use of the tensor-
product is advantageous. Let us consider again the situation where the experimenters
Alice and Bob each have one particle. In addition we say that Alice can measure dA ∈ N
distinct values of, for example, energy at her particle. Similarly Bob can measure dB ∈ N
values. So all in all if both experimenters measure there are dA · dB different possible
outcomes. The axioms of quantum mechanics suggest now that the whole state space
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is given by CdA·dB ( of course we actually have equivalence classes of unit vectors in
CdA·dB , where two elements are equivalent if they only differ by a complex phase). Since
CdA ⊗ CdB ∼= CdA·dB the following notation is sensible:

∀j ∈ {1, ..., dA}, k ∈ {1, ..., dB} |j〉 ⊗ |k〉 =: |j〉 |k〉 =: |j k〉 .

Now the question arises whether and to what extent the experimental results of Alice
and Bob are correlated. For a more precise description how these measurements are
actually modelled in quantum theory we refer to [16]. To investigate such questions we
need following definitions:

Definition 2.8. A quantum state |ψ〉 ∈ CdA ⊗ CdB is called separable, if there exist
|ψA〉 ∈ CdA and |ψB〉 ∈ CdB so that |ψ〉 = |ψA〉 ⊗ |ψB〉. Otherwise we call the state |ψ〉
entangled.

For mixed states in S(H) := {T ∈ L(H)|Tr(T ) = 1, T † = T, T is positive semi-definite},
where L(H) denotes the continuous endomorphisms, we have a similar definition.

Definition 2.9. A state ρ ∈ S(CdA⊗CdB ) is called factorized or product state if there is
ρA ∈ CdA and ρB ∈ CdB so that ρ = ρA ⊗ ρB. If ρ is a convex combination of factorized
states, we call it separable. Otherwise ρ is entangled.

The following theorem gives us an upper bound on the minimal number of summands
in such convex combinations.

Theorem 2.5. Carathéodory:
Let X ⊆ Rn. Then any point in a convex hull of X can be written as a convex combi-
nation of n+ 1 points of X.

Proof. see [3]

We can consider N ×N -density matrices as a subset of Hermitian complex matrices
with trace equal to 1. These matrices are described withN−1+N(N−1) real parameters.
Carathéodory’s theorem therefore says that the convex sum can be written using only
N2 summands.
For bipartite pure states the problem of determining whether a state is entangled or not
is quite manageable, as the following lemma shows:

Lemma 2.1. Schmidt decomposition:
Let |ψ〉 ∈ H1 ⊗ H2 be a bipartite pure state. Then there exist two orthogonal bases
{ak|k ∈ {1, ...,dim(H1) =: dA}} and {bk|k ∈ {1, ...,dim(H2) =: dB}} and real positive

coefficients sk, so that |ψ〉 =
min{dA,dB}∑

k=1
sk |ak〉 |bk〉.

Proof. First we expand |ψ〉 in some basis

|ψ〉 =
∑
k,j

ψk,j |k〉 |j〉 ,

5



where ψk,j := 〈j k|ψ〉. Now we can do a singular value decomposition for the matrix
C := (ψk,j)k,j . Thus there are two unitaries U ∈ CdA×dA and V † ∈ CdB×dB and a
diagonal matrix D ∈ RdA×dB , so that C = UDV †. The non-negative diagonal elements
of D are called Dk,k =: sk for k ∈ {1, ...,min{dA, dB}}. The following short calculation
shows how the two basis have to be chosen:

|ψ〉 =
∑
k,j

ψk,j |k〉 |j〉

=
∑
k,j

(UDV †)k,j |k〉 |j〉

=
∑
k,j

∑
l,m

Uk,lDlmV
†
m,j |k〉 |j〉

=
∑
l

sl

(∑
k

UTl,k |k〉
)

︸ ︷︷ ︸
=:|al〉

∑
j

V †l,j |j〉


︸ ︷︷ ︸

=:|bl〉

The number of non-vanishing Schmidt coefficients (the sk in the lemma above) is
called Schmidt rank. In [26] the definition of Schmidt rank is extended to mixed states
and called Schmidt number

Definition 2.10. For every pure state |ψ〉 in H1⊗H2 one can write the Schmidt rank r
explicitly like |ψr〉 ∈ H1⊗H2. For ρ ∈ S(H1⊗H2) the Schmidt number K ∈ N is given
by

K := min
{pi∈[0,1], |ψrii 〉∈H1⊗H2| ρ=

∑
i
pi|ψrii 〉,

∑
i
pi=1}

max
i
ri.

If the Schmidt number is 1, there is a decomposition of ρ in separable states and ρ is
separable. We denote the states that have a Schmidt number equal or less than K with
SK .

2.2 Separability criteria and completely positive maps
The separability problem is the task to determine, whether a given density matrix is
separable or not. Since this problem is NP-hard [8] [15], one cannot expect to find a
simple algorithm to solve it. The aim of this chapter is to introduce some more theory
concerning this topic. The presented definitions and theorems can be found in section
6.3 of [16].

2.2.1 Entanglement Witnesses

Definition 2.11. A Hermitian operator W ∈ L(HA ⊗HB) is called entanglement wit-
ness, if for all factorized states ψ⊗ φ ∈ HA ⊗HB, 〈ψ ⊗ φ|Wψ ⊗ φ〉 > 0 and there exists
at least one state η ∈ HA ⊗HB with 〈η|Wη〉 < 0. If the scalar-product is negative for a
particular state, we say that the witness detects the state (to be entangled).
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Theorem 2.6. A state ρ ∈ S(HA ⊗HB) is separable if and only if tr(ρW ) > 0 for all
entanglement witnesses W .

Proof. "⇒": Let ρ be a separable state. Then we can decompose it in product states,
so that ρ = ∑

j pjρ
j
A ⊗ ρ

j
B. We also can write the reduced density matrices as convex

combinations of projectors, i.e. ρjA = ∑
k s

j
k

∣∣∣ψjk〉〈ψjk∣∣∣ and ρjB = ∑
l t
j
l

∣∣∣φjl 〉〈φjl ∣∣∣. Now
one can directly calculate

tr(ρW ) =
∑
j,k,l

pjs
j
kt
j
l tr
(∣∣∣ψjk〉〈ψjk∣∣∣⊗ ∣∣∣φjl 〉〈φjl ∣∣∣W)

=
∑
j,k,l

pjs
j
kt
j
l

∑
e,g

〈
e
∣∣∣ψjk〉〈ψjk∣∣∣⊗ 〈g∣∣∣φjl 〉〈φjl ∣∣∣W |e〉 ⊗ |g〉 .

Using the relation ∑e |e〉 〈e|ψ〉 = |ψ〉 we get:

=
∑
j,k,l

pjs
j
kt
j
l

〈
ψjk

∣∣∣⊗ 〈φjl ∣∣∣W ∣∣∣ψjk〉⊗ ∣∣∣φjl 〉 ≥ 0.

"⇐": For the reverse direction we make use of theorem 3.4 in [19]. It states

Theorem 2.7. Let A and B be non-empty, disjoint, convex sets in a locally compact,
real topological vector space X. If A is compact and B is closed then there exists a
functional Λ ∈ X∗ and real numbers r1, r2 ∈ R, so that for every x ∈ A and y ∈ B

Λ(x) < r1 < r2 < Λ(y).

Here X∗ denotes the dual vector space of X.

Consider the space T (H) := {R ∈ L(H)|R is positive semi-definite} equipped with the
trace norm ||R|| = (Tr

(
R†R

)
) 1

2 . For infinite dimensional systems one would also have to
restrict to trace class operators, so that the trace is still well defined. Because this linear
R-vector space has a norm, it is also locally convex. Suppose ρ is an entangled state. We
choose the set B to have ρ as its only element. For the set A we consider the separable
states. This is a compact set in the tracenorm topology according to [16]. The dual
space of the space T (H) is the space L(H). From Theorem 2.7 and the representation
theorem from Riesz it follows that there is a function Λ ∈ L(H), so that

tr(Λη) < r < tr(Λρ)

for some r ∈ R and all η ∈ T (H). Now Λ− rI is the desired entanglement witness.

Positive maps are another mathematical construct that is helpful in deciding if a state
is entangled.

Definition 2.12. We call Λ a linear map on S(H) positive, if positive semi-definite
elements of S(H) are mapped to positive semi-definite elements.

7



To model a transformation between physical states, e.g. the state-transformation of a
photon passing through a fiber, one needs an even stronger condition.

Definition 2.13. The linear mapping Λ : L(HA)→ L(HA) is called completely positive
iff for all finitely dimensional extensions HB the mapping Λ⊗ IB is positive on L(HA)⊗
L(HB).

The following argument shows that these definitions are helpful in solving the sepa-
rability problem. Consider two positive maps FA ∈ L(HA) and FB ∈ L(HB). With the
tensor product we get the map F := FA ⊗ FB ∈ L(HA ⊗HB). Let ρAB be a separable
state with the decomposition ρAB = ∑

i piρ
(i)
A ⊗ρ

(i)
B . Now we apply the constructed map

FA ⊗FB to the state:

FA ⊗FB(ρAB) =
∑
i

piFA(ρ(i)
A )⊗FB(ρ(i)

B )

Since the maps FA and FB are positive and the ρ(i)
A and ρ(i)

B are density matrices FA(ρ(i)
A )

and FB(ρ(i)
B ) are also positive semidefinite. Now it follows that F(ρAB) is also positive

semidefinite as sum of positive semidefinite operators. To detect some entangled states
one makes use of the converse statement: If F(ρ) is not positive semidefinite, then ρ has
to be entangled.

The following theorem provides further insight into the set of positive linear maps.

Theorem 2.8. Choi’s theorem
For a positive linear map E : L(Cd)→ L(Cd′) the following statements are equivalent:

1. E is completely positive.

2. E ⊗ idd is a positive map.

3. The Choi matrix of E is positive.

The definition of the Choi matrix ΦE is that (ΦE)mn := E(|ϕm〉 〈ϕn|), where the ϕj form
an orthonormal basis of the Hilbert space Cd.

Proof. 1.⇒ 2.: This follows immediately from the definition 2.13.
2.⇒ 3.: Consider the matrix A = ∑

m,n |ϕm ⊗ ϕm〉 〈ϕn ⊗ ϕn|. Since A† = A, A2 =
dA and thus A = 1

dAA
†, this matrix is positive. Because E ⊗ idd is positive we

can apply it to A and still obtain a positive matrix. Applying the map yields E ⊗
idd
∑
m,n |ϕm ⊗ ϕm〉 〈ϕn ⊗ ϕn| =

∑
m,n E(|ϕm〉 〈ϕn|)⊗|ϕm〉 〈ϕn| = ΦE and thus the Choi

matrix is positive.
3.⇒ 1.: Since ΦE is positive its eigenvalue decomposition has the following form:

ΦE =
dd′∑
i=1

λiψ̃iψ̃
†
i ,

8



where the ψ̃i are eigenvectors and λi > 0. One now defines ψi = ψ̃√
λi

and sees that

ΦE =
dd′∑
i=1

ψiψ
†
i .

The tensor product Cd′ ⊗ Cd can always be expressed as direct sum Cd′ ⊗ Cd ' Cd′ ⊕
...⊕Cd′ . We define Pj as the projection to the jth such ’summand’ in the direct sum of
Cd′ vector spaces. Now, the following equalities are valid

E [|φj〉 〈φk|] = PjΦEPk =
∑
l

Pj |ψl〉 〈ψl|Pk =
∑
l

|Pjψl〉 〈Pkψl| . (2.1)

Let for each l ≤ dd′ the operator Vl : Cd → Cd
′
be defined by the equation

Vlφj = Pjψl.

Then equation 2.1 can be rewritten as:

E [|φj〉 〈φk|] =
∑
l

|Pjψl〉 〈Pkψl| =
∑
l

|Vlφj〉 〈Vlφk| =
∑
l

Vl |φl〉 〈φl|V †l

Applying the linearity of E yields E(T ) = ∑
l VlTV

†
l and it is well known that mappings

of this form are completely positive.

With the help of Choi’s theorem we are able to investigate the connection between
positive maps and entanglement witnesses.

Theorem 2.9. Choi-Jamiolkowski isomorphism
Let Hd and Hd′ be separable Hilbert spaces of dimensions d and d′. Furthermore ϕk
is some orthonormal basis on Hd. We define P+ := 1

d

∑d
j,k=1 |ϕj ⊗ ϕk〉 〈ϕj ⊗ ϕk|. The

Choi-Jamiolkowski isomorphism is defined as follows

J :{E : L(Hd)→ L(Hd′)|E is linear} → L(Hd ⊗Hd′)
E 7→ ΩE = E ⊗ I[P+]

Proof. We will prove that the Choi-Jamiolkowski isomorphism is an injective homor-
phism. (As defined above the Choi-Jamiolkowski isomorphism is not surjective). The
following mapping is inverse to J :

J −1 : Ω 7→ EΩ : EΩ[X] = dTr2((I⊗XT )Ω)

The linearity of J and J −1 can be easily seen. That J −1 is inverse to J is shown by
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following calculation:

∀X ∈ L(Hd) J −1(J (E))[X] = EΩE [X]
= dTr2((I⊗XT )ΩE)
= dTr2((I⊗XT )E ⊗ I[P+])
=
∑
j,k

Tr2((I⊗XT )E [|ϕj〉 〈ϕk|]⊗ |ϕj〉 〈ϕk|)

=
∑
j,k

E [|ϕj〉 〈ϕk|] Tr
(
XT |ϕj〉 〈ϕk|

)
=
∑
j,k

E [|ϕj〉 〈ϕk|]
〈
ϕk
∣∣∣XTϕj

〉
= E [

∑
j,k

|ϕj〉 〈ϕk|
〈
ϕk
∣∣∣XTϕj

〉
] = E [X]

Therefore we have that J −1 ◦ J is the identity operator and J is injective.

Now we can formulate a proposition that relates the separability problem to positive
maps:

Theorem 2.10. A state ρ ∈ S(HA ⊗ HB) is separable iff for all positive maps F :
L(HB)→ L(HA) the operator (I⊗F)(ρ) is positive.

Proof. Proof idea: We already know that the statement is true for linear entanglement
witnesses. The Choi-Jamiolkowski isomorphism establishes a connection to positive
maps. For an exact proof see [16].

2.2.2 PPT criterion

PPT is an abbreviation for positive partial transpose. The following lemma introduces
one of the most important separability criteria.

Lemma 2.2. Let ρ ∈ S(HA ⊗HB) a separable quantum state. Then the partial trans-
pose of the ρ is positive semi-definite.

Proof. Since ρ is separable it can be decomposed into product states ρ = ∑
k pkρ

A
k ⊗ ρBk .

ρTB =
(
I⊗ (·)T

)
ρ =

∑
k

pkρ
A
k ⊗ (ρBk )T =: ρ̃

Since (ρBk )T and thus ρ̃ are density matrices, they have to be positive semi-definite.

2.2.3 CCNR criterion

Another important separability criterion is the Computable Cross Norm or Realignment
(CCNR) criterion. The original papers, where it was introduced, are [20] and [4]. Before
we present the criterion we have to define local orthogonal bases for matrices.
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Definition 2.14. Consider a bipartite Hilbert space of the form H = HA⊗HB. We call
{GAk ∈ L(HA)|k ∈ {1, ...,dim(HA)}} a local orthogonal basis, if it is a basis of Ls(H)
and the matrices are orthogonal with respect to the Hilbert-Schmidt scalar product, i.e.:

∀k, j ∈ {1, ..., n2} : Tr
(
GAkG

A
j

)
= δk,j .

An example for a local orthogonal basis would be the generators of SU(dim(HA)) nor-
malized accordingly, together with the normalized identity matrix.
Theorem 2.11. The density matrix ρ can be decomposed as

ρ =
∑
k

λkG
A
k ⊗GBk .

Then, if ρ is separable, ∑k λk ≤ 1.
Proof. The tensor product of the local orthogonal bases gives us a basis for Hermitian
operators on H = HA⊗HB. Thus an arbitrary density matrix ρ can be decomposed as

ρ =
∑
k,j

µk,jG
A
k ⊗GBj .

Now one can perform a singular value decomposition for the matrix µ, so that we have
unitary matrices U and V , as well as a diagonal matrix with entries λl and for all l 6= 1 :
λl = 0. This yields

ρ =
∑
k,j

(UDV ∗)k,jGAk ⊗GBj

=
∑
k,j,l

λlUk,l(V ∗)l,jGAk ⊗GBj

=
∑
l

λl

(∑
k

Uk,lG
A
k

)
⊗

∑
j

(V ∗)l,jGBj


=
∑
l

λlG̃
A
k ⊗ G̃Bj .

If ρ is a product state it is already of the form above with λ1 = 1. On the set of
density matrices one can define the Schatten-norms. The Schatten 1 norm is just the
addition of all the singular values of the matrix. Now one can use the triangle inequality
for the Schatten 1 norm of a separable state ρ

||ρ|| = ||
∑
k

pk |ak〉 〈ak| ⊗ |bk〉 〈bk| || ≤
∑
k

pk|| |ak〉 〈ak| ⊗ |bk〉 〈bk| || = 1

Another formulation of the CCNR criterion is given in [4] and [18]. The realigned
matrix is related to the original density matrix as R(ρ) = ∑

i,j,k,l
ρij,kl |ik〉 〈jl|. It is known

that Tr
√
ρ†ρ ≤ 1 for separable states.
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2.3 Bound Entanglement
Assume that one can have arbitrary many copies of a quantum state ρ. If one is not able
to produce a maximally entangled state (|φ〉 = ∑

k
1√
d
|k k〉) with this copies by using

only local operations and classical communication, then ρ is called non-distillable. If ρ
is also entangled, it is called bound entangled. The physical idea behind the phrase local
operations and classical communication (LOCC) is the following. One can think of two
experimenters at different places. They are allowed to communicate per classical means
and tell each other what they measure. The system we are interested in can be thought
of as two particles which may have interacted previously. Now each experimenter has
one of these particles. The situation is depicted in figure 1.

Figure 1: The experimenters, Alice and Bob, are locally separated, but able to commu-
nicate classically. Each one has only access two one of the two particles. The
two particles together are in the quantum state ρ.

For a mathematical explication of LOCC we first have to define the notion of a channel.
The physical time evolution can be described with a channel.

Definition 2.15. A channel E is a completely positive, linear map E : S(H) → S(H)
that is trace nonincreasing.
We call a channel E : S(HA⊗HB)→ S(HA⊗HB) local if it can be written as E = EA⊗EB,
where EA and EB are channels defined on HA and HB, respectively.

Definition 2.16. A channel E : S(HA⊗HB)→ S(HA⊗HB) that is a sequence of local
actions and exchange of classical communication is a LOCC-channel. Here an action is
a channel or an instrument.
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A quantum instrument is a mathematical model for a measurement. Although mea-
surements in quantum mechanics are not a central topic for this thesis, we briefly mention
the definition from [16].
Definition 2.17. Let (Ω,Σ) be a measurable space. A mapping I : Σ→ S(H) is called
instrument, if it satisfies following properties:

1. For all ρ ∈ S(H) : Tr(I(Ω)[ρ]) = 1 Tr(I(∅)[ρ]) = 0

2. For all ρ ∈ S(H and all sequences of mutually disjoint sets {Xj}, with Xj ∈ Σ, I
has to fulfil

Tr(I(∪jXj)[ρ]) =
∑
j

Tr(I(Xj)[ρ])

The exchange of classical information can be used in the following way. Suppose one
wants to implement a convex sum of factorized channels i.e. E = ∑

j qjEAj ⊗EBj . Now the
(q1, q2..) can be interpreted as probability distribution. The idea for the implementation
is that Alice generates the index-number j according to the probability distribution qj .
Then she tells Bob the number that she generated. If Alice generated the number k ∈ N
they know that they have to implement EAk ⊗ EBk .

LOCC protocols can have a quite involved structure, since the measurements one party
performs can depend on the measurement outcomes of the other party. To illustrate
this we have a look at a LOCC communication protocol consisting of n communication
rounds (s. Def. 6.16 in [16]). Bob starts by performing a measurement, which can be
described with the instrument Ω1 3 j → FBj , where FBj are operations and Ω1 is an
outcome space. From definition 2.17 1. and 2. we know that the sum ∑

j1∈Ω1 F
B
j1 =: EB1

is trace preserving for density matrices. Now Bob can communicate the result of the
measurement j1 ∈ Ω1 to Alice. In the second round she does a measurement with the
outcome space Ω2 and the operations FAj2 . Alice can then also communicate her results
to Bob and they continue with procedures of this sort. At the end they both can imple-
ment a local channel EAn+1|jn...j1 ⊗ E

B
n+1|jn...j1 . This notation should emphasize that this

last channel depends on the previously exchanged information about the measurements
j1...jn. The final channel for this LOCC protocol is:

ELOCC =
∑

jn,...,j2,j1

(EAn+1|jn,...,j1 ⊗ E
B
n+1|jn,...,j1)...(FAj2|j1 ⊗F

B
j1 )),

where ∑j2 F
A
j2|j1 = EA2|j1 etc. and EAn+1|jn,...,j1 , E

B
n+1|jn,...,j1 are channels. In figure 2 there

is a sketch of the described LOCC protocol.

In [1] there is a characterisation of distillability that does not use LOCC protocols
anymore.
Definition 2.18. Let ρ ∈ S(HA⊗HB) be a bipartite quantum state. If for n ∈ N there
exist two-dimensional projectors P and Q, such that

(
P ⊗Q ρ⊗n (P ⊗Q)T

)TA has at
least one negative eigenvalue, then ρ is called n-distillable.
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Figure 2: Schematic of an LOCC communication protocol consisting of n communication
rounds.

A state is not distillable, if and only if it is not n-distillable for all n ∈ N. It was already
proven in [17] that the PPT condition implies the non distillable property. Whether the
converse is also true, is a famous open problem in quantum information. Therefore it is
not known yet if there is a bound entangled state with a partial transpose that has at
least one negative eigenvalue (NPT).

3 Convex roof of entanglement monotones
A frequent question in quantum information theory is how strong the entanglement be-
tween particles in a certain state is [14]. Such entanglement quantification is important,
because one often thinks of entanglement as a kind of useful resource for certain tasks in
quantum computation. To know how entangled a given state is we define entanglement
measures.

Definition 3.1. If a function E : S(H) −→ R+ ∪ 0 fulfils the following conditions, it is
called entanglement measure or entanglement monotone.

1. All separable states are mapped to zero.

2. If we change the basis locally on all sites the amount of entanglement stays the
same. Therefore for every unitary U we want to have E(ρ) = E(U ⊗UρU † ⊗U †).

3. In experiments one cannot increase the amount of entanglement by simply perform-
ing local operations, even if all the experimenters can use classical communication.
If the positive map Λ corresponds to an LOCC protocol, we therefore have:

E(ρ) ≥ E(Λ(ρ))
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4. E is convex:
E(
∑
k

pkρk) ≤
∑
k

pkE(ρk)

5. E is additive: E(ρ⊗n) = nE(ρ). An even stronger condition is E(ρA ⊗ ρB) =
E(ρA) + E(ρB).

It should be noted that this is not the only possible definition of an entanglement mono-
tone. Indeed some functions which are not convex are still called entanglement mono-
tones. Furthermore, the fifth property is often difficult to prove.

A popular entanglement monotone is the entanglement of formation. It can be con-
structed as follows

Definition 3.2. Let |ψ〉 be a pure quantum state. The entanglement of formation is
given via the Von Neumann entropy

E(|ψ〉 〈ψ|) = −Tr (ρA log(ρA)) ,

where

ρA = TrB(|ψ〉 〈ψ|) = TrB(
∑

k,l,m,n

ψk,l,m,n |kl〉 〈mn|) =
∑
k,l,m

ψk,l,m,l |k〉 〈m|

is the marginal state of Alice and TrB(·) is the partial trace operation.

If we have an entanglement monotone that is defined on the pure states we can extend
it to mixed states with the so called convex roof extension.

Definition 3.3. If E denotes an entanglement monotone on the pure states the convex-
roof extension Ê : S (HA ⊗HB)→ R+ ∪ 0 is given by

Ê(ρ) = inf
{pk∈[0,1], |ψk〉| ρ=

∑
k
pk|ψk〉〈ψk|,

∑
k
pk=1}

∑
k

pkE(|ψk〉 〈ψk|)

The convex roof extension of the Von Neumann entropy is called the entanglement of
formation. The formula for the Shannon entropy can of course be expanded as a Taylor
series around (x = 1)

−x log(x) = −[(x− 1) + 1
2(x− 1)2 + ...] = 1

2 −
x2

2 ...

This formula is also meaningful if we insert ρ for x and write ρ = I instead of x = 1.
One would in particular define the logarithm of a bounded, linear operator as the power
series in functional calculus. This motivates the following formula for the linear entropy
Elin.

Elin(|ψ〉) = 1− Tr
(
ρ2
A

)
. (3.1)

The second term Tr
(
ρ2
A

)
is called purity of ρA = TrB(|ψ〉 〈ψ|). We want to prove that

it fulfils some of the properties of an entanglement monotone. For this purpose we
investigate some well-known properties of the purity, which are described in proposition
2.13 from [16].

15



Proposition 3.1. The purity P(ρ) := Tr
(
ρ2) fulfils the properties

1. Convexity:

∀ρ1, ρ2 ∈ S(H), λ ∈ [0, 1] P(λρ1 + (1− λ)ρ2) ≤ λP(ρ1) + (1− λ)P(ρ2)

2. Invariance under unitary conjugation:

∀U ∈ U(H) P(UρU †) = P(ρ)

3. P(ρ) = 1 ⇔ ρ is pure

Proof. 1.: The left side of the inequality is

P(λρ1 + (1− λ)ρ2) = Tr
(
λ2ρ2

1 + λ(1− λ)(ρ1ρ2 + ρ2ρ1) + (1− λ)2ρ2
2

)
.

On the right side we have

λP(ρ1) + (1− λ)P(ρ2) = λTr
(
ρ2

1

)
+ (1− λ) Tr

(
ρ2

2

)
By subtracting the right side from the left one, we get the difference ∆:

∆ = (λ− λ2) Tr
(
ρ2

1

)
+ ((1− λ)− (1− λ)2) Tr

(
ρ2

2

)
− λ(1− λ) Tr(ρ1ρ2 + ρ2ρ1)

= λ(1− λ) Tr
(
ρ2

1 + ρ2
2 − ρ1ρ2 − ρ2ρ1

)
= λ(1− λ) Tr

(
(ρ1 + ρ2)2

)
This is always greater than zero, because λ(1 − λ) and Tr

(
(ρ1 + ρ2)2) are positive.

(ρ1 +ρ2)2 is positive semi-definite as sum and product of positive semi-definite matrices.
And since the trace is just the sum of all eigenvalues the term Tr

(
(ρ1 + ρ2)2) is greater

than zero.
2.: Since U is unitary we can use U †U = I and ∑k U

†)m,kUk,l = δm,l.

P(UρU †) = Tr
(
UρU †UρU †

)
= Tr

(
Uρ2U †

)
=
∑
k

〈k|Uρ2U † |k〉 =
∑
k,l,m

Uk,l(ρ2)l,m(U †)m,k =
∑
l,m

(ρ2)l,mδl,m

= Tr
(
ρ2
)

= P(ρ)

3.: " ⇐ :" For |φ〉 ∈ H we get:

Tr
(
(|φ〉 〈φ|)2

)
= Tr(|φ〉 〈φ|) = 1

For a clarification of the equivalence of pure states and one dimensional projections and
a proof of 3. see Proposition 2.11 in [16].
"⇒:" We proof this by contraposition. Since ρ ∈ S(H) is a mixed state, we can write it

16



as ρ = λρ1 + (1− λ)ρ2 for some λ ∈ R and ρ1, ρ2 ∈ S(H) with ρ1 6= ρ2. The purity for
this state can be bounded using the Cauchy Schwartz inequality on |Tr(ρ1ρ2)|.

P(λρ1 + (1− λ)ρ2) = Tr
(
λ2ρ2

1 + λ(1− λ)(ρ1ρ2 + ρ2ρ1) + (1− λ)2ρ2
2

)
≤ λ2 Tr

(
ρ2

1

)
+ 2λ(1− λ)

√
Tr
(
ρ2

1
)

Tr
(
ρ2

2
)

+ (1− λ)2 Tr
(
ρ2

2

)
≤ λ2 + 2λ(1− λ) + (1− λ)2 = 1

In the last step we used that for all ρ ∈ S(H) Tr
(
ρ2) ≤ 1, which is proven after definition

2.10 in [16]. Since we assumed ρ1 6= ρ2 and those two states are not linear dependent,
so that the Cauchy Schwartz inequality cannot be tight. P(ρ) < 1 follows from this.

We want to prove that property 1 in Definition 3.1 is fulfilled for the linear en-
tropy. A pure separable state |ψ〉 is just a product state |ψ〉 = |ψA〉 ⊗ |ψB〉. Now
since TrA(|ψ〉 〈ψ|) = |ψB〉 〈ψB| is a pure state, the purity is 1 and the linear entropy is
zero. For mixed states there is a decomposition in separable pure states. So the infimum
of the convex roof extension is here obtained at zero.
The second condition in definition 3.1 follows directly from Proposition 3.1 part 2, since
local unitaries are unitary.

The convexity of the linear entropy arises because of the convex roof extension. From
part 1 of Proposition 3.1 one would think that the linear entropy is concave. But if one
has the two distinct pure states ρ1 and ρ2, their mixture λρ1 +(1−λ)ρ2 is a mixed state.
Therefore we have:

Ê(λρ1 + (1− λ)ρ2) = inf
{pk∈[0,1], |ψk〉| ρ=

∑
k
pk|ψk〉〈ψk|,

∑
k
pk=1}

∑
k

pkE(|ψk〉 〈ψk|)

≤ λE(ρ1) + (1− λ)E(ρ2) = λÊ(ρ1) + (1− λ)Ê(ρ2)

In [28] there is an extensive proof how the convex roof extension works. It can be
applied to the linear entropy of pure states because of the properties presented in Propo-
sition 3.1.
For a pure state |ψ〉 ∈ HA ⊗HB the linear entropy satisfies

Elin =
∑
jklm

|ψjkψlm − ψjmψlk|2, (3.2)

where ψjk := 〈j k|ψ〉. The proof of this identity will be given at the end of section 4.1.4.

3.1 Families of symmetric states
In the bipartite case the dimension of the Hilbert-space of the whole system scales with
d2, if the dimension of the sub-system is d. Therefore it may not always be possible to
prove statements for the whole state space. To nevertheless get some results for high
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sub-system dimensions d, one can focus on small symmetric families of states. The
families of states F that we investigate in this thesis are symmetric under certain local
unitaries Sym ⊂ U(H) in the sense that

ρ ∈ F ⊂ S(H)⇔ (U ⊗ U∗)ρ(U ⊗ U∗)† = ρ ∀U ∈ Sym. (3.3)

We consider the following set of local unitaries:

G := {U ⊗ U∗|U ∈ Sym}

A motivation why we are mainly considering local unitaries of the above form is that the
maximal entangled state |φ〉 = 1√

d

∑d−1
j=0 |j〉 ⊗ |j〉 is invariant under them. If we insert

the density matrix of the maximally entangled state for ρ we get

1
d

(U ⊗ U∗)
∑
j,k

|jj〉 〈kk| (U ⊗ U∗)†

= 1
d

∑
j,k

U |j〉 〈k|U † ⊗ U∗ |j〉 〈k| (U∗)†.

One sees that this is just some basis change. The state above can again be written as a
vector in H⊗H

U ⊗ U∗ 1√
d

d−1∑
j=0
|j〉 ⊗ |j〉

= 1√
d

d−1∑
j=0

∑
k

Uk,j |k〉 ⊗
∑
l

U∗l,j |l〉

= 1√
d

∑
k

∑
l

d−1∑
j=0

Uk,j · U∗l,j |k〉 ⊗ |l〉

= 1√
d

∑
k

∑
l

δk,l |k〉 ⊗ |l〉

= 1√
d

∑
k

|k〉 ⊗ |k〉

= |φ〉 .

We first want to look at the case where the unitaries U ∈ Sym are of the form

U = e
i
∑

j
ϕjgj ,
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where the gj are diagonal generators of SU(d) and ϕj ∈ R. One possible representation
of the diagonal generators is

gj = 1√
j(j + 1)



1 0
0 1

. . .
1
−j

0
. . .

0 0
0 0


Here the matrix element −j is in the j-th position. It is obvious that, by choosing the
phases ϕj properly, every real diagonal traceless matrix A =: diag(θ1, . . . , θd) can be
written as ∑j ϕjgj . The corresponding element in SU(d) is

U =


eiθ1 0
0 eiθ2

. . .
eiθd

 .

And we not only know from basic theory about Lie-algebras [22], but also see directly
that:

det(U) = e
i
∑

j
θj = ei0 = 1

Now we evaluate equation 3.3 for this group of unitaries

∀θ1, ..., θd ∈ R (
∑
j

eiθj |j〉 〈j| ⊗
∑
j

e−iθj |j〉 〈j|)ρ(
∑
j

e−iθj |j〉 〈j| ⊗
∑
j

eiθj |j〉 〈j|) = ρ

⇔ ∀θ1, ..., θd ∈ R
∑
j

∑
k

∑
l

∑
m

ei(θj−θk−θl+θm) |jk〉 〈jk| (ρjk,lm |jk〉 〈lm|) |lm〉 〈lm| = ρ

⇔ ∀θ1, ..., θd ∈ R ∀j, k, l,m ∈ {1, ..., d} ei(θj−θk−θl+θm)ρjk,lm = ρjk,lm

⇔ ρjk,lm = 0 for (j 6= k ∨ l 6= m) ∧ (j 6= l ∨ k 6= m)

Another requirement for density matrices is that they fulfil tr(ρ) = ∑
j,k
ρjk,jk = 1. They

also have to be Hermitian. Therefore we get for the parameters ∀j, k ∈ {1, ..., d} :
ρjj,kk = ρ∗kk,jj . Since ρ also needs to be positive semi-definite, one knows already that
∀j, k ∈ {1, ..., d}, j 6= k, ρjk,jk ≥ 0. Together with this last condition it would suffice
to know that (A)j,k := ρjj,kk is positive semi-definite to deduce that ρ is positive semi-
definite. If we do not restrict ourselves to a smaller family we of course cannot expect
to get simple formulas for the coefficients that tell us if the matrix is a density matrix
and corresponds to a state.
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Next we want to investigate the PPT condition, e.g., for which parameters is the par-
tial transposed density matrix positive semi-definite. We will show the computation for
d = 3 and notice that the calculation can be generalized. The density matrix has the
form:

ρ00,00 0 0 0 (ρ11,00) ∗ 0 0 0 (ρ22,00) ∗
0 ρ01,01 0 0 0 0 0 0 0
0 0 ρ02,02 0 0 0 0 0 0
0 0 0 ρ10,10 0 0 0 0 0

ρ11,00 0 0 0 ρ11,11 0 0 0 (ρ22,11) ∗
0 0 0 0 0 ρ12,12 0 0 0
0 0 0 0 0 0 ρ20,20 0 0
0 0 0 0 0 0 0 ρ21,21 0

ρ22,00 0 0 0 ρ22,11 0 0 0 ρ22,22


.

Applying the partial transpose yields:

ρ00,00 0 0 0 0 0 0 0 0
0 ρ01,01 0 (ρ11,00) ∗ 0 0 0 0 0
0 0 ρ02,02 0 0 0 (ρ22,00) ∗ 0 0
0 ρ11,00 0 ρ10,10 0 0 0 0 0
0 0 0 0 ρ11,11 0 0 0 0
0 0 0 0 0 ρ12,12 0 (ρ22,11) ∗ 0
0 0 ρ22,00 0 0 0 ρ20,20 0 0
0 0 0 0 0 ρ22,11 0 ρ21,21 0
0 0 0 0 0 0 0 0 ρ22,22


.

To investigate when the matrix is positive semi-definite we reorder the basis and get
the matrix:

ρ01,01 (ρ11,00) ∗ 0 0 0 0 0 0 0
ρ11,00 ρ10,10 0 0 0 0 0 0 0

0 0 ρ02,02 (ρ22,00) ∗ 0 0 0 0 0
0 0 ρ22,00 ρ20,20 0 0 0 0 0
0 0 0 0 ρ12,12 (ρ22,11) ∗ 0 0 0
0 0 0 0 ρ22,11 ρ21,21 0 0 0
0 0 0 0 0 0 ρ00,00 0 0
0 0 0 0 0 0 0 ρ11,11 0
0 0 0 0 0 0 0 0 ρ22,22


.

This is clearly a block diagonal matrix. Therefore it is positive semi-definite if the
blocks are positive semi-definite. Since at the upper left corner there are just 2 × 2
blocks one has to calculate the determinant of those. This caluculation can be general-
ized to higher dimension. To be PPT a state ρ in our family has to fulfil ρkk,kk ≥ 0 and
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∀k, j ∈ {0, ..., d− 1}, k > j : det
(
ρjk,jk ρ∗kk,jj
ρkk,jj ρkj,kj

)
≥ 0 (3.4)

⇒ ρjk,jkρkj,kj ≥ |ρkk,jj |2.

The family is still quite general and, as it is, it is hard to compute e.g. the CCNR con-
dition explicitly. To illustrate this we show the realigned matrix for dimension d = 3. It is

ρ0,0,0,0 0 0 0 ρ0,1,0,1 0 0 0 ρ0,2,0,2
0 (ρ1,1,0,0) ∗ 0 0 0 0 0 0 0
0 0 (ρ2,2,0,0) ∗ 0 0 0 0 0 0
0 0 0 ρ1,1,0,0 0 0 0 0 0

ρ1,0,1,0 0 0 0 ρ1,1,1,1 0 0 0 ρ1,2,1,2
0 0 0 0 0 (ρ2,2,1,1) ∗ 0 0 0
0 0 0 0 0 0 ρ2,2,0,0 0 0
0 0 0 0 0 0 0 ρ2,2,1,1 0

ρ2,0,2,0 0 0 0 ρ2,1,2,1 0 0 0 ρ2,2,2,2


.

Reordering the basis yields:

ρ0,0,0,0 ρ0,1,0,1 ρ0,2,0,2 0 0 0 0 0 0
ρ1,0,1,0 ρ1,1,1,1 ρ1,2,1,2 0 0 0 0 0 0
ρ2,0,2,0 ρ2,1,2,1 ρ2,2,2,2 0 0 0 0 0 0

0 0 0 (ρ1,1,0,0) ∗ 0 0 0 0 0
0 0 0 0 (ρ2,2,0,0) ∗ 0 0 0 0
0 0 0 0 0 ρ1,1,0,0 0 0 0
0 0 0 0 0 0 (ρ2,2,1,1) ∗ 0 0
0 0 0 0 0 0 0 ρ2,2,0,0 0
0 0 0 0 0 0 0 0 ρ2,2,1,1


.

Now there is a real matrix in the upper left corner that is quite general and does not
have many properties. If we knew that it is diagonalizable we had some simple way to
estimate the sum of the singular values. In the last chapter we investigate the case, where
we have symmetry under permutation of both subsystems, so that ρij,kl = ρji,lk. In this
case the upper left matrix is symmetric and thus diagonalisable with real eigenvalues.

One can add other unitaries to the set Sym to further reduce the number of param-
eters. A reasonable demand is that Sym is still a group afterwards. To this end we add
to Sym a group of basis-element-permutations, which is a subgroup G of the symmetric
group S(d). Because of the invariance under local phase rotations, the positions of all
non-vanishing basis elements only depend on two local basis elements (at least two of
the four indices are always the same). In terms of algebra, we are interested in the orbit
of the diagonal subgroup of G×G. Matrix elements that are both elements of the same
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orbit then have the same parameter. For the non-diagonal elements of ρ one also has to
keep in mind that ρ is symmetric.

3.2 Convex characteristic curve method
The convex roof of entanglement monotones is very hard to compute for an arbitrary
state. However, for families of symmetric states a method is presented in [23], to calculate
such entanglement monotones. The method is described by following theorem.

Theorem 3.1. Let F be the set of all states that are invariant under local unitaries of a
group Sym in the sense of relation 3.3. Furthermore, let E : S(HA⊗HB)→ R+∪{0} be
an entanglement monotone that is constructed via convex roof extension. A particular
set of states {ρ1, ..., ρk} ⊂ F is chosen so that every state σ(x1, ..., xk) ∈ F is uniquely
determined by the fidelity parameters xj := Tr(ρjσ) for j ∈ {1, ..., k}. If E is invariant
under the symmetries Sym, then one can calculate it for every state in the family in the
following way:

1. Find a parametrization for all pure states that have (fixed) fidelity parameters
x1, ..., xk. Denote these pure states by |ψσ〉.

2. Since the entanglement monotone is constructed via convex roof extension, it
can be easily computed for pure states. Compute the function Ẽ(x1, ..., xk) :=
minξ E(|ψσ(x1, ..., xk, ξ)〉), where ξ are the parameters of |ψσ〉 that are not fidelity
parameters.

3. Ẽ(x1, ..., xk) is not necessarily convex compute the convexification Ẽc(x1, ..., xk) of
it.

4. The identity Ẽc(x1, ..., xk) = E(σ(x1, ..., xk)) holds.

Proof. E(σ(x1, ...,xk)) ≥ Ẽc(x1, ...,xk) :
For ρ ∈ K, we look at a decomposition in pure states ρ = ∑

j pj |φj〉 〈φj | that achieves
the optimal value of E in the convex roof extension. In [28] the convex roof is defined
with the minimum. This means that the proof of the existence of such an optimal
decomposition is just the proof that in [28] the convex roof is well defined. We denote
the fidelities of the state φj with ρ1, ..., ρk as x(j)

1 , ..., x
(j)
k . Then from the definitions of

Ẽ and Ẽc we get

E(σ(x1, ..., xk)) =
∑
j

pjE(|φj〉 〈φj |) ≥
∑
j

pjẼ(x(j)
1 , ..., x

(j)
k )

≥
∑
j

pjẼ
c(x(j)

1 , ..., x
(j)
k ) ≥ Ẽc(x1, ..., xk)
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by using the equation ∑
j

pjx
j
i = xi.

E(σ(x1, ...,xk)) ≤ Ẽc(x1, ...,xk) :
For this proof we need a small lemma.

Lemma 3.1. The entanglement monotone E is again invariant under the group of
symmetries G. For pure states |ψ〉, the entanglement monotone decreases under twirling,
so that

E (TG(|ψ〉 〈ψ|)) ≤ E (|ψ〉 〈ψ|)

Proof. Let ρ be a pure state. Then the twirling integral TG(ρ) =
∫
G dg g

−1ρg, which is
discussed in the appendix section 7.1.1, is a particular decomposition into pure states
for G ⊆ U(H). As a set of tuples we can write {(dg, g−1ρg)|g ∈ G}. Since in the convex
roof formula we have to calculate the infimum over all decompositions we get:

E(TG(ρ)) ≤
∫
G
dg E(g−1ρg)

=
∫
G
dg E(ρ) = E(ρ)

We can write down the convexification explicitly

Ẽc(x1, ..., xk) = inf{
∑
i

tiẼ
(
x

(i)
1 , ..., x

(i)
k

)
|ti ∈ [0, 1],

∑
i

ti = 1,

∃σ(x(i)
1 , ..., x

(i)
k ) ∈ K = TG(S(H)) : Tr

(
σ(x(i)

1 , ..., x
(i)
k )ρr

)
= x(i)

r ,
∑
i

tix
(i)
r = xr)}

= inf{
∑
i

tiE
(
σ(i)

)
|ti ∈ [0, 1],

∑
i

ti = 1,

σ(i) ∈ {|ψ〉 〈ψ| | |ψ〉 ∈ H} :
∑
i

tiTG
(
σ(i)

)
= σ(x1, ..., xk) ∈ K}

≥ inf{
∑
i

tiE
(
σ(i)

)
|ti ∈ [0, 1],

∑
i

ti = 1,

σ(i) ∈ {|ψ〉 〈ψ| | |ψ〉 ∈ H} :
∑
i

tiσ
(i) = σ(x1, ..., xk) ∈ K}

= E (σ(x1, ..., xk) .

The reason for the inequality is that∑i tiTG
(
σ(i)

)
= σ(x1, ..., xk) is implied by∑i tiσ

(i) =
σ(x1, ..., xk) by applying the twirling operator.
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4 Family of local cyclic permutation invariant states
In [23] a family of density matrices ρ♦ is introduced, which conincides with the states
described above for G = Zd. These are studied for dimension d = 3. The main problem
this thesis wants to address is the generalisation of ρ♦ to higher dimensions. One aim
for this is to get insight into bound entanglement in high dimensions. In general such
families of symmetric states are a good testbed for concepts in entanglement theory.
A straightforward generalisation of the density matrices ρ♦ to arbitrary dimension is

given by



x1 0 0 yd−1 y2 . . . y1
0 x2 0
0 0 x3

. . . . . .
xd

xd
y1 x1 yd−1

x2
. . . . . .

xd−1
xd−1

xd
y2 y1 x1

x2
... . . . . . . . . .

yd−1 x1



.

This matrix still fulfills the symmetries that are imposed to ρ♦ in [23]:

(a) Simultaneous cyclic permutations of the basis elements of both parties, i.e. |ij〉 〈kl| 7→
|i⊕ 1 j ⊕ 1〉 〈k ⊕ 1 l ⊕ 1|.

(b) Simultaneous local phase rotations of the form V (ϕ1, ϕ2, ..., ϕd−1) = e
i
∑

j
ϕjgj ⊗

e
−i
∑

j
ϕjgj , where ϕ1, ..., ϕd−1 are real parameters and gj are the diagonal genera-

tors of SU(d).

The matrix has to be Hermitian in order to still be a density matrix. Therefore the
parameters yi need to fulfil yi = y∗d−i.

We want to find conditions for the parameters, so that this matrix is positive semi-
definite. For this we consider the equivalent matrix
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

x1 yd−1 yd−2 yd−3 . . . y1
y1 x1 yd−1 yd−2

y2 y1 x1 yd−1
. . .

y3 y2 y1 x1
. . . yd−2

... . . . . . . . . . yd−1
yd−1 y2 y1 x1

x2
. . .

x2
x3

. . .
. . .

xd



,

where we changed the order of the basis. One sees that the lower diagonal entries are
eigenvalues. Therefore it is necessary for positivity of the matrix that for all i 6= 1 the
parameter xi is non negative. In the upper left corner there is a circulant matrix. Its
eigenvalues are given by: λj = x1 + ∑d−1

k=1 ω
k
j yk, where ωj are the n-th roots of unity

and can be expressed as ωj = e
2πij
d . Therefore, since λj ≥ 0 the parameters for the

off-diagonal elements need to fulfil the inequality

λj =x1 +
d−1∑
k=1

e
2πijk
d yk

= x1 +
b d−1

2 c∑
k=1

(
e

2πijk
d yk + e−

2πijk
d yd−k

)
+ 2(d− 1

2 − bd− 1
2 c)yd d−1

2 e
e

2πij
d
d d−1

2 e

= x1 +
b d−1

2 c∑
k=1

(
e

2πijk
d yk + e−

2πijk
d y∗k

)
− 2(d− 1

2 − bd− 1
2 c)yd d−1

2 e

= x1 +
b d−1

2 c∑
k=1

2 Re(yke
2πijk
d ) + 2(bd− 1

2 c − d− 1
2 )yd d−1

2 e

≥ 0 ∀j ∈ {0, . . . , d− 1}.

From these positivity conditions we can show that the physical states form a polytope.
With the convention y0 := x1 we have

d−1∑
k=0

e
2πijk
d yk =: ŷj ≥ 0.
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Now we can apply the reverse discrete Fourier transform

yk = 1
d

d−1∑
j=0

ŷje
−2πijk

d .

From these equations we can infer that there are two types of vertices. For the first type
there is a k ∈ {2, ..., d}, so that xk = 1

d and all the other parameters are zero. The other
type has x1 = 1

d and the other parameters in the diagonal are zero. In this latter case
the off-diagonal parameters are non-zero. Their values can be calculated with the above
equation, when for one j ∈ {1, ..., d − 1} we have ŷj = 1 and for k 6= j we have ŷk = 0.
One particular vertex corresponds to the maximally entangled state. There, x1 and ŷ0
are maximal and the other ŷj are zero. To investigate the entanglement properties of
the family ρ♦ we apply the CCNR- and the PPT-criterion.

As we have already seen the partial transpose of a matrix like ρ♦ is block diagonal
with 2× 2 blocks. The PPT criterion states that the determinant in (3.4) is for all j and
k positive for separable states. PPT-states need to fulfil:
∀j, k ∈ {1, ..., d} xj−k+1 · xk−j+d+1 − |yj−k|2 ≥ 0
⇔ √xj−k+1 · xk−j+d+1 ≥ |yj−k| ∀j, k ∈ {2, ..., d} j 6= k

⇔ √xi+1 · xd+1−i ≥ |yi| ∀i ∈ {1, ..., d− 1}. (4.1)

To search for PPT entangled states, we also calculate the CCNR criterion to detect
entanglement. The realigned matrix is

x1 0 0 x2 xd−1 . . . xd
0 y1 0
0 0 y2

. . . . . .
yd−1

yd−1
xd x1 x2

y1
. . . . . .

yd−2
yd−2

yd−1
xd−1 xd x1

y1
... . . . . . . . . .
x2 x1



.
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To calculate its eigenvalues we consider the equivalent matrix

x1 x2 x3 x4 . . . xd
xd x1 x2 x3

xd−1 xd x1 x2
. . .

xd−2 xd−1 xd x1
. . . x3

... . . . . . . . . . x2
x2 xd−1 xd x1

y1
. . .

y1
y2

. . .
. . .

yd−1



,

which we obtain by changing the order of the basis. The upper left block is a circu-
lant matrix and therefore, as before, we have formulas for the eigenvalues. The sum of
the absolute value of all the eigenvalues is

∑
i

|ηi| = d
∑
j

|yj |+
d−1∑
j=0

∣∣∣∣∣
d−1∑
k=0

xk+1e
2πikj
d

∣∣∣∣∣ (4.2)

and the CCNR criterion states that for separable states ∑
i
|ηi| ≤ 1. In order to obtain

explicit results from equation (4.1) and (4.2) we only consider certain facets of the
polytope.

4.1 Entanglement analysis for a certain facet
We will fully characterize the set of separable states in a subfamily of ρ♦ corresponding
to a facet of its physicality polytope. The facet of the state polytope is given by:

ρ�facet := dx1 |φ〉 〈φ|+
d−1∑
k=1

xk

d−1∑
j=0
|j j ⊕ k〉 〈j j ⊕ k| . (4.3)

The normalisation relation is still the same:

d
d∑

k=1
xk = 1.

We want to show that in this facet all separable states are convex combinations of
ρk := 1

d

∑d−1
j=0 |j j ⊕ k〉 〈j j ⊕ k| and the state ρsep, which is defined in the way that
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∀j ∈ {1, ..., d} : 1
d2 = xj = yj . To prove that ρsep is indeed separable we give a

decomposition in separable states. First we define 2d states of the following form:

∀b ∈ {0, 1}d |ϕb〉 := 1
d

d−1∑
k=0

(−1)bkeiωk |k〉 .

We consider states of the form |ϕb〉 ⊗ |ϕ∗b〉 to decompose ρsep into separable states. The
following calculation shows the decomposition:

1
2π2d

∫
dω

∑
b∈{0,1}d

|ϕb〉 ⊗ |ϕ∗b〉 〈ϕb| ⊗ 〈ϕ∗b |

= 1
2π2dd2

∫
dω

∑
b∈{0,1}d

∑
j,k,l,m

(−1)bj+bk+bl+bmeiω(j−k−l+m) |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

= 1
2dd2

∑
b∈{0,1}d

∑
j,k,l,m

(−1)bj+bk+bl+bmδj−k,l−m |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

= 1
d2

∑
j,k,l,m

((δj,kδl,m + δj,mδl,k)(1− δj,l) + δj,lδk,m)δj−k,l−m |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

= 1
d2

∑
j,k,l,m

(δj,kδl,m(1− δj,m) + δj,lδk,m)δj−k,l−m |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

= 1
d2

∑
j,k,l,m

(δj,kδl,m(1− δj,m) + δj,lδk,m) |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

= 1
d2

∑
j,l j 6=l

|jj〉 〈ll|+ 1
d2

∑
j,k

|jk〉 〈jk| = ρsep. (4.4)

To search for other separable states, we look at the CCNR criterion given in equation
(4.2) for the facet

∑
i

|λi| = d(d− 1)x1 +
d−1∑
j=0

∣∣∣∣∣
d−1∑
k=0

xk+1e
2πikj
d

∣∣∣∣∣.
Applying the triangle inequality yields:

∑
i

|λi| ≥ d(d− 1)x1 +

∣∣∣∣∣∣
d−1∑
j=0

d−1∑
k=0

xk+1e
2πikj
d

∣∣∣∣∣∣
= d(d− 1)x1 +

∣∣∣∣∣dx1 +
d−1∑
k=1

xk+1
1− e 2πikd

d

1− e 2πik
d

∣∣∣∣∣
= d(d− 1)x1 +

∣∣∣∣∣dx1 +
d−1∑
k=1

xk+1
1− 1

1− e 2πik
d

∣∣∣∣∣
= d(d− 1)x1 + |dx1|
= d2x1.
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Therefore we know that if x1 > 1
d2 the state is entangled according to the CCNR-

criterion, presented in section 2.2.3. By its negation, separability implies that x1 ≤ 1
d2 .

We now give an example for some PPT-entangled states with

x1 ≤
1
d2 , β ∈ [0, x1], l ∈ {2, ..., bd2c}

∀k ∈ {2, ..., d}�{l, d− l + 2} (4.5)

xk = x1, xl = x1 − β, xd+2−l = 1
d
− (d− 1)x1 + β.

We calculate the CCNR-criterion for these states:

∑
|λi| = d(d− 1)x1 + 1

d
+
d−1∑
j=1

∣∣∣∣∣
d−1∑
k=0

xke
2πijk
d

∣∣∣∣∣
= d(d− 1)x1 + 1

d
+
d−1∑
j=1

∣∣∣∣−βe 2πijl
d + (1

d
− dx1 + β)e

2πij(d+2−l)
d

∣∣∣∣
= d(d− 1)x1 + 1

d
+
d−1∑
j=1

∣∣∣∣e 4πij(1−l)
d (1

d
− dx1 + β)− β

∣∣∣∣
≥ d(d− 1)x1 + 1

d
+
d−1∑
j=1

∣∣∣∣∣∣∣∣e 4πij(1−l)
d (1

d
− dx1 + β)

∣∣∣∣− |β|∣∣∣∣
= d(d− 1)x1 + 1

d
+ (d− 1)((1

d
− dx1 + β)− β)

= d(d− 1)x1 + 1
d

+ (d− 1)(1
d
− dx1)

= 1,

where we applied the reverse triangle inequality. Since e
4πij(1−l)

d is not equal to 1 for
all j, the inequality is not tight. Next we calculate for which values of β the states are
PPT. For the states described in (4.5), Inequality (4.1) reads

x1 ≤
√

(x1 − β)(1
d
− (d− 1)x1 + β)

=
√

(1
d
− dx1)(x1 − β) + x2

1 − β2

⇔ 0 ≤(1
d
− dx1)(x1 − β)− β2

⇔ 0 ≥β2 + (1
d
− dx1)β − (1

d
− dx1)x1.

We check for which β the equality is fulfilled:

β± = −
1
d − dx1

2 ±

√
(1
d − dx1)2

4 + (1
d
− dx1)x1.
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for the case that there is a plus sign the solution is positive (β+) and the state is PPT
entangled for β ∈ [0, β+].
In this section we restricted our analysis of entanglement properties to a facet of the
state polytope. We proved that the state ρsep, where all matrix elements have the same
value, is separable. This helped us to find an example for PPT entangled states in our
family. In the next section we want to prove that all separable states are in the poly-
tope spanned by ρsep and the vertices that correspond to states with diagonal density
matrices.

4.1.1 Separability problem

In [23] a method is described to calculate the linear entropy of states that are invariant
under an entanglement preserving symmetry. It can be applied as follows. The set
{|φ〉 〈φ| , ρ1, ..., ρd−1} consists of states that span the facet we are interested in. They
are invariant under the symmetries, which were used to construct these states. One can
parametrize the fidelities of some arbitrary state as follows:

∀k ∈ {1, ..., d− 1} tr(ρρk) = xk+1 ∧ tr(ρ |ψ〉 〈ψ|) = dx1.

A state in our facet σx1,...,xd is uniquely determined by the parameters x1, ..., xd. With
theorem 3.1 we can get a formula for the linear entropy. Explicitly we have to do the
following steps:

1. Find a parametrization for all pure states that have the (fixed) fidelity parameters
x1, ..., xd. Denote these pure states by |ψσ〉.

2. Compute the function Ẽlin(x1, ..., xd) = minξ Elin(|ψσ(x1, ..., xd, ξ)〉), where ξ are
the parameters of |ψσ〉 that are not fidelity parameters.

3. Ẽlin(x1, ..., xd) is not necessarily convex. Compute its convexification Ẽclin(x1, ..., xd).

4. The identity Ẽclin(x1, ..., xd) = Elin(σx1,...,xd) holds.

In the following we construct a subset K of the facet that includes all separable states.
This property would be fulfilled if the following would be true

Ẽclin(x1, ..., xd) = 0 =⇒ σx1,...,xd ∈ K.

We know that the kernel of the convexified function Ẽclin(x1, ..., xd) is just the convexifi-
cation of the kernel of the initial function Ẽlin(x1, ..., xd):

{x1, ..., xd|Ẽclin(x1, ..., xd) = 0} = {x1, ..., xd|Ẽlin(x1, ..., xd) = 0}c. (4.6)
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For now we search a set that includes all states where Ẽlin(x1, ..., xd) = 0. This can be
achieved by finding the states where Ẽlin(x1, ..., xd) > 0, and considering all other states.
Pure states that build a decomposition of a state in the facet are of the form:

|ψσ〉 =
√
dx1 |ψ〉+

d−1∑
k=1

√
dxk+1

d−1∑
j=0

ak,j |j j ⊕ k〉 , (4.7)

where ∀k ∈ {1, ..., d − 1} ∑d−1
j=0 |ak,j |

2 = 1 and aj,k ∈ C. Now, if ξ is a vector with all
the aj,k as elements, then by using 3.2 we get the following formula:

Ẽlin(x1, ..., xd) = min
ξ

∑
jklm

|ψjkψlm − ψjmψlk|2,

where ψlm := |ψ(x1, ..., xd, ξ)〉lm. The minimisation over the complex phases is simple.
For two complex numbers r1e

iφ1 and r2e
iφ2 , the minimum of

∣∣∣r1e
iφ1 + r2e

iφ2
∣∣∣2 is achieved

for φ1 = φ2 +π. Therefore our minimisation problem yields the same value if we assume
all coefficients ak,j to be real. Also the optimal value for this minimisation is obtained by
some ξoptimal , since the function Elin(|ψ(x1, ..., xd, ξ)〉) is continuous (s. first definition
of Elin in equation (3.1)) and the space where ξ is an element of (direct sum of unit
spheres in Rd) is compact. This allows us to conclude that, for Ẽlin(x1, ..., xd) to be zero,
there has to exist a ξ so that

∀j, k, l,m ∈ {0, ..., d− 1} |ψjkψlm − ψjmψlk|2 = 0
⇔∀j, k, l,m ∈ {0, ..., d− 1} ψjkψlm = ψjmψlk. (4.8)

An implication of 4.8 is the following:

∀m ∈ {0, ..., d− 1} :
d∏
l=1

ψll =
d∏
l=1

ψl l⊕m.

For example, for d = 3, ψ00ψ11ψ22 = ψ01ψ10ψ22 = ψ01ψ12ψ20. Inserting the state
coefficients from equation 4.7, we obtain

(√x1)d =
(√

dxk+1

)d d−1∏
j=0

ak,j ≤
(√
xk+1

)d
. (4.9)

The inequality ∏d−1
j=0 ak,j ≤

(
1√
d

)d
, which was used here, will be proven in the appendix.

Since squaring and taking the dth power are both monotone operations, the inequalities
4.9 cannot be true (regardless of ξ) if for some k ∈ {2, ..., d} x1 > xk. But since the
inequalities 4.9 are an implication of Ẽlin(x1, ..., xd) = 0 we get the true statement(

Ẽlin(x1, ..., xd) = 0 ⇒ ∀k ∈ {2, ..., d} x1 ≤ xk
)
.

Therefore we know that the set of states where the coefficients have the property ∀r ∈
{2, ..., d} x1 ≤ xr includes all the states with fidelity-parameters so that Ẽlin(x1, ..., xd) =
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0. It is easy to see that the set of states with coefficients obeying ∀k ∈ {2, ..., d} x1 ≤ xk
coincides with the polytope spanned by ρsep, ρ1, ..., ρd−1. According to equation (4.6) the
convexification of this subset yields a set that includes all states where the linear entropy
is zero. Since our subset is already convex, the convexification leaves it invariant. This
shows that all separable states in the facet are convex combinations of ρsep, ρ1, ..., ρd−1.
But since we showed at the beginning that ρsep is separable the converse is also true and
we know that all states in the polytope spanned by ρsep, ρ1, ..., ρd−1 are separable.

4.1.2 Calculation of Areas

Since we found out in the last chapter which states are entangled or PPT-entangled,
we can now ask the question, how big the volume of PPT-entangled states is. So we
want to calculate what proportion of the states in the facet described in equation 4.3 are
PPT-entangled and see how this scales with the dimension. We will also often talk about
area instead of volume to emphasize that the facet is not full-dimensional. First we look
at the ratio of separable states. The metric that our volume calculation should be based
on is the Hilbert-Schmidt metric, because it is a standard measure for distance between
density matrices. The following calculation shows that this metric can be related to the
Euclidean metric for the parameters x1, ..., xd. We define two density matrices X1 =
σ(x(1)

1 , x
(1)
2 , ..., x

(1)
d ), X2 = σ(x(2)

1 , x
(2)
2 , ..., x

(2)
d ) with X1−X2 = σ(∆x1,∆x2, ...,∆xd) and

∆xk := x
(2)
k −x

(1)
k . For these two density matrices in our facet the Hilbert Schmidt norm

has following form:√
Tr((X1 −X2)(X1 −X2)†) =

√
Tr(σ(∆x1,∆x2, ...,∆xd)2)

=

√√√√√d2(∆x1)2 + d
d∑
j=2

(∆xj)2.

We can relate this last expression to the Euclidean norm with the following linear trans-
formation:

dx1 → ξ1 k ∈ {2, ..., d}
√
dxk → ξk

Now we want to calculate the surface integral that takes the normalisation condition
into account. We first need a parametrization l(ξ1, ..., ξd−1) for the states in the facet
using d− 1 parameters:

l(ξ1, ..., ξd−1) =


ξ1
ξ2
...

ξd−1
1
d −

ξ1
d2 −

∑d−1
k=2

ξk
d

 .
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The surface element dσ is given by the formula

dσ =
∣∣∣∣det

(
∂l

∂ξ1

∣∣∣∣...∣∣∣∣ ∂l

∂ξd−1

∣∣∣∣n)∣∣∣∣dξ1dξ2...dξd−1,

where the vertical lines separate the columns of the matrix and n is orthogonal to all
previous columns and normalized. Thus to calculate the surface element, we have to
calculate the directional derivatives:

∂l(ξ1, ..., ξd−1)
∂ξj

=



0
...
0
1
0
...
−1
d


for j 6= 1.

We notice that these derivatives do not depend on the values of ξ1, ..., ξd−1. Therefore∣∣∣∣det
(

∂l
∂ξ1

∣∣∣∣...∣∣∣∣ ∂l
∂ξd−1

∣∣∣∣n)∣∣∣∣ can be factored out of the integral, and since we are only inter-

ested at certain fractions of the facet (e.g., the ratio of PPT entangled states), it is not
necessary to calculate this determinant explicitly. What remains is the integration of
ξ1, ..., ξd−1 over all admissible values. This just yields the calculation of the volume of
a simplex in dimension d− 1. There are three types of vertices in the facet. These are:
the point where ξ1 = 1 and ∀k ∈ {2, ..., d} ξd−1 = 0, all d − 2 points where ξj = 1√

d

and ∀k 6= j 6= 1xk = 0 and the point corresponding to ∀k{1, ..., d − 1}ξk = 0. For the
polytope of separable states only the vertex where ξ1 = 1 differs. This vertex is replaced
by the point with coordinates ξ1 = 1

d and ∀k{2, ..., d− 1} ξk = 1
d
√
d
.

In [25] a formula is derived to compute the volume V of a d-dimensional simplex:

V = 1
(d− 1)!

∣∣∣∣∣det
((

v1 v2 ... vd
1 1 ... 1

))∣∣∣∣∣,
where vj are the vectors that point to the vertices. Since one vector is the zero-vector
we have:

V = 1
(d− 1)!

∣∣∣det
((
v1 v2 ... vd−1

))∣∣∣.
For the whole facet we get the factor:

Vall states = 1
(d− 1)!

( 1√
d

)d−2
.

For the separable states V is also easily computable, since
(
v1 v2 ... vd−1

)
is a tri-

angular matrix and thus we only have to multiply the diagonal elements to get the
determinant. We find

Vseparable = 1
(d− 1)!

( 1√
d

)d−2 1
d
.
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Figure 3: Ratio R between the area of the PPT-entangled states and the area of the
whole facet. The results where obtained using Monte Carlo integration. The
error estimation is based on section 7.2.1.

With the relation Vseparable
Vall states

= 1
d it also follows that the ratio between the area of the

separable states Aseparable and the area of the whole facet obeys Aall states the same
equation:

Aseparable
Aall states

= 1
d
.

Another interesting quantity is how much area of the facet is PPT-entangled. An
analytical calculation is quite difficult, since for the PPT-boundary and for the sepa-
rability boundary two distinct coordinate systems would be advantageous. Instead, we
have obtained some results with Monte Carlo integration, which can be seen in figure 3.
The method of Monte Carlo integration is described in section 7.2.1 in the appendix.

4.1.3 Biggest Ball of PPT-Entanglement

In the previous section we were only concerned with the sheer quantity of PPT-entangled
states, but for experiments the shape of the PPT-region is also important. In [24] a
method is developed to find suitable quantum states for the preparation of a bound
entangled state.
The usefulness of a bound entangled state for preparation is classified by how large a

ball can be that has the state at its center and does only contain PPT-entangled states.
For the radius r in the Hilbert-Schmidt norm the authors derived the following upper
bounds using the PPT and the CCNR criterion:

λmin[Γ(ρ)] ≥ r
√
d− 1
d

∧ ‖R(ρ)‖1 > 1 + r
√
d. (4.10)
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Here Γ denotes the partial transpose, R denotes the realignment of the density matrix
from section 2.2.3, and ‖ρ‖1 = Tr

(√
ρρ†
)
is the trace norm. Let us investigate the PPT

condition closer. The eigenvalue equation for the partially transposed matrix is

∀j, k ∈ {1, ..., d}, j 6= k λvkj = ρjk,jkvjk + x1vkj .

In this equation λ is the possible eigenvalue and vkj are the components of the eigen-
vector. The indices correspond to the local systems. For j = k the partial transposed
matrix has only one entry on the diagonal and we see that x1 is one of the eigenvalues.
By permuting the indices j and k we get:

λvjk = ρkj,kjvkj + x1vjk.

For x1 > 0 these two equations yield:

x1vjk = (λ− ρkj,kj)(λ− ρjk,jk)
1
x1
vjk.

If the component vjk of the eigenvector is not zero the eigenvalue λ has to fulfil

x1 = (λ− ρkj,kj)(λ− ρjk,jk)
1
x1
.

This quadratic equation can now be solved for λ. We also use that for j < k we have
ρjk,jk = xk−j+1 and for j > k ρjk,jk = xd+1+k−j . The eigenvalues are of the form

λ1,2 = xk+2 + xd−k
2 ±

√(
xk+2 + xd−k

2

)2
+ x2

1 − xk+2xd−k

= xk+2 + xd−k
2 ±

√(
xk+2 − xd−k

2

)2
+ x2

1

for k ∈ {0, ..., d− 2}.
To simplify the problem we consider states of the following form for uneven dimension

d:

x1 ≤
1
d2 , ∀j ∈ {0, ..., bd2c − 2}, xj+2 = x1 − β,

xd−j =
1− x1 − d−1

2 (x1 − β)
d−1

2
= 2
d− 1 −

d+ 1
d− 1x1 + β.

The smaller eigenvalue of the partial transpose is then:

λ = 1
d(d− 1) −

1
d− 1x1 −

√
(β + 1

d(d− 1) −
d− 1

4 x1)2 + x2
1.

As a heuristic we try to maximize the minimum distance to the separable states in the
facet, instead of the radius obtained with the CCNR-criterion in equation (4.10). Of
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course this does not exclude that there could be separable states outside of the facet in
close proximity. As an upper bound we calculate the distance from these states to ρsep

||ρ− ρsep|| =
√

(d− 1)dβ2.

To be able to optimize both distances we equate them:√
d

d− 1λ =
√

(d− 1)dβ2.

With this equation we can eliminate β. There is now an optimal value for x1. If we
always chose this the distance scales with the dimension as can be seen in figure 4.

4.1.4 Calculation of Schmidt numbers

To get some insight into the dimensionality of entanglement of our states we want to
calculate the Schmidt numbers presented in definition 2.10. In analogy to entangle-
ment witnesses from section 2.2.1, Schmidt number witnesses play an important role in
calculating Schmidt numbers. In [26] Schmidt number witnesses are introduced.
Definition 4.1. An observable W is called a Schmidt witness of class K ∈ N, iff

ρ ∈ SK−1 ⇒ tr(Wρ) ≥ 0 and ∃σ ∈ SK : tr(Wσ) < 0.

SK denotes the set of states that have Schmidt number equal or less than K.
Definition 4.2. A K-Schmidt witness W1 is called finer than a K-Schmidt witness W2
if {ρ ∈ S(H)|Tr(ρW2 < 0)} ⊂ {ρ ∈ S(H)|Tr(ρW1 < 0)}.
One calls a K-Schmidt witness optimal if there is no finer witness.
It is proven in [26] that W = K−1

d I − |φ〉 〈φ| is an optimal K-Schmidt witness. We
calculate the states in the facet that are detected by this witness:

Tr(Wρ) = Tr

(K − 1
d

I− |φ〉 〈φ|)(a |φ〉 〈φ|+
d−1∑
k=1

bk

d−1∑
j=0
|j j ⊕ k〉 〈j j ⊕ k|)


= K − 1

d
− Tr(a |φ〉 〈φ|)

= K − 1
d
− a.

Since we are interested in the separable states, which have Schmidt number 1, we look
at the case K = 2. This yields

tr(Wρ) ≥ 0

⇔ 1
d
− a ≥ 0

⇔ 1
d
≥ dx1

⇔ 1
d2 ≥ x1,
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Figure 4: Upper bound on the radius r of a ball that only contains PPT-entangled states,
as a function of the dimension d.
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which is the same bound as the one we already derived above. Thus we try to construct
another Schmidt witness that is able to detect more states with Schmidt number 2 in
the facet. We know that the border between the separable states and the entangled ones
is the hyperplane spanned by ρsep and the diagonal states ρk as defined in the beginning
of section 4.1. A Schmidt witness of class 2 for dimension d = 3 is thus

W2 = I− d |0 1〉 〈0 1|+ (1− d) |φ〉 〈φ| . (4.11)

To obtain K-Schmidt witnesses for K > 2 we want to move the hyperplane upwards.
But the question remains how far we can displace the hyperplane so that the 3- Schmidt
witness is optimal in the facet. Since the Schmidt number can be easily calculated for
pure states we investigate if there are other pure states in the facet apart from |φ〉. The
purity is given by

Tr
(
ρ2
)

= d2a2 + d
∑
j

b2j = d(
∑
j

x2
j ).

The state is pure iff the purity above equals 1. Since we know that the above function
(parabola in multiple dimensions) is convex, we see that only |φ〉 is a pure state.
We can achieve more insights into the Schmidt numbers of the states in the facet if

we look at the full Hilbert space H ⊗H and consider how the pure states are mapped
by the twirling operator. Let σ ∈ H ⊗H and T σ = ρ. Then,

∀i, j ∈ {0, ..., d− 1} ρi i⊕j,i i⊕j =1
d

∑
k

σk k⊕j,k k⊕j

ρi i,i⊕j i⊕j = 1
2d
∑
k

(σk k,k⊕j k⊕j + σk⊕j k⊕j,k k) .

If the twirling operator maps the state σ to the state ρ, then we know that the Schmidt
number of σ is greater or equal to the Schmidt number of ρ, since twirling is a LOCC
map. For simplicity we investigate the problem for dimension d = 3. In [23] we have the
following parametrization of the pure states that are mapped in the facet by the twirling
operator:

|ψσ〉 =
√
z |φ〉+

√
1− z[

√
1 + r

2 (a |01〉+b |12〉+c |20〉)+
√

1− r
2 (e |02〉+f |10〉+g |21〉)].

Here z is a fidelity-parameter with respect to |φ〉, r ∈ [−1, 1] and the complex parameters
a, b, c, e, f and g fulfil the normalisation conditions |a|2 + |b|2 + |c|2 = 1 and |e|2 + |f |2 +
|g|2 = 1. For the general case it is difficult to calculate the number of non-vanishing
singular values of the coefficient matrix. But if we consider states with a = b = c and
e = f = g, the coefficient matrix is circulant and one can easily calculate the eigenvalues.
We get a particular easy example, if we set 1√

3 = a = b = c = e = f = g. For the case
r = 0 we obtain that all coefficients are equal:√

z

3 =
√

1− z
6 ⇒ z = 1− z

2 ⇒ z = 1
3 .
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Since all entries of the coefficient matrix are equal the matrix has only one eigenvalue
and therefore Schmidt number one. And indeed the state is twirled to ρsep, which
was shown to be separable above. Another state we can construct has the parameters
−1√

3 = a = b = c = e = f = g. Since the coefficient matrix is circulant, one of the three
eigenvalues is simply the sum over all different entries of the matrix. To get an upper
bound of the Schmidt number of the state σ, we set this particular eigenvalue to zero
for r = 0:

0 =
√
z

3 − 2
√

1− z
6 ⇒ z = 2(1− z) ⇒ z = 2

3 .

This result is in agreement with the first Schmidt number witness W2 in equation (4.11)
that we applied, because the Schmidt witness is tangent to the state. Another state we
can investigate is at r = 1. We again set the same eigenvalue zero and keep in mind that
the coefficients with

√
1− r vanish:

0 =
√
z

3 −
√

2
√

1− z
6 ⇒ z = (1− z) ⇒ z = 1

2 .

For the r-values in between we still can look at a circulant coefficient matrix and set
one eigenvalue zero.

0 =
√
z

3 −
√

1− z(
√

1 + r

6 +
√

1− r
6 )

⇔
√
x1 = √x2 +√x3

⇒ x1 = x2 + x3 + 2√x2x3

⇒ 2x1 = 1
3 + 2√x2x3

⇒ x1 = 1
6

(
1− 3x2 ±

√
3
√

2x2 − 9x2
2

)
, (4.12)

where we used the normalisation condition x1 + x2 + x3 = 1/3.

Based on the above observations, we make the following general Ansatz for the Schmidt
witness W3:

W3 = αI− β |φ〉 〈φ| − γ 1
3

2∑
j=0
|j j ⊕ 1〉 〈j j ⊕ 1| , α, β, γ ∈ R+.

This is a valid Schmidt number witness if at least one state with Schmidt number 3
is detected by it and all states with Schmidt number 2 fulfil Tr(W3ρ) ≥ 0. The later
condition is equivalent to:

α ≥ max
ρ has Schmidt rank 2

Tr

(β |φ〉 〈φ|+ γ

3

2∑
j=0
|j j ⊕ 1〉 〈j j ⊕ 1|)ρ

.
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Note that we do not only maximize over states in the facet, since for states outside of the
facet twirling could decrease the Schmidt number (or let it invariant). We now write the
equal sign, because we want to detect as many states as possible. By using the linearity
of the trace we get

α = max
ρ has Schmidt rank 2

β Tr(|φ〉 〈φ| ρ) +
2∑
j=0

γ

3 Tr(|j j ⊕ 1〉 〈j j ⊕ 1| ρ).

We now derive an upper bound for the function we maximise over. First we look at
the term Tr

(∑2
j=0 |j j ⊕ 1〉 〈j j ⊕ 1| ρ

)
. In general we can ask, if we have diagonal

matrix D with trace Tr(D) = 1, for which density matrix ρ the term Tr(Dρ) is maximal.
Since only the diagonal terms of ρ contribute, we can write the problem as

max
qi

∑
i

diqi with
∑
i

qi = 1,

where di are the diagonal terms of D and qi the diagonal entries of ρ. The solution for
this problem is that at the position i where the maximal di lies, qi should be 1. For our
specific problem we see that the positions of the diagonal terms of the maximal ρ should
be a subset of the positions of the diagonal terms of ∑2

j=0 |j j ⊕ 1〉 〈j j ⊕ 1|.
We also use lemma 1 from [26]. It states that for any density matrix ρ ∈ S(Cd ⊗ Cd),
which has the Schmidt number K, the following inequality is valid

max
φ
〈φ| ρ |φ〉 ≤ K

d
, (4.13)

where the maximisation is done over all maximally entangled states. For our purpose
this lemma tells us that the fidelity with the maximally entangled state |φ〉 = 1√

3
∑
i |ii〉

does not exceed 2
3 . One can argue that we only have to maximise over pure states to

get the maximum, because the function we maximise over is linear in that respect. This
now yields:

α = max
|η〉 has Schmidt rank 2

β|〈φ|η〉|2 +
2∑
j=0

γ

3 |〈j j ⊕ 1|η〉|2.

The state that maximises this has to be normalized in the way that

|〈φ|η〉|2 +
2∑
j=0
|〈j j ⊕ 1|η〉|2 = 1.

For the evaluation of this equation we do not use the Schmidt rank of |η〉 in another way
than by restricting the overlap with the maximal entangled state through the inequality
(4.13). Since the property that η has Schmidt rank 2 could in principle lead to a tighter
restriction than the above equation alone, we again look only at an upper bound for the
maximum. We thus have

α = max
|η〉 has Schmidt rank 2

β|〈φ|η〉|2 + γ

3 (1− |〈φ|η〉|2).
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Let us consider the case where β ≥ γ
3 . Here we know that to attain the maximum the

first priority is to increase the fidelity to the maximally entangled state to z = 2
3 . Thus

for β ≥ γ
3 the witness just has to fulfil:

α = 2
3β + 1

9γ.

For all Schmidt witnesses fulfilling this equation we can show that one with γ = 0 is the
strongest. For this, we first look at states with r = 1:

Tr(W3ρ) = 2
3β + 1

9γ − bz − γ
1− z

3
= 2

3β −
2γ
9 + (γ3 − β)z

= (3β − γ)(2
9 −

z

3) = 0.

This shows that these Schmidt number witnesses intersect the r = 1 line at z = 2
3 and

for c = 3b the W3 is no witness, because no state is detected. In that case the witness
coincides with the r = 1-line. For r = 0, we see that the most states are detected with
c = 0. All in all, we see that the witness with c = 0 is finer than with other values.

The obtained results for the Schmidt numbers in the facet for dimension d = 3 are
summarized in figure 5. For states in the yellow area we still do not know if they have
Schmidt number 2 or 3. The curve between the yellow and the blue area is given by
equation (4.12).
For general dimension d, we still can estimate the border between states with maximal

Schmidt number and states with less than maximal Schmidt number. We start from the
parametrisation of an arbitrary pure state that is twirled to the facet, which can be
seen in equation (4.7). We choose ak,j = − 1√

d
, so that the coefficient matrix becomes

circulant. Because of this simplification, we will not find all states with maximal Schmidt
number. We again set the eigenvalue that is a sum of the distinct matrix entries to zero:

√
x1 =

d−1∑
k=1

√
xk+1

⇒ x1 =
(
d−1∑
k=1

√
xk+1

)2

⇒ x1 =
d−1∑
k=1

xk+1 +
d−1∑

j,l=1; j 6=l

√
xj+1xl+1
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Figure 5: Progress in calculating the Schmidt numbers K of the states in the facet for
d = 3.
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With the normalisation condition 1
d = ∑d

k=1 xk we get:

⇒ x1 = 1
d
− x1 + 2

d∑
k=3

√
x2xk +

d∑
j,l=3; j 6=l

√
xjxl

⇒ 2x1 = 1
d

+ 2
d∑

k=3

√√√√1
d
− x1 −

d∑
m=3

xm
√
xk +

d∑
j,l=3; j 6=l

√
xjxl.

The solution of this quadratic equation is given by

⇒ x1 = 1
2 ·1

d

d∑
k=3

xk ±
(

d∑
k=3

√
xk

)√√√√√4
(

1
d
−

d∑
m=3

xm

)
+
(

d∑
m=3

√
xm

)2

− 2

1
d
−

d∑
j,l=3 j 6=l

√
xjxl


 .

With this equation we have a lower estimate of the set of states that do not have full
Schmidt rank, that goes beyond the estimate of the first, generic Schmidt-number wit-
ness from [26] that we applied.

We will now present a method, which in principle could give us an estimate for the
Schmidt number regions SK for arbitrary dimensions. The K−concurrence is a special
entanglement monotone, which vanishes for states with Schmidt numbers smaller than
K. The idea is to calculate the K−concurrence using the convex characteristic curve
method from section 3.2. Since the 2-concurrence is the square root of the linear entropy,
we see that in section 4.1.1 we actually have used the same method. However, if we want
to generalise this to higher Schmidt numbers K, we will see that one cannot simply fix
all complex phases in the calculation like in section 4.1.1. In [12] the K−concurrence is
defined as

CK(|ψ〉) = d

(
TrB(k)( d

K

) ) 1
K

.

For mixed states this definition is extended with the convex roof extension. Here B(K)

is the K-th compound matrix of A†A and A is the matrix that lists all the components
of |ψ〉 so that Akl := 〈kl|ψ〉. The particularity of these entanglement monotones is that
they vanish for states with Schmidt number less than K. We want to take advantage
of this property as discussed above. Therefore we need to investigate the term TrB(K)

closer. For the pure states in equation (4.7) we have that
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TrB(K) =
∑

i1<...<iK

det
((
A†A

)
i1,...,iK

)

=
∑

i1<...<iK

∑
σ∈SK

sgn(σ)
K∏
l=1

∑
j

a∗jilajiσ(l)

=
∑

i1<...<iK

∑
j1,...,jK

∑
σ∈SK

sgn(σ)
K∏
l=1

a∗jlilajliσ(l)

=
∑

i1<...<iK

∑
j1,...,jK

 ∑
τ∈SK

sgn(τ)
K∏
l=1

ajliτ(l)

 ∑
ν∈SK

sgn(ν)
K∏
l=1

a∗jliν(l)


=

∑
i1<...<iK

∑
j1,...,jK

∣∣∣∣∣∣
∑
τ∈SK

sgn(τ)
K∏
l=1

ajliτ(l)

∣∣∣∣∣∣
2

. (4.14)

In the penultimate step we used that for permutations τ , ν and σ = ν−1τ we have
sgn(σ) = sgn(τ)sgn(ν).
For K = 2 the monotone is named concurrence and is simply the square root of the

linear entropy. This calculation shows also why we can write the linear entropy like in
equation (3.2). For the other entanglement monotones CK it is much harder to apply
the convex characteristic curve method, because the phases of the pure state |ψσ〉 from
equation (4.7) would matter in the optimisation. This can be seen in equation (4.14).
For K = 2 there are only two terms in the absolute value. If we want to minimize the
whole expression one chooses the phases so that they differ by a minus sign. For K > 2
there are more terms in the absolute values and it is a priori not clear how to minimize
the expression.

5 Additional directions of research
5.1 Exact entanglement characterization for dimension 4
5.1.1 Visualization of PPT entanglement regions

In this section we show some partial results on the entanglement characterisation of
the states analysed in section 4 in the particular case of dimension d = 4. Fixing the
dimension allows us to apply numerical methods to compute the convex characteristic
curve. Furthermore with a fixed dimension it is easier to get a graphical intuition
where the PPT-entangled states are located. For this we rename the state parameters
x1, x2, x3, x4, y1, y2 according to the equations x1 = 1

16 +a, x2 = 1
16−

a
3 +e, x3 = 1

16−
a
3 +g,

x4 = 1
16 −

a
3 − e − g and y1 = b, y2 = c, so that we have already fulfilled the condition

Tr(ρ) = 1. The density matrix is given by:
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

a+ 1
16 0 0 0 0 b 0 0

0 −a
3 + g + 1

16 0 0 0 0 0 0
0 0 −a

3 + e+ 1
16 0 0 0 0 0

0 0 0 −a
3 − e− g + 1

16 0 0 0 0
0 0 0 0 −a

3 − e− g + 1
16 0 0 0

b 0 0 0 0 a+ 1
16 0 0

0 0 0 0 0 0 −a
3 + g + 1

16 0
0 0 0 0 0 0 0 −a

3 + e+ 1
16

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
c 0 0 0 0 b 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
b 0 0 0 0 c 0 0

0 0 c 0 0 0 0 b
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 b 0 0 0 0 c
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

−a
3 + e+ 1

16 0 0 0 0 0 0 0
0 −a

3 − e− g + 1
16 0 0 0 0 0 0

0 0 a+ 1
16 0 0 0 0 b

0 0 0 −a
3 + g + 1

16 0 0 0 0
0 0 0 0 −a

3 + g + 1
16 0 0 0

0 0 0 0 0 −a
3 + e+ 1

16 0 0
0 0 0 0 0 0 −a

3 − e− g + 1
16 0

0 0 b 0 0 0 0 a+ 1
16



.

The eigenvalues of the 4× 4 state ρ in terms of the new parameters a, b, c, g, e are:
{ 1

16(16a − 16c + 1), 1
16(16a − 32b + 16c + 1), 1

16(16a + 32b + 16c + 1), 1
48(−16a + 48e +

3), 1
48(−16a− 48e− 48g + 3), 1

48(−16a+ 48g + 3)}.

Since the positivity condition takes a simple form, we investigate states with b = c.
Then the positivity condition reads
− 1

16 < a < 3
16 ∧ a + 3c + 1

16 > 0 ∧ a + 1
16 > c ∧ a < 3e + 3

16 ∧ 16a + 24e < 3 ∧ a <
3g+ 3

16∧a+3(e+g) < 3
16 . These inequalities describe some higher dimensional polytope.

If we also set e = g we are left with three parameters and can plot the polytope of
states as can be seen in graphic 6.
We first look at the PPT criterion. The eigenvalues of the partial transposed density

matrix ρTA are
{ 1

16(16a+ 1), 1
48(−16a− 48c+ 48e+ 3), 1

48(−16a+ 48c+ 48e+ 3),
1
48

(
−16a− 24

√
4b2 + e2 + 4eg + 4g2 − 24e+ 3

)
,

1
48

(
−16a+ 24

√
4b2 + e2 + 4eg + 4g2 − 24e+ 3

)
}.
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Figure 6: Tetrahedron of states with e = g and b = c in the space of state parameters
a, b, e. The maximally entangled state sits at the vertex on top.

46



The PPT criterion states that the state is entangled, if one of the eigenvalues is negative.
If we again set e = g we can plot graphics 7 and 8, which show the positivity region
together with the PPT-region.

Since we are interested in PPT entangled states we need another separability criterion.
For this purpose we use the CCNR criterion. The CCNR criterion yields the inequality
2
3
√

2
√

8a2 − 12ae+ 9e2 + 18eg + 18g2 + 2
3
√

(2a+ 3e)2 + 8
√
b2 + 4

√
c2 + 1

4 ≥ 1. Again,
we set g = e and c = b and we plot the resulting CCNR-boundary in graphics 9, 10 and
11. We see that the PPT- and the CCNR-sets do not contain each other.
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Figure 7: Tetrahedron of states together with PPT-boundary. The PPT-boundary con-
sist of two halfplanes and a cone.
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Figure 8: Tetrahedron of states together with the cone that shapes part of the PPT-
boundary.
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Figure 9: Tetrahedron of states together with CCNR-boundary. The CCNR-boundary
is orange.
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Figure 10: Tetrahedron of states together with PPT- and CCNR-boundary.
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Figure 11: Tetrahedron of states together with PPT- and CCNR-boundary.
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5.1.2 Computation of the linear entropy

We want to compute the convex roof extension of the linear entropy. We restrict our
computation to states in the facet spanned by the points:

I. a = 3
16 b = 1

16 e = g = 0

II. a = −1
16 b = 0 e = −1

12 g = 1
6

III. a = −1
16 b = 0 e = 1

6 g = −1
12

IV. a = −1
16 b = 0 e = −1

12 g = −1
12 .

We will denote the states that belong to these parameters with ρI, ρII, ρIII and ρIV. A
state in such facet can therefore be written as

σ = zρI + (1− z) (yρII + (1− y) (xρIII + (1− x)ρIV)) ,

where z, y and x are parameters for the fidelities. This matrix is of rank 13. Therefore, if
we look for a parametrization of the pure states in the facet, it should have 24 = 2 ·13−2
free parameters, since the pure states of a Hilbert space H are described by the complex
projective space of it. An arbitrary pure state that is twirled to the facet can be written
as:

|ψσ〉 =
√
z |φ〉+

√
1− z[√y (a |01〉+ b |12〉+ c |23〉+ d |30〉) +√

1− y
(√

x (e |02〉+ f |13〉+ g |20〉+ h |31〉) +
√

1− x (k |03〉+ l |10〉+m |21〉+ n |32〉)
)
],

(5.1)

where the letters from a to n without i and j in lexicographic order are complex param-
eters. These parameters have to fulfil:
|a|2 + |b|2 + |c|2 + |d|2 = 1, |e|2 + |f |2 + |g|2 + |h|2 = 1, |k|2 + |l|2 + |m|2 + |n|2 =

1, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1.

The linear entropy of a pure state is given by

Elin(ρ) = 2[(Tr ρA)2 − Tr
(
ρ2
A

)
].

If we have an orthonormal basis |jk〉 and a pure state ψ we can express the linear entropy
as function of the state coefficients, ψjk = 〈ψ|jk〉, fulfils the equation

Elin(ψ) =
∑
jklm

|ψjkψlm − ψjmψlk|2,
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as stated in section 3. Since for mixed states the linear entropy is defined via the convex
roof method, we want to minimize the linear entropy over all these free parameters that
are not x, y or z. First we look at the phases. For this we investigate one term of the
sum above and use the notation a = |a|eiva , b = |b|eivb ...n = |n|eivn . It has the form∣∣∣r1e

iφ1 − r2e
iφ2
∣∣∣ = r2

1 + r2
2 − r1r22 cos(φ1 − φ2),

where r1,2 are positive real numbers and the phases φ1,2 can either the phases of com-
plex parameters like va or sums of to phases of the parameters a...n for example vb + vk.
Either way one can maximise the cosinus term and therefore minimize the whole linear
entropy if one sets va = vb = vc = vd = ve = vf = vg = vh = vk = vl = vm = vn = 0.

The following symmetry argument reduces the necessary parameters even more. The
state coefficients from equation 5.1 can be written as the matrix


√
z

2 a
√
y(1− z) e

√
x(1− y)(1− z) k

√
(1− x)(1− y)(1− z)

l
√

(1− x)(1− y)(1− z)
√
z

2 b
√
y(1− z) f

√
x(1− y)(1− z)

g
√
x(1− y)(1− z) m

√
(1− x)(1− y)(1− z)

√
z

2 c
√
y(1− z)

d
√
y(1− z) h

√
x(1− y)(1− z) n

√
(1− x)(1− y)(1− z)

√
z

2

 .

One notices that this matrix is invariant under simultaneous anti-transposition ( flip-
ping over the antidiagonal: ψkl → ψ(d−k)(d−l) for a d × d-matrix) and permutation of
the parameters a and c, e and f , g and h and l and n. But since the linear entropy of
|ψσ〉 is invariant under anti-transposition of the above matrix, this means that it is also
invariant under simultaneous permutation of a and c, e and f , g and h and l and n.

We want to compute the minimisation

min
a,..,n

Elin(|ψσ〉) = min
a,..,n

∑
jklm

|ψjkψlm − ψjmψlk|2.

Purkiss principle [29] tells us that, because of the discussed symmetry, there is local
extrema. Further numerical analysis indicates that one can set a = c, e = f , g = h and
l = n. Although this is a great simplification we still cannot hope to find an analytical
expression for the linear entropy. Instead, we estimate the values of the linear entropy
numerically for fidelities x,y and z that attain values in a 10× 10× 10 grid. The results
have then to be convexified. This method is very sensitive to numerical errors. But it
nevertheless allows us to get an upper bound on the true value of the linear entropy.

To compute a lower bound on the linear entropy one can use a method from [27] based
on semidefinite programming, which is discussed in the appendix. We use the Matlab
programm they provide to calculate lower bounds for the same grid points in the facet.
With the lower bound we can for some states definitely say that they are not entangled,
because of requirement 1 in the definition of an entanglement monotone in section 3.
The requirement states that a separable state is always mapped to zero.
For this grid of states, we can try to find a tight separability criterion. We try the

separability criteria from [10]. This is motivated from the fact that for dimension d = 3
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Figure 12: The orange points are shown to be entangled via the SDP-based lower bound.

in the analogous facet the CCNR-criterium is tight. As can be seen in graphics 12, 13 and
14 the CCNR criterion is not tight for dimension d = 4. The other separability criteria
that we used detected the same states as the CCNR criterion. One of the separabilty
criteria is the ZZZG-criterion from [31]. For the proof that the ZZZG criterion is stronger
than the CCNR-criterion, the inequality that the geometric mean is smaller than the
arithmetic mean was used as follows:

√
(1− Tr

(
ρ2
A

)
)(1− Tr

(
ρ2
B

)
) ≤ 1− Tr

(
ρ2
A

)
+ Tr

(
ρ2
B

)
)

2 .

Since for our states ρA = ρB, it is shown that the ZZZG criterion in this case coincides
with the CCNR criterion.

5.2 Other symmetric families
In this chapter we mention other families of symmetric states. In principle these families
can be analysed in the same way as the family ρ♦. Here in this thesis we will only
describe the structure of the states and write down physicality constraints. All in all
this section is more exploratory in nature.

5.2.1 Family of subsystem-permutation invariant states

Another interesting symmetry to study is the permutation of both subsystems. We want
to investigate this symmetry for states which are invariant under local phase rotations like
those in section 3.1. States that are invariant under local phase rotations are invariant
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Figure 13: The orange points are shown to be entangled via the SDP-based lower bound
and they are not detected by the separability criteria. The PPT-criterion is
not used here.

Figure 14: The orange points are shown to be entangled via the SDP-based lower bound
and they are not detected by the separability criteria. Here the PPT criterium
is included.
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under permutation of both subsystems, fulfil:

∀k, j ∈ {0, ..., d− 1} ρjk,jk = ρkj,kj .

It has to be noted that this is not a local symmetry as the ones mentioned earlier.
It cannot be described as the permutation of basis vectors in the local Hilbert spaces.
We want to show that there are no PPT-entangled states that fulfil both invariance
constraints. To prove this we attempt to find a separable decomposition for an arbitrary
PPT-state in the family.
So far we have only the following generalisation of the calculation in equation (4.4).
First we define the 2 · 2d states of the following form:

∀b ∈ {0, 1}d |ϕb〉 :=
d−1∑
k=0

ak(−1)bkeiωk |k〉

∀b ∈ {0, 1}d |ψb〉 :=
d−1∑
k=0

ck(−1)bke−iωk |k〉 .

where ak, ck ∈ C and ∑k |ak|
2 = ∑

k |ck|
2 = 1. We always consider states of the form

|ϕb〉 ⊗ |ψb〉 to decompose ρsep into separable states. The following calculation shows the
decomposition:

1
2π2d

∫
dω

∑
b∈{0,1}d

|ϕb〉 ⊗ |ψb〉 〈ϕb| ⊗ 〈ψb|

= 1
2π2d

∫
dω

∑
b∈{0,1}d

∑
j,k,l,m

ajcka
∗
l c
∗
m(−1)bj+bk+bl+bmeiω(j−k−l+m) |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

= 1
2d

∑
b∈{0,1}d

∑
j,k,l,m

ajcka
∗
l c
∗
m(−1)bj+bk+bl+bmδj−k,l−m |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

=
∑
j,k,l,m

ajcka
∗
l c
∗
m((δj,kδl,m + δj,mδl,k)(1− δj,l) + δj,lδk,m)δj−k,l−m |j〉 ⊗ |k〉 〈l| ⊗ 〈m| .

Since j = m ∧ l = k ∧ j 6= k ∧ j−k = l−m cannot be fulfilled simultaneous we have

=
∑
j,k,l,m

ajcka
∗
l c
∗
m(δj,kδl,m(1− δj,l) + δj,lδk,m)δj−k,l−m |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

=
∑
j,k,l,m

ajcka
∗
l c
∗
m(δj,kδl,m(1− δj,l) + δj,lδk,m) |j〉 ⊗ |k〉 〈l| ⊗ 〈m|

=
∑

j,l j 6=l
ajcj (alcl)∗ |jj〉 〈ll|+

∑
j,k

|aj |2|ck|2 |jk〉 〈jk| .

To decompose an arbitrary PPT state into separable states is still not possible, because
we cannot choose the phase of every off-diagonal freely.
To describe all states in our family is obviously quite difficult, because of the posi-

tivity condition. However we can make some statements in which range of the matrix
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elements the matrix cannot be positive semi-definite. Because of Sylvester’s criterion it
is necessary that all principal minors are not negative. In particular we have for some
2x2-minors:

ρjj,jjρkk,kk ≥ |ρjj,kk|2.

5.2.2 Generalisation of not-completely permutation invariant qudits

In [2] another family states invariant under phase rotation (as described in section 3.1)
are studied. Instead of invariance under cyclic permutations of basis elements, they
allowed arbitrary permutations of the first d − 1 basis elements. Here we generalise
the idea and study states with invariance under arbitrary permutation of the first r
basis vectors together with arbitrary permutations of the last d− r basis elements. We
restrict ourselves to real density matrices. The density matrix then depends on the real
parameters a, b, c, e, f, g, h,m and n.

ρjk,jk =



a j = k ≤ r
b j = k > r

c j 6= k j ≤ r k ≤ r
e j 6= k j ≤ r k > r

f j 6= k j > r k ≤ r
g j 6= k j > r k > r

ρjj,kk =


h j 6= k j ≤ r k ≤ r
m j 6= k j ≤ r k > r ∨ j > r k ≤ r
n j 6= k j > r k > r

.

The normalisation condition Tr(ρ) = 1 can now be formulated as

1 = ra+ (d− r)b+ r(r − 1)c+ r(d− r)e+ (d− r)rf + (d− r)(d− r − 1)g.

To quantify for which parameters the matrix is positive semi-definite, we use theorem
4.3 from [7]. After rearranging the density matrix the non-diagonal part can be written

as M =
(
A B
BT C

)
. The diagonal elements of A are a and the off-diagonal elements are

h. The diagonal elements of C are b and the off-diagonal elements are n. Every entry of
B is m. We want to calculate the inverse of A and choose as Ansatz a matrix with the
same structure:

AA−1 =:


a h . . . h

h a
. . . ...

... . . . . . .
h . . . a




l p . . . p

p l
. . . ...

... . . . . . .
p . . . l

 = I

⇒ al + (r − 1)ph = 1 ∧ ap+ lh+ (r − 2)ph = 0.

For a 6= 0 we get:

⇒ l = 1− (r − 1)ph
a

.
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We insert this in the other inequality:

ap+ 1− (r − 1)ph
a

h+ (r − 2)ph = 0

⇔p(a− (r − 1)h2

a
+ (r − 2)h) = −h

a
.

For a− (r−1)h2

a + (r − 2)h 6= 0 we get:

⇔p = −h
a2 − (r − 1)h2 + (r − 2)ha.

Now we can insert this again to obtain

l =
a2−(r−1)h2+(r−2)ha+(r−1)h2

a

a2 − (r − 1)h2 + (r − 2)ha = a+ (r − 2)h
a2 − (r − 1)h2 + (r − 2)ha.

Finally we get the inverse of the matrix A

A−1 = 1
a2 − (r − 1)h2 + (r − 2)ha


a+ (r − 2)h −h . . . −h

−h a+ (r − 2)h . . . ...
... . . . . . .
−h . . . a+ (r − 2)h

 .

For a 6= h we know that A has rank r and is therefore invertible. For this case the
pseudo-inverse in the theorem in reference [7] is the normal inverse. The first condition
that needs to be fulfilled is that A needs to be positive semi-definite. Since A is circulant
we can directly calculate the eigenvalues, which need to be non-negative

λ1 = a+ (r − 1)h ≥ 0, λ2 = a− h ≥ 0.

If A is invertible the only further condition for A to be positive semi-definite is that
D = C −BTA−1B has to be positive semi-definite. Moreover

D =


b n . . . n

n b
. . . ...

... . . . . . .
n . . . b

−m2 r(a+ h)
a2 − (r − 1)h2 + (r − 2)ha


1 1 . . . 1
1 1 . . . ...
... . . . . . .
1 . . . 1

 .

All eigenvalues are non-negative if the following inequalities are fulfilled:

λ1 = b+ (d− r − 1)(n−m2 r(a+ h)
a2 − (r − 1)h2 + (r − 2)ha) ≥ 0, λ2 = b− n ≥ 0.
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Next we impose invariance under permutation of both subsystems. This leads to
e = f . An interesting question is if we can still find PPT-entangled states now. In [2]
they at least found no bound entangled states using the CCNR criterion. One should
expect that the method we have used in this work, such as the SDP based numerical
lower bound for the linear entropy, the convex characteristic curve method, and different
separability criteria will shed light on the existence of PPT entanglement in this new
highly symmetric family.

6 Conclusion
In this work we analysed entanglement properties of several families of symmetric states.
All the families have in common that they are invariant under local phase rotations. The
family we mainly looked at is additionally invariant under simultaneous local cyclic per-
mutations of the basis elements. We showed that the state space forms a polytope.
One facet of this polytope has the maximally entangled state and some diagonal density
matrices (ρk = 1

d

∑
j |j j ⊕ k〉 〈j j ⊕ k|) as vertices. For this facet we solved the separa-

bility problem with the help of the convex characteristic curve method. Since for these
families of states the PPT condition are simple inequalities, we know which states are
PPT-entangled. Then we calculated the ratio of the states in the facet that are separable
for arbitrary dimension d. Furthermore we estimated with Monte Carlo integration the
bound entangled portion of the facet for dimensions d ≤ 7. For another estimate of the
amount of bound entangled states we picked some bound entangled states in the facet
and estimated what radius a ball around this state has that only contains PPT-entangled
states. The result was an exponential decline in the radius of the ball at increasing local
dimension d. It is still open if one can find better estimates for the exact volume of
the PPT-entangled states or for the radius of the biggest ball that only contains bound
entangled states. We also estimated the Schmidt numbers for the facet in dimension
d = 3. An interesting open problem is, if there are bound entangled states with high
Schmidt number in the facet. For the facet in dimension d = 4 we computed a SDP
based lower bound of the linear entropy. We also applied several separability criteria
and by comparing the results with the values for the linear entropy we showed that non
of the criteria are tight.

We also presented two other families of symmetric states that are both invariant un-
der permutation of both subsystems. In principle one could analyse these families with
the same methods used in this thesis. At the moment it is not even known if they contain
bound entangled states.
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7 Appendix
7.1 Analytical Methods
7.1.1 Haar Measure

Results from measure theory can be applied to group theory using the Haar measure. A
good introduction to the Haar measure can be found in [6].

Definition 7.1. A topological group is a group G = (G, ◦) equipped with a topology, so
that the map of the group and the inversion of group elements are both continuous. So it
is required that G×G→ G (x, y) 7→ x ◦ y and G→ G g 7→ g−1 are both continuous.

Definition 7.2. A Haar measure on a topological group G is a measure µ : Σ→ [0,∞),
where Σ is a σ-algebra that contains all Borel sets of G, with the properties:

1. µ(G) = 1

2. ∀g ∈ G, S ∈ Σ : µ(gS) = µ(S)

In [6] there are proofs about the existence and uniqueness of the Haar measure.
The Haar measure can be used to define an integral that attains values in a Banach-

space B. One possible construction is the Bochner integral. The integral should map
to L(H), which is a C∗-algebra and thus in particular a Banach-space. A starting point
for defining the Bochner integral are the simple functions. They have the form:

s(x) =
n∑
i=1

χEi(x)αi,

where Ei ∈ Σ are disjoint, αi ∈ L(H) and χ is the characteristic function:

χE(x) =
{

1 for x ∈ E
0 otherwise

.

For these functions the integral is defined as the sum∫
G

n∑
i=1

χEi(x)αidµ =
n∑
i=1

µ(Ei)αi.

With these simple functions other functions can be approximated in the sense of following
definitions:

Definition 7.3. A function f : Σ → B, where B is a Banach space, is called Bochner
integrable iff it is strongly measurable and there exists a sequence of simple functions sn
so that

lim
n→∞

∫
G
||f(t)− sn(t)||Bdµ(t) = 0.

For Bochner integrable functions, the Bochner integral over E ⊆ G is defined as:∫
E
fdµ := lim

n→∞

∫
G
sndµ.
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We will use the following theorem frequently:

Theorem 7.1. Let L ∈ L(B) be a continuous linear operator on the Banach space B.
Then, if f is Bochner integrable, L(f) is also Bochner integrable with

L

(∫
G
fdµ

)
=
∫
G
Lfdµ.

Using the Haar measure we can also define the twirling operator, which can be inter-
preted as a kind of symmetrisation. We formulate the definition from [9] directly for
mixed quantum states.

Definition 7.4. Let G ⊂ GL(H) be a compact group that acts on S(H) through con-
jugation, i.e., G × S(H) 3 (g, ρ) 7→ g−1ρg. The G-Twirling operator is defined as

TG : S(H)→ S(H) TG(ρ) =
∫
G

dg g−1ρg.

The integration is with respect to the Haar measure. If TG(ρ) = σ, we can say that ρ
is twirled to σ.

Definition 7.5. For fixed τ ∈ S(H) and ρ ∈ S(H), we call the Hilbert-Schmidt inner
product Tr

(
τ †ρ

)
the fidelity of ρ with τ .

Lemma 7.1. If τ ∈ S(H) is invariant under the transformations G, then for an arbitrary
quantum state ρ ∈ S(H) twirling does not change the fidelity with τ .

Proof.

Tr
(
τ

∫
G

dg g−1ρg

)
= Tr

(∫
G

dg τg−1ρg

)
The Hilbert space is again assumed to be finite dimensional:

=
∫
G

dg Tr
(
τg−1ρg

)
=
∫
G

dg Tr
(
gτg−1ρ

)
=
∫
G

dg Tr(τρ)

= Tr(τρ)
∫
G

dg = Tr(τρ)

Lemma 7.2. For ρ ∈ S(H) and a compact group G ⊂ U(H) the following statement
holds:

∀U ∈ G U−1ρU = ρ ⇔ ∃σ ∈ S(H) : TGσ = ρ.
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Proof. „⇒:“
TGρ =

∫
G

dg g−1ρg =
∫
G

dg ρ = ρ.

⇐: Since a unitary U is bounded with ||U || = 1, we can use Theorem 7.1 to shift the
linear operators inside of the integral.

∀U ∈ G U−1 (TGσ)U =
∫
G

dg U−1g−1σgU

=
∫
G

dg (gU)−1σgU

=
∫
G

d
(
gU−1

)
g−1σg

Now we can make use of the invariance of the Haar measure under multiplication with
a group element. (For G ⊆ GL(H) the Haar measure is invariant under multiplication
of group element from right or left.)∫

G
d
(
gU−1

)
g−1σg =

∫
G

d(g) g−1σg

= TGσ.

Another important fact is that if G has only local unitaries as elements then twirling
is a LOCC operation [9].

7.1.2 Solution of the optimisation problem in section 4.1.1

In section 4.1.1 the following optimisation problem came up:

max
(a1,...,ad)∈R+

d

d∏
i=1

ai under the restriction
∑
i

a2
i = 1.

First we do the substitution bi = a2
i . This yields:

max
(b1,...,bd)∈R+

d

d∏
i=1

√
bi subject to

∑
i

bi = 1

⇔

√√√√ max
(b1,...,bd)∈R+

d

d∏
i=1

bi under the restriction
∑
i

bi = 1.

We apply the Lagrange method to find local extrema. The restricting function is
g(b1, ..., bd) = ∑

i bi. The Lagrange function is:

L(b1, ..., bd, λ) =
d∏
i=1

bi + λ(
∑
i

bi − 1).
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Now one has to set the gradient of this function to zero and solve the system of equations:

∀k ∈ {1, ..., d}
(

d∏
i=1

bi

)
/bk + λ = 0.

and ∑i bi = 1. This shows that

∀k ∈ {1, ..., d} − λ =
(

d∏
i=1

bi

)
/bk.

Which yields b1 = b2 = ... = bk = 1
d and a1 = a2 = ... = ak = 1√

d
. This is also a global

extremum, because for boundary points one of the bk is zero.

7.2 Computational Methods
7.2.1 Monte Carlo Integration

The idea behind Monte Carlo integration is the following. The problem is that one wants
to numerically calculate a volume V that is embedded into a bigger volume Ω of known
size S. Then one uniformly generates random points in the bigger volume and checks if
they are contained in V . The ratio of random generated points contained in V to the
total number of random generated points should optimally converge to the ratio V

Ω . The
size of the smaller volume can be expressed as the integral

I =
∫

Ω
χV (x)dx,

where the characteristic function is defined by χV (x) =
{

1 x ∈ V
0 otherwise

.

Let x1, ..., xn ∈ Ω denote the first n randomly generated points. Now we can approximate
V with Q:

Qn = S
1
n

n∑
j=1

χV (xj) = S〈χV 〉.

From the law of large numbers we know:

lim
n→∞

Qn = I.

The sample variance is given by σ2
n = 1

n−1
∑n
j=1(χV (xj) − Qn)2 Now we get for the

variance of Qn:

Var(Qn) = S2

n2

n∑
j=1

σ2
n = S2

n
σ2
n

If we assume that the sequence (σ2
n)n∈N is bounded, the variance of Qn behaves asymp-

totically like 1
n . The error of Qn can now be estimated as follows:
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δQn ≈
√
Var(Qn) = S√

n
σn

The main advantage of Monte Carlo integration is that it is in principle not dependent
on the dimension of the volume V .

7.2.2 Semi-definite Programming

In the field of convex optimisation semi-definite programs comprise an important class
of problems. These optimisation problems are frequently encountered in quantum infor-
mation theory. We will review some facts about these optimization problems from the
lectures of John Watrous [30].

Definition 7.6. Let A ∈ L(E1) and B ∈ L(E2) be self-adjoint operators on the complex
euclidean spaces E1 and E2. Furthermore let Φ : L(E1)→ L(E2) be a map that preserves
self-adjointness. For a semi-definite program, there is a primal and a dual problem. To
put it concretely, a semi-definite optimisation problem can be formulated as:

primal problem dual problem
maximizeTr(AX) minimizeTr(BY )

subject to Φ(X) = B Φ†(Y ) ≥ A
X ≥ 0 Y ∈ L(E2)

Before we discuss how the primal and the dual problems are related, we want to give
an example.

Example 7.1. We look at primal and dual problems for the special case that E2 = C.
Since B has to be Hermitian, it can only be represented by a matrix consisting in one
real number: We have B = 1. For the mapping Φ, we take the trace Φ(X) = Tr(X).
This is a possible choice, because if X is self-adjoint the diagonal entries of the matrix
are real and thus the trace is also real.

primal problem dual problem
maximizeTr(AX) minimizeTr(y) = y

subject to Tr(X) = 1 yI ≥ A
X ≥ 0 y ∈ R

We start by examining the primal problem. One can write the trace in the Hilbert-
Schmidt scalar product with eigenvectors of A. The normalized eigenvectors of A are
called |vj〉 and their eigenvalues are λj . One obtains

Tr(AX) =
∑
j

λj 〈vj |X |vj〉 .

This has to maximized under the condition ∑j 〈vj |X |vj〉 = 1. This is one example of
a so called linear programming optimisation problem. We see that the solution is that
Tr(AX) has to obtain the value of the highest eigenvalue of A.
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Now we take a closer look at the dual problem. The following calculation shows that
the dual problem as formulated above is indeed correct and the map C 3 y 7→ yI ∈ E1
is adjoint to the trace:

∀X ∈ L(E1), y ∈ C 〈Φ(X)|y〉L(E2) = Tr(X) · y∗ = Tr(X(y∗ · I)) = 〈X|yI〉L(E1) .

We see that for the solution of the dual problem y also has to be the largest eigenvalue.
Therefore for this example max Tr(AX) coincides with min Tr(BY ) for the dual problem.
In the next theorem we see that there are more problems where the dual and the primal
problem have this relation.

Theorem 7.2. Slater’s theorem for SDPs:
For every semi-definite program (Φ, A,B) the following statements hold:

1. Assume that there exists a positive operator X, which fulfils the constraint of the
primal problem (Φ(X) = B), and a self-adjoint operator Y with Φ†(Y ) > A. The
initial constraint for the dual problem is Φ†(Y ) ≥ A and was therefore a weaker
condition. Now the supremum in the primal problem coincides with the infimum in
the dual problem and the supremum for the primal problem is attained. Supremum
and infimum as mentioned here are always calculated over the operators that fulfil
the restricting conditions.

2. Assume that there exists a self-adjoint operator Y , which fulfils the restricting
condition of the dual problem (Φ†(Y ) ≥ A), and a positive semi-definite operator
X with Φ(X) = B and X > 0. Again we have in the primal problem just the
condition X ≥ 0. Now the supremum in the primal problem coincides with the
infimum in the dual problem and the infimum in the dual problem is attained.

8 Symbols and Conventions
• H: finite dimensional complex Hilbert-space

• U(H): unitary operators on H

• L(H): continuous endomorphisms on H

• Ls(H): continuous self-adjoint endomorphisms on H

• S(H): set of states on H.
S(H) = {T ∈ L(H)| tr(T ) = 1, T † = T, T is positive semi-definite)}

• ρ: density matrix ρ ∈ S(H) for some H

• |0〉 , |1〉 , ..., |n〉 ∈ H with n ∈ N: some orthonormal basis of H
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