
In Part 1 of this article, the author looked 
at the Isotropic Work-Hardening Stress-
Strain Law and the theory of elastic-plastic 
combined bending and torsion of a naturally 
curved and twisted bar. Complete mathemati-
cal analyses were offered.

In Part 2 of this article, the author looks at 
the theory of elastic-plastic combined bending 
and torsion of naturally curved and twisted 
bar, application of combined bending and 
torsion theory for simulation of preset for 
helical springs and the conclusions.

Application of Combined Bending   
& Torsion Theory for Coiling Simulation

Residual Stresses & Modeling   
of Spring Manufacturing Process 

The simplest definition of residual stresses is as 
follows: the stresses that remain within a part 
or a component after the part or component has 
been deformed and all external forces have been 
removed. 
More specifically, the deformation must be nonuni-
form across the material cross-section in order to 
give rise to residual stresses. The deformation can 
result not only from forming operations, but also 
from thermal processes. 
Phase transformations during heat treating are 

known to induce sufficient strain to result in plastic 
deformation, thereby giving rise to residual stress-
es. In this article, we determine analytically the 
residual stress, which appears in the cylindrical rod 
after simultaneous plastic torsion and bending. 

One of the principal foundations of mathematical 
theory of conventional plasticity for rate-indepen-
dent metals is that there exists a well-defined yield 
surface in stress space for any material point under 
deformation. 

A material point can undergo additional plastic de-
formation if the applied stresses are beyond current 
yield surface, which is generally referred as plastic 
loading. If the applied stress state falls within or on 
the yield surface, the metal will deform elastically 
only and is undergoing elastic unloading. 

Although it has been always recognized throughout 
the history of development of plasticity theory that 
there is indeed inelastic deformation accompanying 
elastic unloading, which leads to a metal’s hyster-
etic behavior. Its effects are usually negligible and 
are ignored in the mathematical treatment.

In the subsequent section of this article we investi-
gate the two manufacturing processes (the coiling 
and the presetting), analytically.

Stresses During Plastic Coiling 
& Subsequent Elastic “Spring-Back” 
of Spring Wire

A cylindrical solid bar with circular cross-section 
of length L is loaded during the spring coiling 
from a stress-free state by terminal bending mo-
ment and the terminal twisting moment. For the 
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Residual stress can have a great effect on the properties 

of a material. This article offers a mathematical theory of 

residual stresses and strains in helical springs that allows 

calculating stresses on all manufacturing process steps, 

particularly during coiling and presetting.
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Fig. 5 — Local shape of the spring at moment of coiling is a circular helix.

straight bar in its free state prior to coiling, one coil 
of the resulted helical spring is shown in Figure 3. 
The plastic stresses during the manufacturing and 
residual stresses in helical springs are calculated 
using the analytical formulas in Part 1 of this article.

In the moment of coiling, the spring wire undergoes 
simultaneous bending and torsion. Consider a helical 
spring with the constant coiling radius and pitch. At 
the moment of coiling, when the ultimate plasticiza-

tion occurs, the coiling radius is assumed to be R0. 

The pitch of one coil at the moment of coiling is 
H0. The local shape of the spring at the moment of 
coiling is a circular helix21. This is shown below in 
Figure 5.

The mathematical analysis of stresses during the 
plastic coiling and subsequent elastic “spring-
back” of the spring wire in seen in Figure 5 and 
in Figure 6.
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Fig. 6 — Stresses during the plastic coiling and subsequent elastic “spring-back” of springwire.
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7 on next page.



Application of Combined Bending &   
Torsion Theory for Simulation of   
Preset for Helical Springs

Unstressed Helical Compression Springs
The primary loading of helical compression springs 
is in torsion. This means that the wire will see tensile 
stresses oriented 45° to the wire axis and compressive 
stresses oriented 90° to the tensile stresses. The tensile 
applied stress has components in both the longitudinal 
and transverse directions. Therefore, a helical compres-
sion spring will be adversely impacted by both longi-
tudinal and hoop residual stresses from wire drawing, 
hoop stresses from oil quenching and tensile bending 
stresses on the inside diameter from coiling.

The resulting residual stresses can be considerably 
reduced by the presetting and stress-relieving follow-
ing the cold coiling. Presetting of helical compression 
springs consists of compressing the spring to a point at 
which plastic deformation occurs. Provided stress levels 
are sufficiently high to induce plastic deformation, this is 
typically carried out by compressing springs to or very 
near solid height. As a minimum, the springs should be 
compressed below the minimum operating height. This 
compression places the wire in torsion sufficient to in-
duce plastic deformation in the outer fibers. The residual 
stress state is not uniform around the wire cross-section 
because the curvature of the wire alters the stress state 
from pure torsion during the compression.
The modeling of presetting process accounts the cyclic 
plastic loading. Classical plasticity theory is based on 
the concept of the yield surface. The movement of 
the yield surface under cyclic loading is described by 
the kinematical hardening rule and the dimensional 
change of the yield surface is described by the isotropic 
hardening rule. 
The residual strains at the state of complete elastic 
unloading after active presetting could be obtained 
immediately subtracting the elastic stresses from stress 
components at the state of maximal presetting com-
pression. Since the residual stress is mainly in torsion, 

there will be a tensile component and a compressive 
component each at 45° to the wire axis. As was the case 
with the simple beam in bending example, the orienta-
tion of the residual stress is opposite to the orientation 
of the applied stress. Therefore, if loads in service are 
applied in the direction of the presetting load, the 
residual stresses from presetting will provide a net 
reduction in total stress under the service load.
For simulation of preset process, consider the un-
stressed helical compression spring with a central line 
of a curve with constant curvature and tortuosity. We 
use the index A to mark the geometry in the unstressed 
state, assuming that the residual stresses disappear 
during annealing process. Thus, the central line repre-
sents the helix traced on a right circular cylinder. 
The angle which the tangent at any point of the un-
stressed helix makes with a plane at right angles to this 
axis is aA (pitch angle). Let the RA be the radius of cylinder 
on which helix lies. Then the curvature KA and the mea-
sure of tortuosity qA (the angle of twist per unit length) 
of unstressed spring are given by the equation:

The mathematical analysis for the state of maximum 
plasticization during preset is given in Figure 8.
The mathematical analyses for elastic spring-back of 
helical spring and residual stresses after preset, and 
the residual stresses in helical springs after preset are 
given in Figure 9. 

Conclusions
In this article, we simulate analytically two essential 
steps of spring manufacturing, namely the coiling and 
preset of the helical spring:

•The coiling process is the deformation of the initially 
straight rod to the helix. During this forming proc-
ess the material flows plastically. Immediately after 
the moment of coiling the spring-back occurs. The 
residual stresses appear namely in the moment of 
elastic spring-back, which follows the plastic coiling 
of the spring. The formed coils are then stress re-
lieved in a furnace, such that the relaxation process 
occurs and residual stresses disappear.

•Presetting a spring by bulldozing causes yielding. 
During this forming process the material flows plasti-
cally once again. On release, the spring-back of wire 
takes place and the surface is left with a residual shear 
stresses site in sign to the in-service load stress, thus 
clearly improving fatigue properties.

A list of symbols used in this article is presented in 
Table 1. For more information, contact the author or 
visit the website: www.mubea.com
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Fig. 7 — 
Residual 

stresses along 
the positive axis 

0 < x < r at the 
unloaded state 
immediately 
after coiling 
(spring “as 

coiled”).
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Table 1. List of Symbols Used in this Article.

Fig. 8 — State of maximum plasticization during preset.
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Fig. 9 — Elastic spring-back of helical spring and residual stresses after preset,      
and the residual stresses in helical springs after preset.


